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Mean Excitation Potentials* 
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AND 
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(Received September 22, 1952) 


Previous experimental results of the present authors on the energy loss of 18-Mev protons in aluminum 
are corrected to give a value for the mean excitation potential /=168 ev. It is pointed out that recent 
work on the range-energy relationship for protons in aluminum may indicate a variation of J with proton 
energy which is considerably larger than that to be attributed to the nonparticipation of the K electrons 


HE results of a measurement of the absolute 

energy loss of protons upon passing through 
various materials have been recently published.' Since 
that time, it has become evident that an out-of-date 
and inaccurate value of the constant ¢?/mc* was used? 
in computing the mean excitation potentials of these 
materials. In the light of new work*~® that has been 
done in the field of proton ranges and excitation 
potentials, it was thought worth while to correct the 
previous computations. 

In Bethe’s energy loss formula,® 


-dE/dx= (4a NZ?e4/mv?)B, B=Z \n(2mi*/1)—Cx, 


the atomic stopping number B can be obtained from 
the experimentally determined dE/do by using the 


relation 
B°A —dkE 
Renee (—). 
4amer’?No\ do 


Here B=2/c, ro=e?/mc?, A=atomic weight of the 

* This work was supported in part by the joint program of the 
U. S. Office of Naval Research and the U. S. Atomic Energy 
Commission. 

1D. C. Sachs and J. R. Richardson, Phys. Rev. 83, 834 (1951). 

? We are greatly indebted to Dr. Joseph E. Perry for bringing 
this discrepancy to our attention. 

3N. Bloemberger and P. J. van Heerden, Phys. Rev. 83, 561 
(1951). 

4K. B. Mather and E. Segré, Phys. Rev. 84, 191 (1951). 

5E. L. Hubbard and K. R. MacKenzie, Phys. Rev. 85, 107 
(1952). 

6M. S. Livingston and H. A. Bethe. Revs. Modern Phys. 9, 
262 (1937). See this paper for notation. 


absorber, .Vo=Avogadro’s number, and —dE/de is the 
energy loss per unit surface density of the absorbing 
foil. Negligible error is introduced in this experiment 
by using the average value of 8* during the energy loss. 
Also the mean excitation potential 


T = 26?me* exp[(— B+C,)/Z }. 


It is to be noted from these relations that a half- 
percent error in ro will be reflected as a six percent error 
in J, 

Using the value 2.818 10~-" cm for ro we obtain the 
corrected results for aluminum which are shown in 
Table I. The values of the other constants used are 
mc*=0.5108 Mev, Vo=6.0228X 10" atoms per gram 
atom (chemical scale), A = 26.98 g for aluminum. The 
weighted average for aluminum becomes /= 168 elec- 
tron volts. 


TABLE I. Mean excitation potential of aluminum. 


Mean excitation 
potential (ev) 
(with probable error) 


Most probable 
energy loss 


(Mev) 


0.153 
0.301 
0.465 
0.470 
0.737 
0.839 
1.048 
1.276 


Surface 
density 
(mg/cm?) 


179.342 
181.3413. 
172.7% 
167.0+ 
175.84 
173.84 
168.7+ 
168.6+ 
160.9+ 
161.64 


7.153 
14.054 
21.432 
21.532 
33.875 
38.395 
47.457 
57.493 
67.294 
76.849 
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Fic. 1. Mean excitation potential of aluminum as a function of 
proton energy. The solid curve connects points obtained from 
proton range-energy experiments. The dotted curve represents 
an approximate thin-foil energy loss function. 


Table II presents a summary of the results of recent 
experiments’ which determined the mean excitation 
potential of aluminum. Our experiment (Sachs-Richard- 
son) was performed with thin foils of material where 
the loss of proton energy in the foils was a small 
fraction of the incident energy (see Table I). In con- 
trast, the remaining experimenters measured the com- 
plete proton ranges in aluminum. Assuming for the 
moment that there is a real variation of J with proton 
energy, Kaus has calculated the value of the proton 
energy which represents an effective value for the 
entire energy loss. He assumes that 


T(E) = Ij-a logE 


is the functional relationship between J and the proton 
energy and that a//J)@ 0.1. From this, one obtains the 


TABLE IIL. The results of recent experiments which measured the 
mean excitation potential of aluminum. 





Mean 
excitation 
potential of 
aluminum 

(ev) 


168+3 
170+2.5 
164+5 
16145 
15045 


Effective 
proton 
energy 
(Mev) 


17.8 
10.8 
21-30 
30-45 
204 


Incident 
proton 
energy 
(Mev) 


17.8 
18.0 
35-50 
50-75 


Experiment 





Sachs-Richardson* 
Hubbard-MacKenzie 
Bloembergen- 

van Heerden® 
Mather-Segré4 








® See reference 1. 
» See reference 5. 
* See reference 3. 
4 See reference 4. 


7 See also D. H. Simmons, Proc. Phys. Soc. (London) A65, 454 
(1952). 
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result that E..~0.6E jn. This Eure for each experiment 
is shown in column 3 of Table II. Of course, for thin 
foils we have E.4¢~Ejn-. In column 4 of this table, the 
Iq; values (with standard deviations) are listed. The 
standard deviations to the excitation potentials were 
obtained from the respective papers with the exception 
of that of Mather and Segré. In this case the standard 
deviation had to be computed from their statements® 
of the approximate deviations (i.e., about 1 Mev for 
the energy and 0.2 g/cm? for the ranges). 

Figure 1 shows a semi-log plot of the mean excitation 
potential of aluminum vs proton energy. The open 
circles refer to the incident proton energies (column 2 
of Table II), while the solid circles represent the 
effective energies as defined above. The point corre- 
sponding to the thin foil result is not changed when 
account is taken of the effective proton energy. Upon 


TABLE III. Weighted averages of the mean excitation 
potentials of various materials. 


Weighted average mean 
excitation potential (ev) 


399 
435 
799 
796 
792 
853 
1148 
1383 


Material 


Nickel 
Copper 
Rhodium 
Silver 
Cadmium 
Tin 
Tantalum 
Gold 
Nylon 








consideration of the results in the figure, it is clear that 
better experimental data would be desirable before 
deciding that the variation of J with energy is real. 
It should also be pointed out that the effect of J of the 
nonparticipation of A electrons® has been taken into 
account in the treatment of the experimental data when 
use is made of Cy. Even if these calculated corrections 
were ignored entirely, the apparent variation of J over 
this energy range would only be of the order of 6 ev, 
which is small compared to the indicated experimental 
variation. 

The thin foil mean ionization potentials for some 
Table III. These results 
- =(), i.e., no corrections 


other materials are shown in 
were computed using C;, Ci, -- 
for nonparticipating electrons were made. These correc- 
tions, if they were known, would tend to lower the 
values of the potentials. 


5 See reference 4, p. 193 





PHYSICAL REVIEW VOLUME 


NUMBER 6 MARCH 15, 1953 


Scattering of Neutrons by Deuterons* 
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Angular distributions and tote! cross sections for neutrons scattered by deuterons were measured at various 
neutron energies ranging from 220 kev to 3 Mev A proportional counter filled with deuterium was irradi- 
ated with monoenergetic fast neutrons produced by bombarding thin lithium and tritium-filled zirconium 
targets with protons from the electrostatic generator. Angular distributions of the neutrons scattered by 
deuterons were determined by measuring the distribution in energy of the recoiling deuterons with a 
differential discriminator. Total neutron-deuteron cross sections were measured by comparing the neutron 
transmission of heavy water with ordinary water. Phase shifts determined from an analysis of the data were 
not in agreement with theoretical conclusions of Buckingham and Massey or of Verde. 


I. INTRODUCTION 


HE lack of any marked success in determining the 

properties of the nucleon-nucleon interaction in 
odd states, and hence the exchange character of nuclear 
forces, from nucleon-nucleon scattering experiments has 
led to an interest in the scattering of neutrons and 
protons by deuterons. Because of the large radius of the 
deuteron, relatively low energy neutrons and protons 
are strongly scattered in states of angular momentum 
greater than zero. Detailed calculations by Bucking- 
ham, Massey, and Hubbard'* and by Verde® have 
shown that, in particular, the sign and magnitude of 
the P-wave phase shifts should be strongly affected by 
the exchange character of nuclear forces. 

Although there have been many determinations of 
neutron-deuteron angular distributions*'® and _ total 
cross sections,""~" it has been difficult to reach any 
definite conclusions as to the role of exchange forces in 
the n—d interaction. Since the theoretical calculations 
are based on nuclear force models which do not ade- 
quately explain nucleon-nucleon scattering, one should 
not expect phase shifts calculated in this way to be 
more than qualitatively reliable. The differential cross 
sections are a sensitive function of the combination of 
at least six phase shifts at energies at which the main 
experimental results exist; therefore it is difficult to 
learn much from comparisons of theoretical and ex- 
perimental differential cross sections. 

* Work supported by the U. S. Atomic Energy Commission and 
the Wisconsin Alumni Research Foundation. 

ft U. S. Atomic Energy Commission Predoctoral Fellow. 
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It would be preferable to compare calculated phase 
shifts with phase shifts determined from analysis of the 
experimental results. However, even disregarding ex- 
perimental uncertainties, which are not small in these 
measurements, neutron-deuteron differential cross sec- 
tion measurements cannot determine a unique set of 
phase shifts unless restrictions are imposed on the phase 
shifts from other considerations than the data alone. 
Recent measurements" !'® concerning the neutron- 
deuteron scattering lengths have made it possible to 
make reliable estimates of S-wave phase shifts up to 
neutron energies of a few Mev by using an effective 
range approximation.'® It then appeared that angular 
distribution and total cross section measurements at 
low energies where D-waves would not be important, 
might determine P-wave phase shifts which could be 
compared with phase shifts calculated by using various 
exchange force prescriptions. 


II. TOTAL CROSS SECTION MEASUREMENTS 


Measurements of the difference between the total 
neutron-deuteron cross section and the neutron-proton 
cross section were made by comparing the transmis- 
sions for monoenergetic neutrons of brass cans filled 
with heavy water and similar cans filled with the same 
number of molecules per cm® of ordinary water. The 
heavy water, obtained from Stuart Oxygen Company, 
was stated to be 99.8 percent pure by the supplier; a 
measurement of the density confirmed this value within 
an error of one percent. Transmissions were determined 
in a manner similar to that previously reported.'? 

For measurements at neutron energies greater than 
900 kev, monoenergetic neutrons were produced by 
bombarding thin tritium-filled zirconium targets with 
protons from the electrostatic generator. The target 
was found to be 25 kev thick for 3.5-Mev protons by 
measuring the experimental width of the 2.08-Mev 
neutron scattering resonance in carbon."” This level has 


4D. G. Hurst and W. F. Alcock, Can. J. Research 29, 36 (1951) 

‘6 Wollan, Schull, and Koehler, Phys. Rev. 83, 700 (1951) 

‘6H. A. Bethe, Phys. Rev. 76, 38 (1949) 

17 Bockelman, Miller, Adair, and Barschall, Phys. Rev. 84, 69 
(1951). 
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IN BARNS PER STERADIAN 


do 
dw 

















COS 6 


Fic. 1. Angular distributions in the center-of-mass system of 
neutrons scattered by deuterons at neutron bombardment en- 
ergies of 1 Mev, 1.5 Mev, 2 Mev, and 2.5 Mev. The crosses repre- 
sent the uncorrected data. The solid circles represent the data 
corrected for end effects and wall effects. The solid curve shows 
the distribution calculated from the phase shifts of Fig. 4. 


been found to have a natural width of less than 10 kev. 
The neutrons were detected by a cylindrical pulse 
ionization chamber which had an active volume }§ in. 
in diameter and 4 in. long. For detection of high energy 
neutrons the counter was filled with 43 atmospheres of 
purified hydrogen. A pulse-height discriminator elim- 
inated pulses of less than one-half the incident neutron 
energy, in this way reducing the background, which is 
mainly caused by room-scattered neutrons, to less than 
one percent. 
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Below 900 kev it seemed advantageous to make use 
of the larger flux available from the Li(p, m) reaction. 
It was necessary to operate the counter at reduced 
pressures to improve the signal-to-noise ratio. Pre- 
sumably the increased mobility of the electrons results 
in a larger voltage change during the time determined 
by the clipping time constant of the amplifier. The 
thickness of the target was found to be 25 kev by meas- 
uring the apparent width of the narrow 820-kev scatter- 
ing resonance in beryllium."” 

The cylindrical brass cans were constructed from 
0.032 in. brass. Various lengths were used throughout 
the measurements in an effort to keep the transmission 
of the can containing ordinary water above 40 percent, 
thereby reducing uncertainties from multiple scattering 
into the detector. The scatterer was placed 7 in. from 
the source and 7 in. from the detector. With this ge- 
ometry, the attenuation of the beam results from re- 
moval of all neutrons scattered through angles greater 
than 8° by the scatterer. Corrections, which considered 
the probable angular distribution of the scattered neu- 
trons, were made for neutrons scattered into the 
counter. 

The second column of Table I presents the measured 
cross section differences and their probable errors. 
Uncertainties in the inscattering corrections, the num- 
ber of nuclei per cm’, and the statistical standard 
deviation were considered in estimating the probable 
error. Column 6 shows the neutron-proton cross section 
calculated from the effective range theory'® using as 
parameters'®!9 4,= —23.7X10-" cm, Ar=5.38X 10-% 
cm, p:= 1.704 10-" cm, and p,=2.5X10-" cm. Cross 
sections calculated from these parameters are in agree- 
ment with the results of measurements recently made 
in this laboratory.?° Column c represents the neutron- 
deuteron cross section calculated from columns a and 6 
Probable errors can be considered to be about equal to 
those in column a. 

The values are in agreement with early work of 
Aoki” and of the Minnesota group." 


III. ANGULAR DISTRIBUTIONS 


Angular distributions of neutrons scattered by deu- 
terons were determined using a method similar to that 
previously reported.*) Monoenergetic neutrons were 
used to bombard deuterium in a proportional counter 
and the angular distribution of the scattered neutrons 
was determined by measuring the distribution in en- 
ergy of the deuteron recoils. Barschall and Kanner” 
have pointed out that this distribution is proportional 
to the differential scattering cross section per unit solid 
angle as a function of cos’, where # is the angle of 
scattering in the center-of-mass system. The propor- 


18 Burgy, Ringo, and Hughes, Phys. Rev. 84, 1160 (1951). 

19 E. E. Salpeter, Phys. Rev. 82, 60 (1951). 

20 Fields, Becker, and Adair, Bull. Am. Phys. Soc. 27, No. 5, 
23 (1952). 

1 R. K. Adair, Phys. Rev. 86, 155 (1952). 

2 H. H. Barschall and M. H. Kanner, Phys. Rev. 58, 590 (1940). 
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tional counter was the same as used previously. Pulse- 
height distributions were measured with a single-channel 
differential discriminator. A channel width of 24 volts 
was used. The position of the bottom of the channel 
could be varied from 0 to 50 volts. 

Measurements of the n—d angular distributions at 
neutron energies of 1 Mev, 1.5 Mev, 2 Mev, and 2.5 
Mev were made by irradiating the counter with fast 
neutrons from the T(p, m) reaction. The tritium target 
was the same as used for the total cross section meas- 
urement. For these measurements the counter was filled 
with 20 cm of deuterium, and sufficient argon was 
added to reduce the recoil track length of deuterons 
scattered in the forward direction to about 9 mm. The 
total pressure, therefore, was varied with the neutron 
energy. A gas multiplication of about ten was obtained 
with about 3000 volts on the center wire and 800 
volts between the wire and guard sleeve. A set of ten 
BF; filled proportional counters encased in paraffin 
was used to monitor the neutron flux. Measurements 
were made with the active volume of the counter in 
line with the proton beam and about 7 in. from the 
source. Backgrounds, determined by interposing a 10- 
in. cone of paraffin between the counter and the source, 
were found to be negligible. The crosses on Fig. 1 in- 
dicate the pulse-height distributions obtained in this 
way; the ordinate of each point is proportional to the 
number of counts in the channel per unit neutron flux, 
and the abscissa is proportional to the bias voltage 
measured to the center of the channel. 

Slightly different procedures were used to obtain the 
angular distributions at energies of 220 kev, 500 kev, 
and 750 kev. Since the low energy group of neutrons 
from the Li(p, m) reaction will not interfere with meas- 
urements at these energies, it seemed again advantage- 
ous to make use of the greater flux from this reaction. 
For measurements at 220 kev the chamber was filled 
with 78 cm of deuterium and operated at a gas multi- 
plication of about 30. The crosses in Fig. 2 show the 
distributions obtained with the neutrons produced by 
bombarding a 25-kev thick lithium target with protons 
from the electrostatic generator. 


TABLE I. Total neutron cross section of deuterium. Column a 
gives the experimental difference in the neutron-proton and 
neutron-deuteron cross section in barns for 9 values of neutron 
energy in Mev. Column 6 gives the n—p cross section calculated 
from effective range theory. Column c is obtained by subtracting 
column a from column 8b. 








a 


5.25-0.11 
2.62-0.10 
1.67-0.08 
1.18-0.10 
0.82-0.09 
0.49-0.05 
0.34-0.04 
0,.21-0.04 
0.19-0.03 
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Fic. 2. Angular distributions in the center-of-mass system of 
neutrons scattered by deuterons at neutron bombardment energies 
of 220 kev, 500 kev, and 750 kev. The crosses represent the un 
corrected data. The solid circles represent the data corrected for 
end effects and wall effects. The solid curve shows the distribution 
calculated from the phase shifts of Fig. 4. 


Corrections must be made to pulse-height distribu 
tions before one can relate them to differential cross 
sections. In particular, allowance must be made for 
tracks which enter or leave the active volume expending 
only part of their energy in this volume. Recoils of each 
energy E are lost when deuterons of this energy strike 
the walls or leave the active volume of the counter by 
passing out of the end. Spurious pulses of energy E are 
produced when recoils of energy greater than E leave 
the active volume of the counter after losing only the 
fraction of this energy equal to E in the active volume. 
In computing corrections for these effects it was as- 
sumed, for simplicity, that the active volume ended 
sharply at planes normal to the center wire intercept- 
ing the ends of the guard sleeves. Corrections were 
then calculated numerically using deuteron range- 
energy curves. The uncertainty in the correction is 
estimated to be equal to about one-third of the correc- 
tion and is of the same magnitude as the purely sta- 
tistical errors. 

The solid circles on Fig. 1 and Fig. 2 represent the 
corrected pulse-height distributions. Since the pulse- 
height distribution is proportional to the angular dis- 
tribution, the circles also represent differential cross 
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Fic. 3. Phase shifts for neutron-deuteron scattering 


sections. The ordinate is scaled so that a reasonable 
extension of the distribution to small angles results in 
a total cross section in agreement with the measured 
values. We estimate that the differential cross sections 
determined in this way are reliable to within about 15 
percent, except at 180° where the poor resolution of the 
counter may give too low a value by a somewhat larger 
factor. 

The results at 2.5 Mev are in excellent agreement 
with the measurements of Coon and Barschall.‘ 


IV. INTERPRETATION 


If we assume that the total spin of the system and 
its Z component are conserved, we can write the differ- 
ential cross section for the scattering of neutrons by 


deuterons as 
da/dw=k-*(4 | (21+-1)?A.Pi(cosv) |? 
+3 {5° .(2/+1)'A,Pi(cosd)|*], (1) 


where A;=e"! sind, is the complex scattering amplitude 
for partial waves associated with orbital angular mo- 
mentum /, the superscript on A represents the spin 
multiplicity, and 6 is the scattering phase shift. At low 
energies we can assume that only S and P waves are 
scattered appreciably, and the cross section takes the 
form 

da/dw=k-*(A+B cosd+C cos), (2) 
where 

A =} sin? 760+ § sin? 48g, 


*6;) 
+4 sin*dy sin*d, cos(459 —*48)), 


C= 3 sin? °6,4+-6 sin? 48). 


B= 2 sin*dy sin’, cos(*do 
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It is obviously not possible to extract the four phase 
shifts from the three parameters, A, B, and C, available 
from the experimental measurements. 

It appears possible, however, to make a unique de- 
termination of the phase shifts by requiring them to 
behave in a physically plausible manner, and to be 
consistent with the zero energy scattering lengths. The 
antisymmetrization of the wave function required by 
the Pauli principle results in effective regions of re- 
pulsion in 4S, ?P, 4D states, etc. These phase shifts 
might then be expected to be less positive than the 2S, 
‘P, *D phases. Since there exists a state of the doublet 
system bound by about 6 Mev, the *S radial wave 
function should have a node at about the triton radius. 
The 2S phase shift should, therefore, lie in the second 
quadrant and the scattering length should be positive 
and of the same magnitude as the triton radius. 

Two sets of scattering lengths are consistent with the 
low energy neutron-deuteron scattering data;'® %@ 
=0.7+0.3X10-" cm, 4a=6.38+0.06%10~-" cm, and 
*a=8.26+0.12X 10-8 cm, ‘a= 2.6+0.2X 10-% cm. Only 
the latter set is in agreement with the existence of a 
nearby bound state of the triton. 

Gordon™ has pointed out that if one accepts the 
charge symmetry of nuciear forces, the low energy 
proton-deuteron scattering measurements establish this 
choice of scattering lengths. Theoretical calculations by 
Troesch and Verde* are in good agreement with these 
values, though the results of Buckingham and Massey 
are less satisfactory in this respect. 

It is possible to estimate the S-wave phase shifts by 
using the scattering lengths and the effective range 
approximation,'® k coté= —1/a+4pk*®. The scattering 
lengths'*"5 used were *a=8.3X10~" cm and ‘a=2.7 
X10-" cm. The phases are not very sensitive to the 
range p, which was taken, rather arbitrarily, as 5X10-" 
cm. Since scattering amplitudes are not affected by a 
shift of 180°, the 2S phases are represented in the fourth 
quadrant for convenience. 

An interesting characteristic of the scattering is the 
shift in the asymmetry of the angular distribution with 
energy. At low energies back scattering is predominant, 
while at higher energies there is some indication that 
most of the scattering is in the forward direction. Other 
workers®:*-!? have shown that this trend continues to 
higher energies. Since the S-wave phase shifts are both 
negative, Eq. (2) shows that back scattering is the re- 
sult of interference between the S waves and P waves 
which have a positive phase shift. Forward scattering 
must be due to the interference effects of S waves and 
P waves with a negative phase shift. The angular dis- 
tribution at 1.5 Mev has a large P-wave contribution 
quadratic in cos’, but is nearly symmetric about 90°. 
This can only occur if the asymmetric S—P inter- 
ference terms from doublet and quartet states are of 


opposite signs and cancel. This will occur if the ?P and 


%M. M. Gordon, Phys. Rev. 80, 1111 (1950). 
% A. Troesch and M. Verde, Helv. Phys. Acta 24, 39 (1951). 
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‘P waves are of opposite sign. From our considerations 
regarding the effects of the exclusion principle, we see 
that the ‘P-wave phase shift must be positive and the 
*P-wave phase shift negative. At low energies the ‘P4S 
interference term, resulting in back scatterings, is more 
important than the ?/*S term which gives rise to prefer- 
ential scattering in the forward direction. At higher 
energies the ?P?S term is dominant. Figure 3 shows S- 
and P-wave phase shifts as a function of energy. They 
were adjusted by trial and error to best fit the data. 
The phase shifts were required to change smoothly 
with energy and to vary*® as E+"? at low energies. 
Above 750 kev, S-wave phases a little smaller than 
calculated by the effective range parameters best fit 
the data. The solid curves on Fig. 1 and Fig. 2 show 
differential cross sections calculated with these phase 
shifts. The solid curve on Fig. 4 shows the total cross 
section calculated from the phase shifts, while the 
points represent the experimental determinations. 

At the higher energies the effects of D waves prob- 
ably will not be negligible. These effects may be most 
evident in P—D interference terms in cos*#. Since the 
neutron-deuteron angular distributions are particularly 
unreliable at 180° where the D-wave contributions 
might be large, any estimate of the D-wave phase 
shifts must be obtained from another source. Measure- 
ments”® of the proton-deuteron differential scattering 
cross section are quite accurate. If nuclear forces are 
charge symmetric the proton-deuteron phase shifts 
should differ from the neutron-deuteron phase shifts 
only because of Coulomb forces. While it is not possible 
to calculate the effects of Coulomb forces without a 
detailed understanding of the interaction, it is probable 
that the proton-deuteron phase shifts will be somewhat 
smaller than the neutron-deuteron phase shifts at the 
same energy. The points on Fig. 5 show the experi- 
mental values for the proton-deuteron differential cross 
section at 2.53 Mev. The solid curve is calculated from 
phase shifts similar to but smaller than the neutron- 
deuteron phase shifts at 2.5 Mev. The phase shifts 
were adjusted to fit the experimental results at 125° 
and 55°, angles where the D wave vanishes. The dotted 
curve shows the differential cross section with the added 
contributions of a ?D-wave phase shift of +7° and a 
‘D-wave phase shift of +1°. Cumulative effects of un- 
certainties in the approximations made are sufficiently 
great so that the values of the D-wave phase shifts are 
of only qualitative significance. 

It can be shown that the measurements of Wantuch® 
at 4.5 Mev and 5.5 Mev are not in contradiction with 
an interpretation in terms of phase shifts resulting from 
an extrapolation of the phases in Fig. 3. Though this 
conclusion is in disagreement with the statement of 
Latter and Latter’’ that the S-wave phase shifts are 


26 E. P. Wigner, Phys. Rev. 73, 1002 (1948). 

26 Sherr, Blair, Kratz, Bailey, and Taschek, Phys. Rev. 72, 662 
(1947). 

27 4. L. Latter and R. Latter, Phys. Rev. 86, 727 (1952). 
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Fic. 4. The neutron-deuteron total cross section as a function 
of neutron bombarding energy. The points represent the experi 
mental values while the solid curve represents values calculated 
from the phase shifts of Fig. 3. 


“almost certainly positive,” it is not in contradiction 
with the careful survey made by these authors of the 
possible combinations of phase shifts which could fit 
both the neutron-deuteron and proton-deuteron data. 
Slight adjustments of the phase shifts listed as u=1 
(1+ —) in the notation of their article are consistent 
both with our low energy conclusions and the 5-Mev 
data. 

It has been assumed in this discussion that the Z 
component of the total spin of the system is a good 
quantum number. In view of the strong spin orbit 
interactions observed in other neutron scattering ex- 
periments” and the importance of tensor forces in 
nuclear interactions, it would appear that the neglect 
of spin orbit coupling may not be realistic. Considering 
only S and P waves, the differential scattering cross 
section, with spin orbit coupling, takes the form 
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where the added right-hand superscript on the scatter- 
ing amplitudes represents the total angular momentum 
of the scattered wave. The general effect of spin orbit 
forces on the differential cross section is to add to the 
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Fic. 5. Proton-deuteron angular distribution at 2.53 Mev. The 
points represent the experimental values of reference 26. The 
solid curve shows the angular distribution calculated using: 
6(4S) = —31°, 62S) = —80°, 6@P) = —27°, 8(4P) =+15°. The dotted 
curve shows the angular distribution calculated using the same 
S- and P-wave phases and 6(*D) = +1° and 6(?D)=+7°. 


isotropic part of the cross section and subtract from 
the terms which are quadratic in cosd. The magnitudes 
of the terms in sin’? of Eq. (3) are a measure of the 
kinematic importance of spin orbit forces. If the split- 
ting, or angular difference, between the P waves associ- 
ated with the same spin multiplicity but different total 
angular momentum be represented by A, the effect on 
the differential cross section will be of the order of 
k-* sin’A. This will be quite small compared to the 
isotropic term, unless the splitting 4 is of the same 
magnitude as the phase shifts of the P waves them- 
selves. There is some evidence that the *P splittings are 
not large. Gamma-rays produced by the capture of 
protons by deuterons are emitted in a nearly pure sin*# 
distribution.”* and Wilkinson” has shown that they are 
almost completely polarized. This is explained as the 
result of an electric dipole transition from *P to *S 
state. In order that the angular distribution be nearly 
pure sin’d it is necessary for ?P! and *P! waves to be 
captured in the ratio of their statistical weights, an 
improbable occurrence if the two waves were refracted 
very differently. 

It appears that little error is introduced in assuming 
the conservation of spin. Doublet-quartet transitions 
can only occur if the orbital angular momentum changes 
two units. Since only S and P waves are expected to 
be important at the energies under consideration in 
this experiment, it would seem justifiable to neglect the 
effects of such transitions. At higher energies ‘S="D, 
and *S=‘D transitions may be important. Their effect 


*8 Fowler, Lauritsen, and Tollestrup, Phys. Rev. 76, 1767 (1949) 
* 1D. H. Wilkinson, Phil. Mag. 341, 659 (1952). 
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on the angular distribution would be to increase the 
isotropic part of the cross section at the expense of the 
angular dependent part. 


V. DISCUSSION 


Qualitatively the neutron-deuteron angular distribu- 
tions at 1.5 Mev and above are quite similar to the 
proton-deuteron angular distributions, and it appears 
from Fig. 5 that both sets of data can be fitted with 
similar phase shifts, a result which is in agreement with 
the equivalence of neutron-neutron and proton-proton 
forces.*® Critchfield* has analyzed the proton-deuteron 
scattering using an auxiliary assumption, from the 
theoretical conclusions of Buckingham and Massey, 
that the *S and 4S phases are equal. Though the validity 
of this assumption has since been shown to be dubious 
by the low energy neutron-deuteron scattering data, the 
P-wave phases extracted by Critchfield should not be 
strongly affected by this. Since these phase shifts are 
very similar to those derived here from the neutron- 
deuteron scattering data, the general conclusions of 
Critchfield are in agreement with this work. 

A direct comparison of the phase shifts derived from 
these data with those calculated by Buckingham, 
Massey, and Hubbard? reveals rather considerable dif- 
ferences. As was evident from the scattering lengths, 
their S-wave phase shifts do not adequately represent 
the experimental data. The P-wave phase shifts should, 
in general, be less positive for exchange forces than for 
ordinary forces as the nucleon-nucleon potentials are 
repulsive in the antisymmetric space states which occur 
in P-wave interactions. 

Both of the measured P-wave phases are more nega- 
tive than theoretical values calculated for ordinary 
forces, and the *P-wave phase shift is much more nega- 
tive than even the phase calculated for exchange forces. 
S-wave phase shifts derived by Troesch and Verde” are 
in good agreement with the phases in Fig. 3 for both 
ordinary and exchange forces. However, the P waves 
calculated by these authors at 2.5 Mev do not appear 
to adequately represent the data. 

It was shown that the kinematic effects of spin orbit 
forces are not likely to change these conclusions appreci- 
ably. Of course, this does not exclude the importance of 
such forces on the dynamics of the interaction. Such 
forces may account for some of the discrepancy between 
the theoretical work which was calculated on the basis 
of central forces, and the conclusions from the experi- 
mental data. 


 G. Breit, Phys. Rev. 80, 1110 (1950). 


"(. L. Critchfield, Phys. Rev. 73, 1 (1948). 
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The Approach to Saturation in Dilute Ferromagnetics* 


ALAN D. FRANKLIN AND Ami E. BERKOWITZ 
Franklin Institute Laboratories for Research and Development, Philadelphia, Pennsylvania 
(Received September 12, 1952) 


The law of approach to magnetic saturation in finely divided and diJuted iron powders has been studied 
For samples containing volume fractions of iron greater than about 0.6, Néel’s theory of fluctuation-con- 
trolled approach is valid. As the concentration of iron decreases, the deviation from the theory increases in 


the direction of steeper approach. 


HE approach to magnetic saturation in “soft” 
ferromagnetic materials for field strengths be- 
tween 500 and 10 000 oersteds usually follows a law 

of the form 
I=1,(1—A/H), (1) 


where J is the intensity of magnetization, and /, is its 
value when the magnetic field strength H becomes in- 
finitely large. A is a constant, sometimes called the 
coefficient of magnetic hardness. Néel' has shown that 
this behavior is probably due to the presence of non- 
magnetic inclusions in the material, and has derived an 
equation for the dependence of J upon H and upon V, 
the volume fraction of the sample occupied by the in- 
clusions. In the field strength region in which 1< 4r/7,/ 
H<5, Néel’s equation reduces approximately to Eq. 
(1), with 

A =}(0.067)4a1V, (2) 


where J) is the saturation magnetization of the ferro- 
magnetic phase. 

The theory considers only materials containing small 
amounts of inclusions, and has been verified! for sin- 
tered iron compacts containing up to 0.4 volume frac- 
tion of voids. For higher values, the theory cannot be 
expected to hold. Since this more dilute region should 
be of importance in studying the properties of very fine 
ferromagnetic powders, experimental data on the ap- 
proach to saturation in this region are presented here. 

The pressed specimens, } in.X} in.X1 in., contained 
two micron carbonyl iron powder? mixed with S50A 
silica powder, and were cemented with a thermosetting 
resin. Magnetic measurements were made in a Sanford- 
Bennett® isthmus permeameter, with the field along the 
long direction of the samples, perpendicular to the 
pressing direction. The maximum field strengths used 
were of the order of 6000 oersteds. The volume fractions 


* The work described herein was performed under the auspices 
of the U. S. Office of Naval Research. 

1L. Néel, J. phys. et radium 9, 184 (1948). 

2 Provided through the generosity of the General Aniline and 
Film Corporation. 

3R. L. Sanford and E. G. Bennett, J. Research Natl. Bur. 
Standards 10, 567 (1933). 


of the specimens were determined from the saturation 
magnetization and are accurate to within about 5 
percent. 

The values for the constant A in Eq. (1) were deter- 
mined by least-squares calculations from the original 
I —H data, weighting each value of J with I? to empha- 
size the high field points. These values are displayed in 
Fig. 1, plotted as a function of (1—V). The solid line 
represents Néel’s theory, in the form of Eq. (2). The 
figure also includes the data of Néel and Lorin, as re- 
ported by Néel,' on sintered iron compacts. 

The experimental points begin to deviate from the 
theoretical line for samples containing about 40 per- 
cent by volume of voids. Below this figure, Néel’s 
theory is applicable ; above it, it appears that some other 
mechanism controls the approach to saturation. 
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An Experimental Investigation of the Nucleon Cascade in Water 


C. B, A. McCusker, H. Messet,* D. D. Mittart aNp N. A. Porter 
Dublin Institute for Advanced Studies, Dublin, Ireland 
(Received October 31, 1952) 


The nucleon cascade in water produced by primaries of energy greater than 20X 10° ev has been examined 
using an array of Geiger-Miiller counters and a 31-channel hodoscope. Over 15 000 showers have been 
studied. Transition curves for various primary energies, barometric coefficients for various multiplicities 
and at different depths, root mean square lateral spreads, and intensities at different depths are given. 
The experimental results are compared with the theory of the nucleon cascade developed by Messel and 
his co-workers. In particular, the variation of lateral spread with depth substantiates their conclusion 
that the differential cross section for nucleon-nucleon collision at high energies has a very peaked form in 


the forward direction. 


INTRODUCTION 

HE apparatus described in this paper was origi- 

nally set up to investigate the production of 
mesons in high energy nuclear encounters. The method 
used was to study local penetrating showers from 
water, paraffin, carbon, and lead using an array of 
Geiger-Miiller counters operating a 31-channel hodo- 
scope. While the experiment was in progress the theory 
of the nuclear cascade was considerably developed by 
Messel, Green, and their co-workers.'? In this paper 
the results obtained from an examination of 15 000 
penetrating showers from water are compared with 
this theory. 

I. THE EXPERIMENTAL ARRANGEMENT 


A sketch of the apparatus is given in Fig. 1. Trays 
A, B, C, D, and E each consisted of 12 Geiger-Miiller 
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Fic. 1. The experimental arrangement. 


* Now at the University of Sydney, Sydney, Australia. 

+ Now at the University of Manchester, Manchester, England. 

1H. Messel, Commun. of the Dublin Institute for Advanced 
Studies (1951), Series A, No. 7. 

2H. Messel, Progress in Cosmic Ray Physics, Vol. II (1953) 
(to be published). 


counters 50 cm long by 3.8 cm wide. The axes of 
counters in tray A were at 90° to those of tray B. To 
provide a master pulse, at least 2 counters in each of 
trays B, C, and D had to be discharged, i.e., the master 
pulse was at least a sixfold coincidence. Each counter 
in trays A and B operated its own neon lamp. For the 
purpose of the hodoscope, the counters in tray D were 
connected in adjacent pairs. Each pair then operated a 
neon lamp. Finally the extended tray E, working with 
all its counters in parallel, operated a single neon lamp. 

Trays A and B were contained in a water tight sheet 
steel box. This box was itself inside an iron tank of 
height 8 ft and base 4 ft4 ft. At the start of the 
experiment the water in the tank was just level with 
the top of the box (zero position). The water level was 
then raised in steps until a maximum depth of 180 cm 
over the box was reached, then reduced in similar steps 
and finally a second reading at the zero level was taken. 
This took 6 months. 

Trays C and D were contained in a lead pile beneath 
the tank. Each counter in these trays was wrapped in 
lead sheet 75 in. thick to reduce the effect of 1 meson 
knock-ons. Above C the lead was 7.5 cm thick, between 
C and D 5 cm thick, and between D and the concrete 
floor 2.5 cm thick. On all sides there were 15 cm of lead. 
The extensive tray E was 2 m from the center line of 
the tank. The whole apparatus was housed in a wooden 
hut with a light roof. 


Il. ANALYSIS OF THE DATA 
(1) Method 


Complete details of each individual shower were 
punched on Hollerith cards. This was essential since it 
would be quite impossible to sort by hand the 15 000 
showers already obtained in the various ways necessary 
to get all the information possible from the crude data. 
There are, of course, various ways of specifying the 
showers. One particularly useful and simple description 
is that of the “multiplicity” in terms of counters 
discharged in trays A and B. If, in these two trays, 
there are m and n counters discharged, m>n, the shower 
is called an m fold event; m is obviously the minimum 
number of particles necessary to produce this event. 
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Fic. 2. The transition curves for (a) 2-fold, (b) 4-fold, and 
(c) 12-fold local showers. 


Generally, the actual number of particles in the shower 
will be greater. 


(2) The Extensive Showers 


Of all the showers recorded, a fraction between 4 and 
3, depending on the depth, discharged the extensive 
tray. The multiplicity disiribution of these showers for 
the zero position is given in Table I. Multiplicity 
distributions for other thicknesses were not much 
different. In order to see if these showers were of the 
normal type (with y=1.5, k= 1/40) or not, the expected 
multiplicity distribution was calculated for such showers 
falling on an array consisting of two unshielded trays, 
one of 12 separate counters of which at least two must 
be discharged, the other of 12 counters in parallel, and 
a shielded tray of 12 counters of which at least two 
must be discharged. This array is an approximation to 
the real arrangement. Probably the greatest error is 
introduced by specifying that two penetrating particles 
are necessary. In extensive showers about } of the 


TABLE I. Multiplicity distribution for extensive showers. 








Multiplicity 2 3 4 eeTteer1.r a> & 





Expt. 130 109 116 86 84 66 81 76 70 98% 342 
No. of showers 


Cale 72 70 68 68 68 71 75 101 141 442 


WATER 1173 
penetrating particles are nucleons, and one nucleon if 
it interacts in the lead is sufficient to discharge the real 
shielded arrangement. 

The calculated distribution is given in Table I. The 
agreement between theoretical and calculated distri- 
butions is sufficiently good to make it likely that all the 
extensive showers recorded were of the normal type— 
the disagreement being due to the approximations in 
the calculation. It is, at first sight, surprising to find 
that it is possible to select showers of quite normal type 
which are represented on the apparatus by only two 
m-mesons or nucleons.’ 


(3) Transition Curves 


For the local showers, transition curves for all 
multiplicities, 2-fold to 12-fold, were plotted (in this as 
in all other cases, the rates were corrected to a baro- 
metric pressure of 1000 millibars). Curves for 2 folds, 
4 folds, and 12 folds are given in Fig. 2. Figure 3 shows 
the variation of the position of the cascade maximum 
with the number of particles at the maximum. This 
number was determined by the procedure given in the 
next section. 


(4) Intensities of Charged Particles 


It is possible to estimate the intensity of charged 
particles at a given depth caused by the single nucleons 
incident on the top of the water. To do this we must 
determine the number of charged particles which, on 
the average, produces the discharge of m and n counters 
on trays A and B [an (m, n) event ] where m>n. 

Let P(N, n,m) be the probability that \ particles 
produce an (n,m) event. A method of calculating 
these probabilities for a single tray assuming random 
distribution of the particles on the tray has been given 
by Schrédinger.* The extension to two crossed trays is 
elementary. The effect of the lack of randomness 
amongst the shower particles has been examined by 
Sitte and his co-workers* and found to be small. Now 
if Q(V) is the probability of N particles occurring, the 
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Fic. 3. The variation of the depth of the cascade maximum 
with the number of particles at the maximum for the complete 
cascade. 

5 Froehlich, Harth, and Sitte, private communication (1952) 

‘FE. Schrédinger, Proc. Phys. Soc. (London) A64, 1040 (1951) 
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TaBLe II. Intensities of all charged particles at different depths. 


Depth in cm H,0 135 180 


46 87 150 17.2 166 


No. of charged particles per hour 


TABLE III. Corrected root mean square lateral spread of showers. 


* _ ee 


Spread corrected for 
background, finite 
size of tray and 
angle of incidence 
(cm) 


Spread 
corrected 
for 
background 
(cm) 


Depth 
(cm) 


22.5 

45 

90 
135 
180 


8.0 
12.4 
17.1 
21.3 
24.9 


absolute probability of an (, m) event is 


> Q(N)P(N, n, m). 


Ne=wm 


If we know the value of Q(.V) for all V, we can use 
the above formula to calculate the average number of 
particles N, associated with any given n,m event. 
Then, if R(n, m) is the rate of any given (n, m) event 
and N(n,m) is the associated average number of 
particles, the intensity for a particular depth is 


Y cn. m)R(n, m)N(n, m). 


This must then be corrected for the background 
intensity. 

Strictly it is necessary to know Q(.V) in order to 
calculate the averages and hence the intensity. How- 
ever, the intensities are rather insensitive to the form 
of Q(.V) because, for small .V, PCV, n, m) approximates 
to a 6-function and the form of Q(.\V) is then unim- 
portant, and secondly, events of large V are compara- 
tively rare. 

This insensitivity was shown by first calculating the 
intensities assuming that Q(.V) « 1/.V, which is probably 
a reasonable approximation to reality. The result of 
this is given in Table II. Then the calculation was 
again performed assuming that Q(1)=Q(2)=Q(3), etc., 
a physically impossible case. The difference in the final 
intensities was in all cases less than 6 percent. 


(5) Lateral Spread of Showers 


The total spread of each shower at the level A, B can 
be determined by measuring the distances between the 
extreme counters discharged on each tray. The product 
of the distances gives the square spread and the root 
mean square spread for all the showers at that depth 
can be obtained at once. A number of corrections must 
be applied before these results can be compared with 
theory. 

First a correction must be made for the background 
showers which come from the air and the surroundings. 


MILLAR, AND PORTER 

To do this the mean square spread was found for the 
zero position. Then for all subsequent depths the contri- 
bution of these showers to the run in question was 
calculated (normalized both to time and the average 
barometric pressure over the runs) and subtracted 
from the total spread for the run. The remainder was 
taken to be the spread due to the genuine locally 
produced showers for that depth. The results corrected 
in this way are given in the second column of Table III. 

A second correction is necessary for the angle of 
incidence of the primary. Because the apparatus itself 
constitutes a vertical telescope and because the high 
energy nucleon component at sea level is strongly 
peaked in the vertical direction® the correction is not 
large. If we take the variation of intensity with angle 
to be cos*#, then the average angle to the vertical of 
the showers is 17.5° and all spreads must be multiplied 
by 0.95 (=cos 17.5°). ; 

Thirdly, a correction must be made for the finite size 
of the detecting trays. This has been done assuming 
that (a) if a shower has a spread of n counters, all 
counters within the spread are discharged; and (b) 
showers produced near the edge of apparatus have an 
equal chance of discharging the apparatus as centrally 
produced showers. The correction was then made by 
finding the recorded spread of every possible shower of 
a given real spread, including those striking the edges 
(remembering that at least 2 counters in tray B must 
be discharged). The recorded spreads were averaged 
and compared with the assumed spread, and the 
resulting correction table was used (together with the 
correction for angle of incidence) to give the results in 
the third column of ‘Table IIL. 

It is worth considering the effects produced by the 
breakdown of assumptions (a) and (b). If either of 
these assumptions is not fulfilled, the correction to be 
applied will be smaller, since in both cases it will be 
showers hitting the edge of trays which will be affected. 

As a check on our method of measuring the root 
mean square spread we have measured the spread for 
the extensive showers for the zero position. The result 
was 18.2 cm which is to be compared with the 21.0 cm 
which would be produced if all the showers were of 
infinite extent and density. For such large spreads the 
correction table is necessarily inaccurate but the value 
given is >70 cm. 

The further corrections which may be applied are: 
(a) A correction for the finite width of individual 
counters (3.8 cm). Since at least 2 counters in B must 
be discharged, showers whose spread is less than 3.8 cm 
will tend to be missed and hence the recorded average 
will be greater than the real average. (b) The complete 
cascade is measured, and it is obvious from the method 
of measurement that the effect of this inclusion of the 
nonnucleonic component can only be to increase the 


5M. G. Mylroi and J. G. Wilson, Proc. Phys. Soc. (London) 
A64, 404 (1951). 
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measured spread. The true spread of the nucleon 
cascade will, if anything, be less than the measured 
spread. 


(6) Barometric Effects 


The barometric coefficient was determined for various 
multiplicities at various depths for both extensive and 
nonextensive showers. All gave values close to —10 
percent per cm Hg with the exception of the non- 
extensive 2 folds at 0 and 90 cm. For these the values 
were —0.57+1.0 percent per cm Hg and —4.2+0.6 
percent per cm Hg. 


III. DISCUSSION OF RESULTS 


Throughout the discussion which follows a number of 
points should be kept in mind; the intensities and 
results obtained in our experiment are necessarily for 
all ionizing particles capable of penetrating the sheet 
steel (;}s-in.) box. That is to say the intensity due to 
the complete cascade of nucleons, mesons, and electrons 
is measured. This cascade is probably started by the 
energetic sea-level nucleon component of the cosmic 
radiation. In order, therefore, to carry out a completely 
satisfactory comparison between theory and experi- 
ment, it would be necessary to measure the various 
effects of the different components separately, and 
secondly to compare the results obtained with those 
which would be given by a mixed-cascade theory. It is 
obvious that both of these tasks are formidable, and 
not likely to be achieved immediately. The compari- 
sons which follow should therefore be treated as quali- 
tative, bringing out the main features of the various 
phenomena involved in the cascade process. 


(1) Transition Curves and Intensities of 
Charged Particles 


The lower limit to the energy of the particles meas- 
ured must lie somewhere in the range 107-10* ev since 
they need only have sufficient energy to penetrate the 
steel box. 

The minimum triggering energy of the apparatus, on 
the other hand is probably about 20.10% ev. This may 
be estimated in two ways. Firstly, Salant ef al.’ and 
the Bristol group* have shown that stars with two 
shower particles are produced on average by primaries 
of about 510° ev energy. A 2-meson is classified as a 
shower particle if its energy is greater than 80X 10° ev. 
Our apparatus, on the other hand, requires at least 

® Messel, Potts, and McCusker, Phil. Mag. 43, 889 (1952) have 
recently set up and solved completely the equations for a mixed 
cascade forming within a nucleus, for various schemes of meson 
production. Master equations have also been formulated by 
Messel for a mixed-cascade developing in a finite absorber; 
numerical results for this last case are, however, unlikely to 
appear for some time because of the heavy computations involved. 

7 Salant, Hornbostel, Fisk, and Smith, Phys. Rev. 79, 184 
(1950). 

’Camerini, Davies, Fowler, Franzinetti, Muirhead, Lock, 
Perkins, and Yekutieli, Phil. Mag. 42, 1241 (1951). 
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two penetrating particles of energy greater than 300 
10° ev. This suggests that the minimum triggering 
energy is greater than 10X10° ev. Secondly, we can 
estimate the flux of energetic protons and neutrons 
through the apparatus using the intensity of protons 
and the exponent of the energy spectrum given by 
Mylroi and Wilson. Assuming the number of protons 
and neutrons to be equal, the calculated number of 
nucleons greater than 10X10° ev is 8 per hour. But 
at the maximum of our total transition curve we got 
2.3 showers per hour over background. Thus, it seems 
reasonable to estimate that the minimum triggering 
energy is of the order of 20X 10% ev. 

The transition curves for local penetrating showers 
produced in water have been determined by Wataghin 
and his co-workers.’ The arrangement used was a 
simple fourfold coincidence, and the single curve had a 
cascade maximum at 75 g/cm? (see Fig. 2). An exami- 
nation of our results given in Fig. 2 reveals that as one 
passes from twofold to twelvefold events the depth at 
which the cascade maximum is attained increases. In 
other words there is a shift in the position of the maxi- 
mum towards greater depths, with increasing primary 
energy (fixed secondary energy) or with decreasing sec- 
ondary energy and a fixed primary energy. This behavior 
is in accordance with that predicted by cascade theory. 
From Messel’s? work on the nucleon cascade it may 
easily be shown that the position of the cascade maxi- 
mum for particles with energies > E due to a primary 
nucleon of energy £o is given by O@nax 0.72 {logio( £o/E) 
—(.79} interaction lengths, whereas for a primary 
nucleon power law spectrum with exponent y and 
particle energies >E<E, (E, is the cut-off energy), 
Omax~0.72{logio( E./E) —0.79+-0.43/(y—0.55)}  inter- 
action lengths. The corresponding expressions for elec- 
trons produced by a photon or spectrum of photons are 
given by 


Xnax= 2.3{logio( Lo/ LE) —0.32} cascade lengths, 
Xmnax = 2.3{logio( E./ E) —0.32+0.43/(y—1)} 
cascade lengths, 


respectively.'° For energies E>E,, in the case of a 
primary power law spectrum, no maximum occurs, 
since the intensity now decreases monotonically with 
increasing depth. The interpretation of Fig. 2 by means 
of the above theoretical results is now obvious, and 
qualitatively at least agreement between theory and 
experiment on this point is good. 

It is now interesting to use the expression for O:nax in 
the case of nucleons and the result in Fig. 2 for the two- 
folds to obtain an estimate for the minimum triggering 
energy required by the apparatus. Taking y=1.8 we 
find E.=68E. The minimum energy E of the 2 folds is 
about 3X 10° ev, since 12.5 cm of lead must be traversed 


® Meyer, Schwachheim, Wataghin, and Wataghin, Phys. Rev. 
76, 598 (1949). 

1 See, for instance, L. Janossy and H. Messel, Proc. Roy 
Irish Acad. A54, 217 (1951). 
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Fic, 4. The lateral spread of the complete cascade at different 
depths. Curve (a) gives the calculated curve for the nucleon 
cascade from the Messel-Green theory assuming a quasi-isotropic 
differential cross section; curve (b) that assuming a cross section 
of exponential form. The circles give the experimental points 
corrected for background, and the dashed curve is the estimated 
experimental upper limit 


in order to obtain a sixfold coincidence. The minimum 
triggering energy is therefore 2X 10"" ev. 

In Fig. 3 we have given the depth of the transition 
curve maximum plotted against the total number of 
charged particles at the shower maximum. This curve 
was obtained from our experimental results by the 
method discussed in the previous section of this paper. 
We note that as the depth at which the cascade maxi- 
mum is attained increases, the number of charged 
particles at the maximum point of shower development 
increases. For showers which attain their maximum 
development at small depths, the number of particles 
at the maximum is small; this remains so until depths 
of the order of 160 g/cm? are attained. For showers 
which attain their maximum development beyond this 
depth, the number of particles at the maximum in- 
creases very rapidly. Agreement between these experi- 
mental facts and predictions by cascade theory is again 
very good. For instance, the average number of protons 
at the cascade maximum for the two cases discussed 


previously is given by 
N (Eo, E; Omax) 
-0),36(Eo/E)"*{ 9.36 log (E/E) — 4.08) ~3, 


0.36 skye 
( ‘) {9.36 log(E./E) 
y—O.55NE 


4.05 1 


and 


N, (Ec, E; O@max)* 





4.08+ 


} 
+ | 
vy—0.55 (y—0.55)? 


In case of the electrons we have 


N (Eo, Ej Xmax) *0.09(Eo/E){log(Eo/E)—0.25}-4, 
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and 


0.09 | 
N AE, E; Xmax)™——(E./E) } log(E./E) —0.25 
y-i | 


0.43 0.28 )-4 


wh 
y-1 (y-1)? 


Hence, with increasing ratio (E)/E) or (E,/E), both 
the depth of the cascade maximum and number of 
particles at this maximum increases. This phenomenon 
occurs for both the electrons and the nucleons sepa- 
rately. The experimental curve given in Fig. 3 must, 
therefore, consist of a weighted average of these two 
results. A further difficulty in making a quantitative 
comparison in this instance arises because of the low 
energies of the particles considered. The expressions 
for N, and N, are only valid for high energies where 
energy loss by ionization is included. If these losses are 
taken into account, the average number of particles at 
the cascade maximum given by .V, and V, may be 
decreased by a factor of 2 or 3 depending upon the 
secondary energy considered. A rough calculation has 
been carried out taking ionization losses into account. 
The results obtained agree quantitatively with those 
found experimentally, provided a sufficiently low 
secondary energy E and a reasonable value of the 
weights to be applied to the average numbers are 
chosen. 


(3) The Lateral Spread 


The solid curves in Fig. 4 give the calculated lateral 
spread of the nucleon cascade in water for secondaries 
of energy 500 Mev and an incident power law of 
exponent 1.1 according to the theory of Messel and 
Green." The upper curve is for a quasi-isotropic cross 
section, the lower for a cross-section exponential in the 
laboratory system. Also displayed on the graph are the 
experimental points corrected for the background 
showers and the experimental curve (shown dashed) 
corrected also for the angle of incidence of the primary 
and the finite size of the detecting tray. No correction 
for the finite size of the counters or for the nonnucleonic 
component has been made. Since the further corrections 
to be applied all tend to reduce the spread, it seems 
likely that the dashed curve gives an upper limit for 
the spread of the cascade in water. It will be seen that 
the experimental curve strongly favors a differential 
cross section much more strongly peaked than the 
quasi-isotropic form. 

There are two further effects to consider. It seems 
likely that the exponent of the proton spectrum at sea 
level is higher than 1.1,° and it also seems likely that 
particles of less than 500 Mev would be detected by 


 H. S. Green and H. Messel, Phys. Rev. 85, 679 (1952); 
Proc. Phys. Soc. (London) A65, 245 (1952); Phys. Rev. 88, 331 
(1952). 
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our apparatus. Both of these effects would increase the 
calculated spread for a given depth thus increasing the 
agreement between the experimental points and the 
curve calculated for the exponential form of the differ- 
ential cross section. Evidence in favor of this form of 
differential cross section has already been given by 
Messel and Green,!! and Hazen ef al.” has shown that 
the Fermi distribution tends to give lateral spreads of 
extensive air showers considerably greater than those 
reported experimentally. 


CAs 
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and the variation of the number of charged particles 
at the maximum of the transition curve with the depth 
of that maximum for the nucleon induced cascade in 
water. In all cases there is qualitative agreement with 
theory. Whereas in some cases the theory of the com- 
plete cascade is not sufficiently developed for a quanti- 
tative comparison to be possible, in the case of the 
lateral spread our results make it seem very likely that 
the differential cross section in high energy nucleon- 
nucleon collisions cannot have a quasi-isotropic form. 


On the other hand the exponential form suggested by 
Messel and Green gives good agreement. 

We wish to thank Professor E. Schrédinger and Dr. 
R. C. Geary for their help and advice, Professor L. W. 
Pollak for allowing us the use of his meteorological 
records, and Messrs. A. Guinness, Son and Co. Ltd. 
for the loan of a large iron tank. 


CONCLUSION 


We have been able to determine experimentally the 
variation of the intensity of charged particles with 
depth, the variation of the lateral spread with depth, 


12 Hazen, Heineman, and Lennox, Phys. Rev. 86, 198 (1952). 
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A re-examination of the problem is reported. The results for the vector and scalar cases in the case of the 
deuteron are explained in terms of known correction factors for the one-body problem. For the vector 
equation part of the result is caused by an induction effect which is the meson theoretic generalization of 
Faraday’s law of induction. In the scalar case the relation to the one-body result is made in a form employing 
an effective change in mass caused by the presence of the scalar. These interpretations are substantiated 
by an analysis in terms of plane waves. Simple forms are obtained for one particle in a pseudoscalar field 
and a tentative application to the deuteron is made and criticized. 


1. INTRODUCTION AND NOTATION 


ELATIVISTIC corrections to the magnetic mo- 
ment of a single Dirac particle in a central 
potential field have been discussed by Breit' and by 
Margenau.? The latter has pointed out that an appli- 
cation of the formula applicable to the one-electron 
case to the deuteron problem gives effects comparable 
with the change of the magnetic moment expected on 
account of the admixture of a D-wave to the ground 
state of H’®. Caldirola* was the first to consider the 
relativistic correction for the case of a particle having 
an intrinsic magnetic moment in Pauli’s sense. Caldi- 
rola’s signs are either inconsistently used or applied 
with a misunderstanding regarding the correction factor 
for the proton, which differs from unity by an amount 
which is too small in absolute value under his postulated 
assumptions having been obtained as —0.667+0.596 
—0.071 rather than —0.667—0.596. Since there is 


* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1G. Breit, Nature 122, 649 (1928). 

2H. Margenau, Phys. Rev. 57, 383 (1940). 

3 P. Caldirola, Phys. Rev. 69, 608 (1946). 


an almost compensating error for the neutron, the 
result for the deuteron is practically unaffected by this 
ambiguity. In view of this situation and the fact that 
Caldirola’s work considered the particle with intrinsic 
Pauli moment to be in a central field, a condition which 
is not satisfied in the deuteron, the problem was again 
briefly treated by Breit.‘ In this discussion the correc- 
tion for the intrinsic moment has the form 


1—(T,)/Me, 


where 7, is the part of the kinetic energy owing to 
motion along the direction of the particle spin. The 
character of the field enters the result only through 7,, 
and this part of the correction may therefore be used 
directly for the deuteron. The relativistic factor for a 
single charged particle in a central scalar field was also 
contained in this work. It was pointed out in the same 
note that a single particle treatment does not suffice 
for the calculation of effects stemming from the Dirac 
current of the particle’s charge; the contribution to the 
relativistic correction arising from the charge of the 


*G. Breit, Phys. Rev. 71, 400 (1947). 
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proton may in fact be affected by the two-body char- 
acter of the problem. 

This aspect has been treated by Sachs* and by Breit 
and Bloch,® the papers being concerned with hypothe- 
sized scalar and vector interactions. The calculations 
of Breit and Bloch contain an error in manipulation as 
has been ascertained for the scalar case by Adams’? and 
confirmed by Breit.* The corrected result agrees with 
that obtained by Sachs® for the same field. The error 
just mentioned affected the results for the vector field 
as well, the same erroneously evaluated integral having 
entered both cases. The corrected vector case factor 
turned out to be unity in disagreement with the result 
of Sachs. The procedure used by Sachs was not con- 
vincing ; the effective Hamiltonians were not covariant 
and the employment of momentum operators for cur- 
rent was made in such a way as to omit part of the 
effect of spin currents in the vector case. On the other 
hand, the main point brought out in the discussions of 
Breit,* Sachs,® Breit and Bloch,® and Primakoff* has 
been that it was not possible to make relativistic 
corrections with certainty and there existed considerable 
uncertainty in attempts at quantitative conclusions 
regarding the fractional content of the *D state in the 
ground state of the deuteron. From this viewpoint the 
result of Sachs for the vector case may be regarded as 
an illustration of the flexibility which could be attained 
if one invented a vector meson field in which coupling 
to the nuclear spin current would be absent. The 
papers mentioned have not considered the pseudoscalar 
interaction which appears at present to be the most 
probable one. In view of the absence of a consistent 
and error free treatment of the two-body problem it 
appeared desirable to reexamine the subject, estab- 
lishing more obvious connections between single particle 
and two-body results and removing some of the uncom- 
fortable dependence on involved calculations which has 
been necessary so far. A discussion of the pseudoscalar 
interaction is included. The answer in this case is 
especially simple, the correction factor being Mc*/E for 
a single particle. The small magnitude of this correction 
suggests agreement with experiment for the deuteron, 
where (uy+yup) —up=0.879 —0.857=0.022. Here un, 
Lp, Mp are the magnetic moments of the neutron, the 
proton, and the deuteron, respectively. However, such 
an identification is difficult to justify since it involves 
the assumption of additivity of nucleon moments.'°-” 
The possibility of additional corrections having their 
origin in distorting or exchange effects between nucleons 
is not denied, but the percentage of D state arrived at 


5 R. G. Sachs, Phys. Rev. 72, 91 (1947). 

6G. Breit and I. Bloch, Phys. Rev. 72, 135 (1947). 

7E. N. Adams II, Phys. Rev. 81, 1 (1951). 

8 See footnote 20 of E. N. Adams (reference 7). The authors 
wish to thank Dr. Adams for his correspondence relating to this 
matter and for making available some of his calculations. 

°H. Primakoff, Phys. Rev. 72, 118 (1947). 

10H. Miyazawa, Prog. Theoret. Phys. 7, 207 (1952). 

"R. Osborn and L. Foldy, Phys. Rev. 79, 795 (1950). 

12 R. G. Sachs, Phys. Rev. 74, 433 (1948). 
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by Lévy” from the PSps theory and from nuclear 
two-body data does not definitely indicate its presence. 


Notation 


I, II... subscripts designating the two particles. 
For the deuteron, I designates the proton, II the 
neutron. 

1,2... subscripts designating respectively values of 
a quantity for a one-body and two-body problem; 
these subscripts are used only when a distinction 
between the two cases is necessary. 

E=energy including rest mass energies. 

p=momentum (variable canonically 
coordinate). 

a=(az, ay, a,)=Dirac’s four-row square matrix vector. 

a= pi(o2, oy, 0), where the o are Dirac’s four-row spin 
matrices. 

B= Dirac’s as= ps. 

o= Pauli’s two-row square matrix vector when it occurs 
in a nonrelativistic approximation. 

¥=Dirac’s spinor wave function having four compo- 
nents per particle. 

#=column matrix formed by first two components 
(“small” components) of ¥ in one body problem; 
employment of Dirac’s original representation of 
the a, is presupposed. In the two body problem ® 
is operated on by spinor index matrices like the 
direct product of the corresponding quantities for 
the two particles. 

V, x1, X11 are quantities similar to @ with W “large” in 
both particles; x1 “small” in I and “large” in IT; 
xu “large” in I and “small” in II. 

W =energy excluding rest mass energies; W is negative 
for the deuteron. 

M = mass of nucleon. 

T=kinetic energy in nonrelativistic approximation, 
excluding rest mass energies 

J=negative of potential energy in nonrelativistic 
approximation. 

uu... arbitrary fixed unit vector. 

uu... index used for designation of components along 
u. 

f=dJ/rdr. 

[A, B],=AB+BA. 


r= position vector in the one-body case. In the two- 


conjugate to 


body case r= ry —fr. 

r=|r|. 

@= mesic vector potential. 

J3=9(|p—p’|)=momentum transform of J, see Eq. 
(12.4). 

J = (d9(x)/dx) 2—\p —p’- 

£(p)C(p) = wave function in momentum space. 

£(p) = (E*+ Mc*)B+c(ap). 

Ee = | (M°c!+ p’c*))|. 

C= four-component amplitude column matrix, describ- 
ing spin orientation and sign of energy. 


ia M. Lévy, Phys. Rev. 88, 725 (1952). The authors are grateful 
to Dr. Lévy for making available to them a preprint of this paper 
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C_= two-component amplitude column matrix, corre- 
sponding to negative energy, consisting of the 
first and second components of C. 

C',= two-component amplitude column matrix, corre- 
sponding to positive energy, consisting of the third 
and fourth components of C. 

L=[rxp]. 

v=(uxXr]. 

€= two-body wave function in momentum space. 

g=pseudoscalar coupling constant. 

x = pseudoscalar nonquantized wave field. 


2. LIMITATIONS OF PREVIOUS FORMAL 
TREATMENTS 


(a) The Treatment of Sachs‘ 


In this discussion the scalar and vector interactions 
are considered, employing explicitly a nonquantized 
meson field. The field produced by I is used in static 
approximation, and the terms corresponding to it are 
included in the part of the two-body Hamiltonian 
which belongs to II in the uncoupled problem. The 
Hamiltonian is then symmetrized in I and II. The 
assumption is made that it suffices to use a static 
approximation for the meson field produced by I in the 
process just described and that in the vector case one 
may substitute for @ the approximate representation 
by pr. 

The approximation mentioned last neglects the effect 
of the particle spin current of I. This current carries 
with it a current of mesic charge. Its neglect is analogous 
to disregarding the magnetic field caused by the spin 
magnetic moment of one electron in a calculation of the 
magnetic moment of the second electron. According to 
Lenz’ law one expects the spin current of the second 
electron to change in such a direction as to oppose the 
change of magnetic flux through a fixed closed curve 
produced by the first electron. 

The Hamiltonians used by Sachs include some cor- 
rections of order v?/c? but omit corrections for retardation 
which are formally of the same order of magnitude. 
Without a demonstration of the absence of effects of 
retardation on the magnetic moments one cannot arrive 
at a definite conclusion regarding the value of the 
magnetic moment. 

The construction of Hamiltonians by the procedure 
described can at most establish them to the second 
order of the interaction constant. The treatment of 
the deuteron to this order is not sufficient for the 
reproduction of experimental results as is clear from the 
fact that a calculation of p-n scattering by the first 
Born approximation would be very inaccurate. The 
corrections dealt with cannot be believed in, therefore, 
for the whole interaction unless an additional justifi- 
cation can be made. 


(b) The Treatment of Breit and Bloch* 


This work makes use of the possibility of formally 
correcting some types of wave equations for lack of 
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relativistic invariance of their predictions. It employs 
Hamiltonians thus set up employing all terms literally. 
While consistent from the formal viewpoint of covari- 
ance, the method lacks justification in the following 
respects. 

No proof has been given that in addition to the 
terms which have been added to the Hamiltonians in 
order to secure covariance there are not present other 
terms of relative order v*/c?. It is well known that 
requirements of covariance alone do not determine a 
two-body Hamiltonian but only restrict the choice of 
possibilities. To be sure the vector equation is a rather 
immediate extension of the special case of electro- 
magnetic interaction. But in this case the terms of the 
form 


3{ (aren) —(aur)(ayr)(dJ/rdr) | 


have been established“ only to the extent of repre- 
senting the energy correction through their expectation 
value. It is in fact possible to obtain wrong results in 
radiation problems by employing these terms to calcu- 
late the wave function. In the magnetic moment prob- 
lem the magnetic interaction-retardation terms yield a 
nonvanishing contribution, and a justification of the 
employment of the approximate Hamiltonian therefore 
has to be given. A complete treatment would consist in 
a calculation avoiding the use of a two-body Hamil- 
tonian, except possibly as an intermediate step, but 
based otherwise on a consistent field theory. Since such 
a theory is not available a perfect treatment is im- 
possible. The scalar equation used by Breit and Bloch 
is subject to a similar criticism. 

It is especially unclear and uncertain that the problem 
may be stated with sufficient accuracy in terms of a 
two-particle Hamiltonian with correction terms having 
a universal form in terms of J. Thus, e.g., if the correct 
treatment were capable of being formulated in terms 
of an expansion of observables in powers of J, then 
each term in the expansion could conceivably require 
different forms of relativistic corrections. The large 
value of the interaction constant usually denoted by / 
or g makes it impossible to disregard this possibility on 
the grounds of rapid convergence of the series in powers 
of J. The work of Salpeter and Bethe" indicates the 
likelihood of such effects since in hyperfine structure 
calculations they find additional terms of relative order 
am/M with a, m, M standing for the fine structure 
constant and the masses of the particles. 


3. VECTOR INTERACTION 


A straightforward application of the method used by 
Breit and Bloch® gives for an S state of the deuteron 
system the correction factor to the proton moment 
owing to the proton charge as 


(CF)y=1—((o1—o1).)[(T2)/(3Me) ], (1) 
4 G. Breit, Phys. Rev. 51, 248 (1937). 
18 E. E. Salpeter, Phys. Rev. 87, 328 (1952). 
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the two spins being supposedly oriented along the z 
axis, with 7; representing the energy of relative motion. 
Subscripts I, II refer to the proton and neutron, 
respectively. For the parallel spin orientation in the 4S 
state the whole factor reduces to 


(CF)y® =1. (1.1) 


This result may be understood as follows. For the 
single particle problem the factor? 


(CF)y™=1-—2(T;)/(3Me) (2) 


is applicable in this case. Here the nonrelativistic 
approximation to 7; suffices. In this approximation 


(T:)=2T,), (2.1) 


questions of frames of reference being irrelevant within 
the accuracy of the calculation. Thus the correction 
factor is expected to be 


1—(T2)/(3Mc*). (2.2) 


The mesic field induction effect is omitted, however, 
in this estimate. This effect arises from the fact that 
particle II (neutron) produces a mesic vector potential 


(tr 


at the location of particle I. The vector potential 
modifies the single particle Hamiltonian for I by the 
correction 

(2.2’) 


6H,= (a; @1) 


in the interaction energy, 


Hy’ J+6M,, (2.2") 


which represents the interaction of particle I with the 
meson field. As in the electromagnetic case, 


@i= —ayJ 
and 


Hy’ = —J{1—(azars) }. (2.3) 


Taking into account additional terms arising from the 
inclusion of 6//; in the calculation of the one-body 
problem, one obtains an addition to the expression 
representing small components in terms of large ones, 
v1z., 


ri : (J/ 2Me *)(orar1) V1, (2.4) 


the subscripts I on ® and W indicating a one-body 
treatment of the proton (i.e. I). This change in 4; 
produces a change 


b(va* Cr X er utr) = (J/Me) (Wi* ir X an un) 


(2.5) 


which is found to be expressible approximately as the 
mean value of 


(h/2M* *\ Fo (rr) —r(ryoi) }f, (2.6) 


with 


f= dJ/rdr (2.7) 


and 


r=fr;—f1, r=|r|. (227°) 
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For s terms the expression yields Eq. (1.1). In the 
above account of the work the presentation is such as 
though the two-body wave function were a product of 
one-body functions for particles I and II. The calcu- 
lations have been carried, however, also for linear 
combinations of products, so as to apply also in con- 
figuration space. The limitations existing at this stage 
will become more apparent in the analysis of the 
problem in terms of plane waves. 

The results obtained by the separate consideration of 
the two particles agree with calculations made by 
employing the covariant Hamiltonians as in the work 
of Breit and Bloch.* In the notation of this reference 
and in units making h=c=1, 


(y, [rr X ar WW) ve. 


r S 4S pP~pel 
-(¥,||- +——+— lata 
M 2M 4M? | 


Cy 
D+ lwo), 
4M? 


D= {ifr V¥1J |+(91/)(r01) 
—oi(t1V1J)}/(4M?), 


where 


(3.1) 
(3.2) 
(3.2’) 
(3.3) 


[A, B],=AB+BA, 
Cy=((onpu), LX, (rr Xor J] J, 
X= —}(e;011)J+43(orr) (ont) f, 


VO=(W, WW 
= [14 (pr-+put)/8M2+ > -- WW. 


Calculation gives for s terms 


(3.3’) 


(D)= —(r’ for)/(12M*) =(T1)/(6M?), (3.4) 


1 W+J pr—-pir’ 
(00 f(A ate 


2M? 4M? 
1 Ts 

}v) =—- ((1- )n). (3.5) 
M 3M 


(3.6) 


and in general 
(Cy) = 2(Con(rr1) —r(onrs) | f) 

which becomes 
(Cy)= —(4/3)(T2n), 


These calculations differ from corresponding steps in 
the work of Sachs’ through the consistent use of the 
operators @ and from the work of Breit and Bloch® 
through the correct evaluation of Cy. Inserting the 
values listed in Eqs. (3.4), (3.5), (3.7) into Eq. (3) 


(s terms). (3.7) 
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1 rT, (Twi) 
= «(i _ ex) ——, (4) 
M 3M 3M? 


which is seen to agree with Eq. (1). 

Comparing Eq. (3.5) with Eqs. (2), (2.2) one sees 
that all terms in the two body treatment with the 
exclusion of Cy account for the one-body effects caused 
by I (proton) being exposed to the action of J and 
without inclusion of effects of @; which are treated in 
Eqs. (2.2’), (2.2’"), (2.3), (2.4), and (2.5). The correction 
for the generalization of the magnetic induction effect 
treated in these equations corresponds in the two-body 
calculation to the terms arising from Cy. These terms 
arise from X of Eq. (3.3), and this term arises from the 
generalization of the magnetic interaction between two 
charges with inclusion of the correction for retardation 
in the action of the electrostatic potential. The values 
in Eqs. (2.6), (3.6) agree. The two ways of obtaining 
(CF)y° are thus closely related contributions arising 
from the same physical effects contributing equal 
amounts in both considerations. The effect of the 
correction for retardation is seen to be immaterial for 
the present problem. 


4. SCALAR INTERACTION 


A calculation along the lines of Breit and Bloch® 
gives in units for which h=c=1, 


(W, (1X ar jl) s- 


1 
-(v, {[- —+ 
M 


MOMENTS 
there results 


(frrX ay | Vec= 


W-—J pr — pi 
2M? 4M? 


Cs. 
oy ) = Sees lw), (5) 
1M? 


Jou +o1) 


where D is as in Eqs. (3.1), (3.4), while 


Cs-=([(onpu), LY, [rrXor)),), (S.1) 
with 


Y =}J/ (o:o11) +} (orr) (on) f. (5.2) 


A straightforward rearrangement gives 


((u- Cs.))=((orr- curly {Jur+ fr(uir)})), (5.3) 
where 


ui=(uXrz], (5.4) 


with u standing for an arbitrary fixed unit vector. 
The two parts in curly braces on the right side of 
Eq. (5.3) contribute equal and opposite amounts so that 

(Cs.)=0. (5.5) 


Collecting terms one finds with the aid of Eqs. (3.4), 
(3.5), (5.5) by substitution into Eq. (5) that 


1 WT, 
((1- + er). (6) 
M M 3M 


(rr X ay )se= os 


OF 
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in agreement with Eq. (14) of Sachs. The difference 
from Breit and Bloch® is caused by an error in the 
calculation of (Cs.). On the other hand, the calculation 
of Sachs has left out of consideration the effect of Cs. 
which arises from corrections for lack of covariance of 
the two-body equaticn if one employs only the term in 
8i6uJ. If one omitted the corrections for covariance 
in the vector case the effect of Cy would have been 
absent. It is thus seen that the inclusion of corrections 
for covariance is essential in the general case. The 
agreement of Eq. (6) with the result of Sachs is seen to 
arise from Eq. (5.5) which has not been discussed in 
the literature before and explains the apparently 
accidental correctness of the answer in the work of 
Sachs. 

On the other hand Eq. (5.5) may be seen to mean 
directly that the addition to the Hamiltonian of a term 
proportional to 


H”’ = (evan) + (air) (aur) f (7) 


has no effect on the magnetic moment to within terms 
of relative order v*/c?. This term contains the same 
combinations as the term which has to be added to the 
interaction (1 —a@yay1)/J to obtain the Hamiltonian used 
by Breit and Bloch and in the present paper for the 
discussion of the vector case. It was found for the 
latter that the same result can be obtained by the 
procedure used in Eqs. (2)---(2.6) as by that used in 
Eqs. (3)---(4). The latter includes the generalization 
of electrodynamic retardation effects as in Eq. (7) 
which are again seen to have made no difference for the 
magnetic moment problem. The fact that terms of this 
type have no effect could have been deduced from the 
fact that 


HH" = (arVip(enVaiA, (7.1) 


K = fran 


The introduction of a term of form 


where 


(a1V1)G (7.2) 


can be counterbalanced by making 


y=exp(—iG/ho)y’. (7.3) 


Since G is in this case free of the a; and f;, the calcu- 
lation of [11Xe@] is unaffected by the change from y 
to ¥ and the retardation terms cannot affect the 
magnetic moment. 

The form of the two-body result for the scalar case 
can be explained in terms of the one-body result.4 The 
latter is 
(T,/3Me) 


(CF) 5-0 =1 Wi/Me, (8) 


while Eq. (6) gives 
(CF) s-®) =14+(T2/3Mc?) —W2/Me (8.1) 


The connection becomes more obvious by eliminating 
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W by means of 
W .=(T;-J), (8.2) 
One then has expressions equivalent to Eqs. (8), (8.1) 
(CF) ge =1—(47,/3M2)+(J,/M2), (8.3) 
(CF) s-® = 1—(2T2/3Mc?)+(J2/Mc). — (84) 


Noting that 7, includes the kinetic energy of the 
neutron and comparing the one- and two-body answers 
for the same mean kinetic energies of the proton one 
has Eq. (2.1). With this identification it follows from 
Eqs. (8.3), (8.4) that 


(CF) s-/(CF) s- =(Me —J,)/(Me — J), 


(i=1, 2). 


(8.5) 


corresponding to expectation, since for the one-body 
scalar equation J occurs in the Hamiltonian only in 


the term 


—~B(Mc—J), (8.6) 


and since the nonrelativistic magnetic moment contains 
the factor 1/M. The part of the effect of J which is not 
explicitly taken into account in the kinetic energy is the 
change of the mass M to the effective mass M —(J/c*). 

Comparing this interpretation with the corresponding 
conditions for the vector case which have been discussed 
in relation to Eqs. (2), (2.1), (2.2) one sees that in both 
cases the one-body answers when supplemented by the 
argument concerning absence of retardation effects 
either in the form of Eqs. (7) to (7.3) or of Eqs. (5.3) 
to (5.5) give a complete account of the situation for 
vector and scalar interactions. It is essential here that 
in the two-body problem J may be considered as 
playing the same role for the motion of I as though 
the motion of II were not part of the problem. 


5. PLANE WAVE REPRESENTATIONS 


Comparison of one-body results as in Eqs. (2) and 
(8.3) shows the cccurrence of an extra factor 2 in the 
correction term containing 7 in the answer for the 
scalar interaction. The work described in the present 
section has been done in order to obtain a clearer 
understanding of the reason for this difference. It 
turned out that a classification of contributions from 
terms diagonal and nondiagonal in the sign of energy 
gives a simple account of the facts. The wave function 
y can be represented by 


(9) 


Vu(r)=h if £(p)C(p)),e'*dp, 


where 


(9.1) 
(9.2) 
(9.3) 


k= p/h, c=1, 
L(p)=(E*+M)B+ap, E*= | (M?+- p*)§], 
(£(p)C(P))4= Lue(P)C.(p). 


The convention of omitting summation signs over 
common indices is used and units are adjusted so as to 
have c=1. The 4-row column matrix C describes the 
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probability of a state with specified spin orientation 
and sign of energy, provided the reference system for a 
and £ is such as to make 8 diagonal. The representation 
used below is such that 

(u=3, 4). 


B,,= —1, (9.4) 


Accordingly C;, C, are relative probability amplitudes 
for E<0 while C;, C, are similar amplitudes for E>0. 
The notation 


C; C3 
oC) (8) 
C2 C4 


shows this relationship to the sign of Z. The probability 
of finding the particle in the momentum range dp with 
specified spin and energy sign designated by @ is 


V*|C.(p) |*dp, 


where .V? arises from 


Bus=1, (u=1, 2); 


(9.5) 


(9.6) 


(£*) >= N%,, (9.7) 
and is given by 


N?=2E(E*+M). (9.8) 


Charge conjugation is not needed and is therefore not 
used. The wave function in momentum space in the 
usual sense is seen to be 

£(p)C(p) 
and multiplication of ¥,(r) by a Cartesian coordinate 
y is equivalent to the application of —hd/idp, to the 
momentum space wave function. 

It is convenient to employ the quantity 


v=([uxXr] (10) 


where u is an arbitrary fixed unit vector. In terms of v 
the component 


[rXa]u= (va). (10.1) 


The evaluation of the expectation value of this quantity 
yields the magnetic moment arising from the Dirac 
current. It is seen from Eq. (9) that this evaluation 
when put in terms of the C, involves the quantity 
L(va)L, a general form for which can be obtained by 
direct calculation. One finds 


L(va)L=2p;(E*+ M)(Lutho,) 
+ p(h/E*)[ (op)p.—p’o.u ]+ei{L(op), Lu], 
+2hp.—LE(E*+M), (rXe].],}, (10.2) 


where the component of orbital angular momentum 


enters as 


L=[rxp] (10.3) 


and components of other quantities along u are similarly 
designated by the subscript u. In Eq. (10.2) the first 
two terms contain p;s=8 and are, therefore, diagonal 
in the sign of energy. The remaining part of L(va)L 
contains the 4-row square matrices only as p; and @ 
and is nondiagonal in the sign of energy. 


L.=(Lu), 
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For (C_)=0, taking into account the normalization 
convention of Eqs. (9.6), (9.8), it follows from Eq. (10.2) 
that 

Litho. (op) pu- p’ow 
~((va))=¢ ——+h—_____—— 


2(E*)?(E2+ M)F we, 


(C_=C), (11) 
where the calculation of the expectation value of the 
right side is supposed to be done by inserting the 
operator occurring on the right side between NV(C,*)7 
and N(C,), multiplying by 4~!dp and integrating; the 
superscript 7 stands for transposition. It may be shown 
that for s terms, i.e. states for which Dirac’s k= —1, 
where k= +(j+}), the quantity C,(p) is spherically 
symmetric in p space. In this specialization the contri- 
bution to —((vq@)) arising from positive energy plane 
waves is 
hp*o. ) 

fo 3(E*)?(E°+M)F ve 
=(h/M)((1— (2p?/3M) Jou) ve 

= (h/M){(1—(4T/3M) Jo.) ne, 

(11.1) 


(s terms). 


The inherent relativistic correction factor for the 
positive energy part of the wave function is seen to be 
1—4(7)/(3Mc). 

The results for the one-body scalar interaction prob- 
lem are now readily interpretable. The correction factor 
apart from the effect of (J) in Eq. (8.3) is accounted 
for by the effect of states with E>0O. The term in (J) 
must be caused therefore by cross product terms be- 
tween C, and C_. One finds in fact that the wave 
equation takes the form 


(Both (C = fig/A0. p )(C_’) 


+ Bp, py(C.)pdp’, 
(12) 


(Eo EN(C.)= f (9/ VBC, p)(c_’) 
A(p, pC.) }dp’, 


where 


(C4')=LC4(p’) ] (12.1) 


and similarly for the other (C). The other quantities in 
the Schrédinger equation needing explanation are 


(12.2) 
(12.3) 


A(p, p’) = (£2+ M)(E'*+M)—(ep)(ep’), 
B(p, p’) = (£°+ M)(op’)+ (£’*+ M) (ep), 


gai fen exp{i(k—k’)r}dr, (12.4) 


Eo=energy of stationary state (12.5) 


MOMENTS OF 


NUCLEAR PARTICLES 1183 


Solving for (C_) from the first line of Eq. (12) one has 
(C_)=( rt f (o(o+p)) IC. aP' (12.6) 


and employing this form in the p; containing part of 
Eq. (10.2) one obtains three terms arising from the 
three parts inside the curly braces. The last term gives 
the largest contribution on account of the factor 
E*(E*+M). A simplification takes place in the evalu- 
ation of the effect of this term because [rXe@ ] operating 
on J gives an odd function in p—p’ while the remainder 
of the integrand is even. For this reason the only 
contributions to be considered come from [Xe } applied 
to ep. One has thus by means of Eq. (12.6) 


—(p,[E2(£4+M), irxe ju. 


= — canes fC.2(9)(—h i)(—@xe), 
x JE(E*+M)C,(p’)dpdp’ 


= —(1/ my fcs7(p)n hoxJNC,(p')dpdp’ 


= —(h/M*)(o,J). (12.7) 
Here the first factor 4 takes account of repeated doub- 
ling coming from double order once for C_*7C, and 
C,*7C_ and once for [| ],. Adding the right side of 
Eq. (12.7) to the value of ((va@)),4 as in Eq. (11.1) the 
correction factor of Eq. (8.3) is reproduced. The term 
in (J) has thus been verified to be caused by matrix 
elements nondiagonal in the sign of energy. 

For the vector case the Schrédinger equation in the 
C,, C_ form takes the form 


(Eo+ E*)(C_)= — fist v(p, p’)(C_’) 
+By(p, p’)(C4’)}dp’, 


(E.—E*)(C,)=- f (g/N){—Bv(p, p’(C_’) 


+Ay(p, p’(C,’)}dp’, 
where 


Ay(p, p’)=(4°+ M)(E"*+ M )+ (op) (op’), 
By(p, p’)= (£°+- M )(op’) —(£’"+ M) (op), 


(13.1) 


(13.2) 


and the notation is otherwise as for Eq. (12). From the 
first line of Eq. (13) there follows the approximation 


(C)=(01 iat) { ((p- PSC. dp’. (13.3) 


A procedure similar but slightly more laborious than 
that in Eq. (12.7) gives 


((va)), =(h 2) [ (C.Q2o.3 +[o.(p—p’)? 


+(p,'— pu J(o(p—p’)))9'/ p—p’ J(C,’)dpdp’, (13.4) 
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with the understanding that both orders C,*7C_ and 


C_*™C, are included and with 


J = (dg (x), bx) oni 9~9't- (13.5) 


Inserting the value for (C_) available in Eq. (13.3) into 
the second line of Eq. (13) one obtains the C space 
transform of the nonrelativistic Schrédinger equation. 
Irom this equation there follows the relation 


((p?/M)+ (2 — Eo) (p¥ p) (C4) 


- fr (pp) ILS’) p—p': KC,)dp’, (13.6) 


which when used with Eq. (13.4) gives a contribution 
canceling 4 of the term —4(7/3Mc*) in the correction 
factor. 

The representation of the answer in terms of plane 
waves has been used so far only for the one-body 
problem, It will now be made use of for the two-body 
case. It is fortunately not necessary to make a new 
calculatign because it is possible to justify the adoption 
of Eq. (11.1) for the two-body case, with T standing 
for the kinetic energy of the proton. Similarly one can 
justify the employment of Eq. (12.7) with J standing 
for J(|rr—riu| essentially on the grounds that Eq. 
(12.6) can be carried over to the two-particle case with 
a slightly changed meaning. The somewhat intuitive 
approach used in connection with Eq. (8.5) can be thus 
explained in terms of J causing transitions to (C_) and 
the form of the correction factor remaining the same 
for the scalar case provided the variables used are the 
kinetic energy of the proton and the mean J. Similarly 
in the vector case Eq. (13.3) shows how J is responsible 
for the existence of (C_) and cancellation of half of 
4(T)/(3Mc*) occurs because the contribution in terms 
of J happens to be expressible in terms of T with the 
aid of Eqs. (13.4), (13.5), (13.6). 

In the argument just presented there are some gaps 
which were left in order to present the essential features 
concisely and which will now be filled in. The two-body 
16-component y is analyzed as 


p=h ‘few, M1; Pit, #11) 
Xexp{i(kins + kits) }dpid pir, 


(14) 


the spin index yw being indicated as an argument of the 

wave function in momentum space. The function @ 

can be represented as 

C( pi, #1; Pu, M11) 
=(L(p)C'(pr) Jail 2(prC™ (pu) an, 


because only states restricted by 


(14.1) 
Pit pu=0 (14.2) 


need to be considered. For each value of the relative 
momentum there enter in the representation four 
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possibilities regarding sign of energy, two for each 
particle, corresponding to C,', C_", etc. Since one is 
concerned with the calculation of the expectation value 
of a single particle operator, viz. [ryXaz], the only 
combinations that matter are those diagonal in the 
sign of C!!. For this reason J and g affect the cross 
product terms in a mapner analogous to that in the 
one-particle case. It will be noted that g in the present 
case is precisely of the same form as in the one-body 
problem since it comes in through the introduction of 
the relative momentum. The quantity C"™ takes no 
part in the operations and the one-body result for cross 
terms can be transferred to the two-body case. Another 
point needing mention is the slight change regarding 
the operator L,! for +, + combinations. This operator 
has no effect in the one body problem on account of 
spherical symmetry of C, for s states. In the two-body 
case it also has no effect to the order that matters, 
provided the presence of the D state is disregarded. 
The authors have not succeeded in reducing this part 
of the argument to a simple form. It is based onthe 
possibility of separating spin and angular variables for 
the 4S, state in the general manner used by Critchfield.'® 


6. PSEUDOSCALAR INTERACTION 


The single particle problem has been calculated by 
means of the Hamiltonian 


H= —c(ap) —-Mcp —igBy’x. (15) 


where x is the pseudoscalar nonquantized field and the 
conventions 


y= —B, y*= —iBax= prox, 15’) 
= 2a Sa — ; 5 st 

Y= 7'¥7=p1, —1BY=p2 
are used. Expressing the “small components” ® in 
terms of the “large components” W one finds by 


straightforward calculation 


f (V*TCrxaW)dr ‘ f (y*Ty)dr 
= ~(e/8) f (wr (Lt-heywyae / f (verwyar 


(c/E)(L+he)y, (16) 
where it is supposed that the energy of the state y is 
E and the subscript V indicates averaging in terms of 
the two-component function Y. The result is inde- 
pendent of the pseudoscalar field except insofar as WV is 
affected by it. Although Eq. (16) suggests that the 
correction factor to the magnetic moment is Mc*/E, 
the special character of the pseudoscalar interaction 
makes it necessary to exercise caution in applications. 
It appears probable that Eq. (16) will be more useful 
in applications to heavy nuclei because the approxi- 


>. L. Critchfield, Phys. Rev. 71, 258 (1947). 
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mation of a fixed field is presumably more justifiable in 
such cases than for the deuteron. If one were to form 
a model of a heavy nucleus by analogy with atomic 
models the simplest hypothesis would consist in making 
x spherically symmetric. If one did, stationary states 
containing mixtures of wave functions of even and odd 
parity would result showing the inconsistency of such 
an assumption with the pseudoscalar character of x. 
The simple @ priori reasons for considering L to be a 
good quantum number can thus hardly be transferred 
from atomic theory to the present case. It is neverthe- 
less customary to assume that L is not far from being 
a good quantum number and the Z meant in this 
connection is usually defined in terms of VY rather than 
y, nuclear theory being customarily stated nonrelativ- 
istically. Within the limitations of these assumptions 
there is a definite meaning to a statement that a 
nuclear particle is in an s-state when the nucleus as a 
whole is in a stationary state. Under such conditions 
Eq. (16) gives the simple correction factor 


Me/E (16.1) 


to the nonrelativistic moment. This factor, as well as 
the general result in the form of Eq. (16), means that 
the relation between the magnetic moment and the 
energy which applies to free particles is not disturbed 
by the introduction of the pseudoscalar interaction. 

It may be shown that a relation similar to Eq. (16) 
holds in terms of the four component wave function y. 
The wave equation corresponding to the Hamiltonian 


of Eq. (15) is 
—(E/c)v=[(ap)+ McB —(g/c)pox WW. 
Multiplying by (vq@) it becomes 
~(B/e)(va)y 
={(va)(ap) —[McB—(¢/c)pex (ve)}y. (17.1) 
Multiplying by ¥*7, integrating over r, and employing 


the complex conjugate of Eq. (17) to eliminate the 
combination McB8 —(g/c)p2x one obtains 


—2(E/c)(v, (va)y) 

= (v, [(va)(ap)+ (ap)(va) jy). 
Linearizing the operator on the right side of the last 
equation with respect to the Dirac o’s and employing 


commutation relations for coordinates and momenta, 
one finds after a short calculation 


(¥, [rx @¥)= —(c/E)(y, [L+he}y). 


The form of this result is similar to that of Eq. (16). 
For two states with different energies E, E’ one obtains 
by employing y’*? in place of y*" 


(y’, [rX a Jy) = —[2c/(E+ E’) (y’, [L+heo]y), 


which furnishes nondiagonal matrix elements. The last 
result shows the presence of vanishing denominators 
between states with the same absolute value but 


(17) 


(17.2) 


(18) 


(18’) 
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opposite signs of E and is nugatory in such cases. The 
existence of Eq. (18) shows that the relationships to 
conditions in heavy nuclei which have been discussed 
in connection with Eq. (16) are more general than the 
usual nonrelativistic approximation. 

The usefulness of Eq. (16) in applications to the 
deuteron is questionable. If it were justifiable to con- 
sider the ground state of this nucleus as a linear combi- 
nation of wave functions consisting of products of 
proton and neutron wave functions and if these states 
contained only proton functions with energies between 
approximately W’+ Mc and Mc’, one would be justified 
in employing a mean E in place of E in Eq. (16.1). The 
discussion of other cases in the section concerned with 
plane waves has shown however that states with E<0 
matter, so that this simple procedure is not correct in 
the general case. 

By analogy with the cases of the scalar and vector 
interactions one can attempt to estimate the correction 
factor for the deuteron by attributing the difference 
between the factor 1 —4(7))/(3Mc*) and 


Me/E,=1—W,/(Me) (19) 


as arising from cross product terms between states with 
opposite signs of energy. This difference corresponds to 
the inclusion of a factor 


1+[4(7,)/3 —W,]/ (Me) 


=14+[(7T,)/3-—(Wi—(T;)) /(Me) (19.1) 


in the one-body case, as an allowance for the effect of 
cross terms. If one replaces W,—(7\) by W2—(T2) on 
the grounds that the mean potential energy must be 
responsible for the proportion of states with E<0 and 
if one supposes that (7',/3) is present in Eq. (19.1) as a 
direct property of the proton, then the correction 
factor for the deuteron should be 


(1 —2(T2)/(3Me) }{14(T2)/6 —(W2—(T2))} 


=1+[(T2)/2—W2]/(Me). (19.2) 


This formula is subject to considerable uncertainties 
and doubts. The interaction between the particles is 
inherently not of the central field type. It is therefore 
rather questionable that there is a simple connection 
between the properties of a one-particle s state and the 
8§ state of the two-particle system. There is no proof 
that the latter does not contain linear combinations of 
products of wave functions corresponding to vector 
coupling of states with L>0. For a nonquantized 
pseudoscalar field the sources of the e~*’/r terms are in 
fact proportional to 


O(Wa* aag'Vs)/ dx! 


and are decidedly directional in character. The fact” 
that for the two-body problem the net result of the 
quantized pseudoscalar theory is to give a relatively 
small proportion of the *D state does not remove this 
difficulty. Furthermore there is no proof that the 
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contributions of L, arising from Cy, are sufficiently 
small in the present case to be neglected. There is 
besides no assurance that the formation of virtual 
nucleon pairs which is known to be important in 
applications to nuclear forces does not appreciably 
affect the conclusions. This question is so closely 
connected with the perturbing influence between 
nucleons that it becomes hard to separate ic from the 
general question of additivity of nuclear moments.'*-” 
It is necessary therefore to regard Eq. (19.1) as a 
speculation. 


7. THE DIAMAGNETIC EFFECT AND 
CONCLUDING REMARKS 


In addition to the relativistic effects, the comparison 
of calculated with measured values should include the 
consideration of the diamagnetic effect caused by the 
shielding of a nuclear moment by the current system of 
the deuteron. This effect is related to the diamagnetic 
effect calculated for atoms by Lamb." It has been 
apparently omitted in previous discussions. Formally 
such an omission amounts to disregarding magnetic 
interaction terms between the particles. While these 
terms produce smaller effects on the mutual energy 
between the particles they produce, nevertheless, effects 
which are formally of the same order of magnitude as 
the relativistic corrections. It is estimated to be smaller 
than the direct effects of (7) or (J) but not necessarily 
negligible in comparison with W/Mc*. In the general 
case it is necessary to consider the difference in the rates 
of precession of L and e. For s terms in the single body 
case only the precession of the spin matters and the 


17W. E. Lamb, Jr., Phys. Rev. 60, 817 (1941). 
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effect is then very similar to that calculated by Lamb. 
Estimates made on this basis indicate that this effect 
is small compared to the others considered here. On 
the other hand there is an obvious inconsistency in 
applying a one-body treatment to this problem. Some 
of the smallness of the effect results from the spherical 
symmetry of the s term and this condition is not 
satisfied on account of the tensor force. 

The treatment of relativistic corrections has been 
discussed in the present paper in terms of somewhat 
arbitrary assumptions concerning the form of the two- 
body equations, the primary object being to explain 
the differences between the different results in terms of 
effects which can be described in simple language. The 
existence of additional effects is, of course, not excluded 
by the fact that the formal calculations have been 
interpreted in another way. The fact that two of the 
Hamiltonians used are covariant to the relative order 
v*/c? is not a sufficient condition for their correctness 
and the results may not be regarded as final. In fact 
the more detailed discussion has brought out reasons 
for believing that additional terms including the inter- 
action constant with the meson field will occur in a 
more complete treatment. In this connection it may be 
especially desirable to draw attention to the fact that 
the possibility of clearly distinguishing between rela- 
tivistic corrections and nonadditivity of nuclear mo- 
ments has not been established. The effect of the tensor 
force has been omitted on the grounds that the deuteron 
is probably predominantly in the *S state. The errors 
committed at this point have not been ascertained and 
are probably impossible to separate from the questions 
raised in connection with the pseudoscalar interaction. 
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Pion-hydrogen elastic scattering events were observed in photographic emulsions exposed to the 75+5 
Mev negative and positive pion beams of the Nevis synchrocyclotron. The methods of identification, based 
on the energy momentum conservation in the interaction, are described. The cross section measured for the 
elastic scattering of negative and positive pions from hydrogen at 754+5 Mev are ~3 mb and 41+15 mb, 


respectively. 


HE elastic scattering of x-mesons from hydrogen 
has been studied in photographic emulsions. The 
events can be identified because of energy-momentum 
conservation in the interaction. 
The elastic r+-H scattering events (Fig. 1) are char- 
acterized by the following four criteria: 


1. Coplanarity. 

2. Angular correlation between scattered meson 
proton. 

3. Range-angle correlation for the recoil proton (Fig. 3). 

4. Identification of the grey prong (Fig. 1) as a meson by grain 
density measurements. 


and recoil 


Ilford G5 emulsions were exposed to the 75+5 Mev 
negative and positive pion beams of the Nevis synchro- 
cyclotron. 


Fic. 1. Microphotograph of a r*+H scattering event. The recoil proton range is 370u (observer, Mrs. E 


The emulsions were scanned (10X45 oil 
The total path length in hydrogen was 


calculated from the total area scanned, the hydrogen 


“by area” 
objective). 


concentration and a sampling of the meson track density 
(correcting for beam contamination).'~* To insure a 
high scanning efficiency for the one-prong events, each 
proton beginning in the emulsion was examined closely 
to determine whether a meson was associated with it. 
total 
number of meson interactions found and the number 


There is reasonable agreement between the 


calculated from the total pion path length and the 
known cross sections?‘ when corrections are made for 
scanning efficiency (e=0.85) and the types of inter- 


action missed by area scanning.® 


\rase). 


* A preliminary report of this work was presented at the 1952 Washington meeting of the American Physical Society [Phys. Rev. 


87, 222 (1952) ]. 
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m of the U. S. Office of Naval Research and the U. 
ys. Rev. 82, 105 (1951) 


S. Atomic Energy Commision. 


‘ Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 958 (1951). 
5 Stops, elastic scatterings, inelastic scatterings without heavy prongs, stars with very short prongs (<20y), stars with one single grey 


prong. 
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Fic. 2. The correlation between meson scattering angle ¢ia 
and recoil proton angle @i» evaluated for +H scattering at 75 
Mev. The coplanar r*+-H events are given on the main plot. The 
noncoplanar events on the inset 


For negative pions, ordinary and water-loaded® emul- 
sions were exposed and scanned. In scanning an area of 
emulsion corresponding to a traversal of m~ mesons 
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Fic. 3. The correlation between recoil proton range and angle 
(Oia») evaluated for r+-H scattering in Ilford emulsions at 70 


and 80 Mev. 
6S. Goldhaber and G. Goldhaber, Phys. Rev. 87, 185 (1952). 
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through 630+ 100 g/cm? of hydrogen, only one x~+H 
scattering event was found. This corresponds to a cross 
section of ~3 mb. Such a low cross section for the 
elastic scattering is consistent with the measurements 
by Shutt and co-workers.’ 

For positive pions, ordinary emulsions were used, 
and an area of emuision corresponding to a traversal 
of #* mesons through 580+ 100 g/cm? of hydrogen was 
scanned. In this area 234 meson interactions were 
found, of which 23 were one-prong scattering events. 
Of these, 12 were identified as *+H scatterings. The 
other 11 one-prong scattering events were inelastic 
scatterings from other nuclei in the emulsion. 


oe. ~" 
! @=\/a0* +09" 
* = tan s, sina — tan ~ sin @,—tan 4,10 (a,-¢,) 
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Fic. 4. The deviation from coplanarity |F| plotted versus 
|@], the deviation from the angular correlation for ++H scat- 
tering. The black dots represent the identified elastic scattering 
events; the crosses represent the inelastic scatterings. 


When ¢i) the meson scattering angle is plotted 
versus Oi, the proton recoil angle, all the coplanar 
scattering events lie close to the calculated angular 
correlation curve for +H scattering (Fig. 2). The 
noncoplanar scattering events show no such clustering 
around the calculated curve (inset Fig. 2). Figure 3 
gives calculated correlation curves between recoil proton 
range and angle, as well as the points corresponding to 
the coplanar r* scattering events. Within the experi- 
mental limits the points agree with the calculated range 
for events with recoil protons ending in the emulsion, or 
lie below the calculated range for protons leaving the 
emulsion. The condition for coplanarity of three prongs 
(incoming meson, scattered meson, and recoil proton) 

7Shutt, Fowler, Miller, 
$4, 1247 (1951). 


Thorndike, and Fowler, Phys. Rev. 
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is given by F=0, where F= tan, sina; — tan; sina, 
— tan» sin(a2—a)). Here a, a2 are the projected angles 
of the two outgoing prongs in the plane of the emulsion, 
B;, B2, are the corresponding dip angles, and fp» is the 
dip angle of the incoming meson.* The deviation from 
coplanarity |F| is plotted (Fig. 4) versus | ©), the de- 
viation from the angular correlation curve for +H 
scattering. O= (A@+ A¢*)!, where A@ and A¢ represent 
the respective angular deviations of each event from 
the calculated +H scattering curve as obtained from 
Fig. 2. 

The distribution of the r++H scattering between 
the forward and backward direction in the center-of- 
mass system is 


?.7+1.3 mb/steradian for de.n.=35 —90°, 


doe. 


and 


doe.m.= 441.6 mb/steradian for @¢..,, = 90— 180°. 


As the scanning efficiency drops off for recoil prongs 
shorter than ~50y, a cutoff was taken at a recoil proton 


§ This relation holds for either the original dip angles or the 
final dip angles in the shrunk emulsion. In Fig. 4, | F| is plotted 
in the form using the final dip angles. 
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length of 100u, which corresponds to a meson scattering 
angle of ¢.m.=35°. The asymmetry of the differential 
cross section with a peak in the backward direction 
found by Anderson and co-workers’ at #* energies of 
135 Mev and 110 Mev appears to be still evident in 
the present werk at 75 Mev. From the work of Shutt 
and coe-workers,'’ there is very little asymmetry at 53 
Mev. The total cross section for r*+-H scattering ob- 
tained is 41+15 mb for @¢.».>35°. This is in agreement 
with other measurements." 

The author would like to express his appreciation to 
Professor G. Bernardini and Dr. D. Bodansky, who 
participated in the initial stages of this work, to Mrs. 
EF. Arase and Mrs. C. Major for their efforts in scanning 
the plates, and to Dr. S. Goldhaber and Dr. T. A. Green 
for discussions in connection with this work. Thanks 
are also due Mrs. J. Bielk for help in the development 
of the emulsions, and Mr. J. Spiro and the Nevis Cyclo- 
tron staff for their invaluable assistance. 


* Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 793 
(1952). 

1 Fowler, Fowler, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 86, 1053 (1952). 

4 Anderson, Fermi, Long, and Nagle, Phys. Rev. 85, 936 (1952). 
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The Occurrence of Singularities in the Elastic Frequency Distribution of a Crystal 


L£on Van Hove 
Institute for Advanced Study, Princeton, New Jersey 
(Received December 5, 1952) 


It is shown that for a crystal, under the assumption of harmonicity for the interatomic forces and as a 
consequence of the periodic structure, the frequency distribution function of elastic vibrations has analytic 
singularities. In the general case, the nature of the singularities depends only on the number of dimensions 
of the crystal. For a two-dimensional crystal, the distribution function has logarithmically infinite peaks. 
In the three-dimensional case, the distribution function itself is continuous whereas its first derivative 
exhibits infinite discontinuities. These results are elementary consequences of a theorem of Morse on the 


existence of saddle points for functions defined on a torus. 


I. INTRODUCTION 


T is well known that the shape of the frequency 
distribution function g(v) of a crystal (defined as 
the number of elastic frequencies per unit frequency 
interval, divided by the total number of frequencies) 
determines an important part of the thermodynamical 
properties of the crystal. The frequency distribution of 
two- and three-dimensional crystals, as predicted by 
the Born-von Karman theory of crystal dynamics, has 
been extensively studied by approximate methods based 
on the use of a finite sample of elastic vibrations.' A 
1M. Blackman, Repts. Prog. Phys. 8, 11 (1941) and references 
there quoted; E. Montroll, J. Chem. Phys. 10, 219 (1942); E 
Montroll and D. Peaslee, J. Chem. Phys. 12, 98 (1944); H. M 
J. Smith, Trans. Phil. Soc. A241, 105 (1948); W. V. Houston, 
Revs. Modern Phys. 20, 161 (1948); R. B. Leighton, Revs 
Modern Phys. 20, 165 (1948) 


smooth distribution function was obtained in all cases, 
showing for small frequencies a behavior in full agree- 
ment with the Debye continuum theory, tending con- 
tinuously to zero at the maximum frequency and 
displaying for intermediate frequencies a few finite 
maxima.” 

The analytical nature of the frequency distribution 
function, or rather of its asymptotic form for a crystal 
of infinite extension, has recently attracted attention 
as a consequence of an exact calculation by Montroll 
for a two-dimensional square lattice? As found by 


? The frequency distribution obtained by Leighton (reference 1), 
has at the maximum frequency of each branch a singuiarity very 
similar to some of the singularities we shall show to exist in three 
dimensions. The singularities obtained by Houston (reference 1) 
are entirely spurious. 

3 E. Montroll, J. Chem. Phys. 15, 575 (1947) 
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Montroll, for arbitrary values of the constants describ- 
ing the forces between particles, the frequency distri- 
bution function has two logarithmically infinite peaks, 
one for each branch of the spectrum. These singularities 
were of course bound to remain undetected in the 
previous approximate investigations, in which the 
infinite peaks were approximated by finite maxima. 
Montroll’s result has been extended by Smollett to 
the case of a two-dimensional ionic lattice, taking into 
account the long range Coulomb forces between ions.‘ 

As noticed by Smollett, the logarithmic peaks ob- 
tained for the two-dimensional lattices considered are 
a simple consequence of the existence of saddle points 
for the function v(q) expressing the frequency of an 
elastic plane wave in terms of its wave vector. The 
main object of the present paper is to point out that 
the existence of such saddle points in the v(q) function, 
far from being accidental, is necessarily implied by the 
periodic structure of the lattice. According to a general 
theorem of M. Morse, any function of more than one 
independent variable which, as v(q), is periodic in all 
its variables has at least a certain number of saddle 
points; this number is determined by topological con- 
siderations and depends only on the number of inde- 
pendent variables. It is this mathematical fact which 
accounts for the occurrence of logarithmic peaks in the 
g(v) function; it implies that such peaks will appear 
quite generally for two-dimensional lattices. 

For three-dimensional crystals, the theorem of Morse 
implies again the existence of saddle points in the 
v(q) function. As will be shown below, saddle points of 
v(q) produce, however, weaker singularities in the 
distribution function, no longer connected with its 
maxima: g(v) remains continuous whereas dg/dv has 
infinite discontinuities. In contradiction with a pre- 
diction by Smollett,* no logarithmic infinities are there- 
fore in general to be expected for three-dimensional 
lattices, although some could possibly occur when the 
forces between particles satisfy special conditions, not 
implied by the symmetry properties of the crystal. 


II. TYPES OF SINGULARITIES 


We shall now analyze in somewhat more detail the 
two elements which by their combination account for 
the occurrence of analytic singularities in the frequency 
distribution g(v) of a crystal, namely, the rather 
elementary fact that saddle points of »(q), and more 
generally points where gradv(q)=0, produce singu- 
larities in the g(v) function, and the more fundamental 
theorem of Morse according to which the periodicity 
of the crystal implies the existence of saddle points for 
v(q). The former fact will be discussed in this section, 
whereas Sec. III will deal with the application of 
Morse’s theorem. 

As is known from lattice dynamics, under the 

4M. Smollett, Proc. Phys. Soc. (London) A65, 109 (1952). 


* See for example M. Born and M. ry ay om Handbuch 
der Physik (J. Springer, Berlin, 1933), 24, No. 2, Chap. IV. 
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assumption of harmonicity for the forces between 
particles, the elastic vibrations of a crystal are super- 
positions of normal modes, each of which is a plane 
wave vibration with a definite frequency v and a wave 
vector 2rq defined up to the addition of an arbitrary 
vector 27)-4 Maha; here the mq are integers and the ha 
are the basic vectors of the reciprocal lattice, related 
to the basic vectors sg of the crystal cell by 


a=B 
axXB. 


1 for 
th,: $3) = 
0 for 


For a crystal with Z atoms per cell, and in / dimensions 
(the cases /= 2 and 3 will be discussed here),* there are 
/Z independent plane wave vibrations for each wave 
vector q, and their frequencies v(q) are the positive 
square roots of the eigenvalues of a positive-definite 
symmetric matrix with /Z rows and columns; the 
coefficients of this matrix are periodic functions of q 
with the periodicity of the reciprocal lattice. The 
frequency v(q) is therefore an /Z valued function 
satisfying 


l 
(a+ y nah ) =v(q), (mq integers). (1) 
a=! 

It consists of /Z branches, some of which may become 
equal for special values of q. Such equalities will be 
referred to as contacts between branches. According 
to (1), it is sufficient to consider v(q) as defined in one 
single cell of the reciprocal lattice. 

In terms of the multivalued »(q) function, the fre- 
quency distribution function g(v) for a crystal of 
infinite extension is given by 


g(v)dv= (w/20 f da, 


the integral being extended to the region within one 
cell of reciprocal space where v <»(q) <v+dyv; an easy 
calculation gives then 


U9 t sdv(q)\?7"! 
g(v)=- =f [= ( ) | dS ; (2) 
Zl S(t en! Oda 


v% is the volume of the crystal cell, and the qaq’s are the 
components of q. The summation }> extends over all 
branches of »(q). For each of them S(v) is the line (for 
!=2) or surface (for /=3) of reciprocal space defined 
by the equation »(q)=¥» and limited to one cell of the 
reciprocal lattice; dS is the length or area of an infini- 
tesimal portion of S(v). Equation (2) remains valid 
after any change of coordinates in q space leaving 
invariant the area or volume element d.q of reciprocal 
space. 

*In one dimension, /=1, the frequency distribution is known 
to have no singularity apart from infinities at the extreme fre- 


quencies of each branch. See F. Seitz, Modern Theory of Solids 
(McGraw-Hill Book Company, Inc., New York, 1940), p. 123. 
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It is now clear that the analytic singularities of g(v) 
originate from the so-called critical points of »(q), i.e., 
the points where all derivatives 0v/0ga vanish. Let us 
investigate the singularity produced in g(v) by a critical 
point q. of v(q), in the general case where the determi- 
nant | 0?v/dqa0qs| does not vanish at q, (as is usual in 
mathematics, such a critical point will be called non- 
degenerate). Putting v(q.)=»., we may write in first 
approximation for q near q,, and after a convenient 
change of coordinates preserving d.q, 
t 
v=ve+a Dd €atat***, €a=+1, E=q—qQe, a>O0. (3) 
a=! 
Restricting the summation in (2) to the branch with 
the critical point and the integration to a neighborhood 
of q-, we use (3) in (2) and obtain the following singu- 
larities in g(v) for v near ». 


Two-Dimensional Crystal 
(M, i=0) 


€;=€2=—1, 


C+ (rv/Zla)+O0(v—y,.) for vy, 
g(v) = 
C+O0(v—v,.) for v>y», 


(S, ¢=1) é= —e=+1, 

9 | v| 

g(v) =C—— log} 1——|+0(»— »,) 
Zla V;| 


(m,t=2) e=e=l, 


C+0(v—v,) for v<p, 


g(v) = | 


“4. (avy /Zla)+O(v—v,) for v>v,. 


Three-Dimensional Crystal 
=@=e=—1, 


vv, 
g(v)= 


| "+ (29v)/Zla!)(v—v.)}+O0(v—v,) for 


C+0(v—v,) for v>», 


(S,, 7=1) 


€a, = €ag= — €a3 = = 7 


vev 


‘ 


‘“+0O(v—v,) for 
rio) | 
C—(29/Zla')(v—v.)'+0(v—v,) for v>-»,, 


Ca, = €aq= — €a3= \a 


(So, t= 2) 
C—(29t9/Zla$)(v—v,)'+O0(v—v,) for vcr, 


=| 


C+O0(v—v.) for v>-v,, 


(m,i=3) g=ea=e=1, 


C+O(v—v,) for v<y, 


dw=| 


C+ (29v/Zla!)(v—v.)'+0(v—v,) for v>-v, 


The symbols M and m refer to maxima and minima, 
respectively. S refers to saddle points in the two- 
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dimensional case, whereas for three dimensions, the 
saddle points are of two different types, denoted by 5, 
and S,. The number i is the so-called index of the 
critical point, to be used later. In all expressions C is a 
constant and O(y— vy.) denotes a rest term of the order 
of v—y, for v—yv,. Higher singularities would be pro 
duced by critical points for which | d*v/Aqga0qg3| =9, in 
particular by a continuous family of critical points. 
Such cases are to be considered exceptional as compared 
to the general case just discussed: it can be shown that 
they occur only when the constants describing the 
forces between particles satisfy special relations not 
implied by the crystal symmetries. 


III. APPLICATION OF MORSE’S THEOREM 
According to the periodicity condition (1), it is 
natural to consider the v(q) function as defined in one 
cell of the reciprocal lattice, and to identify points q, 
q’ of the boundary of the cell for which 
i 
q’=q+ ¥ n.h,, 


al 


(nm, integers) 


The domain of definition thus obtained for v(q) is an 
l dimensional torus. 

We now state the theorem of Morse under elementary 
and too restrictive assumptions: consider a function f 
defined on a closed topological manifold satisfying 
convenient conditions of differentiability and regularity; 
assume f to be three times continuously differentiable 
and to have no degenerate critical points. Call index of 
a nondegenerate critical point the number of positive 
eigenroots of the quadratic form in the Taylor expansion 
of f near the critical point [number of positive terms 
in the sum in (3) ]. Under these conditions, the number 
of critical points of index i is at least equal to the Betti 
number R;, of the manifold for the dimension i.’ 

For /=2, the two-dimensional torus has Betti num- 
bers Ro=1, Ri=2, Re=1. If a branch of v(q) satisfies 
the above conditions, it has therefore at least one 
maximum, two saddle points and one minimum. The 
corresponding singularities in g(v) were listed in Sec. II. 
By reason of symmetry the two saddle points may often 
correspond to the same value of v(q); they will then 
produce one single logarithmic peak in g(v). 

In three dimensions, the Betti numbers of the torus 
are Ro=1, Ri:=3, Re=3, R3=1. For a branch of v(q) 
satisfying the above conditions, there are at least one 
maximum, three saddle points of each type and one 

7 For an elementary exposition and examples, see M. Morse, 
Am. Math. Monthly 49, 358 (1942), Sec. 5. For details and proofs, 
see M. Morse, Trans. Am. Math. Soc. 27, 345 (1925); Calculus 
of Variations in the Large, Colloquium Lectures (American Mathe- 
matical Society, Providence, 1934), Chap. V1; Mémorial Sciences 
Mathématiques, “Functional Topology and Abstract Variational 
Theory” (Gauthier-Villars, Paris, 1939), Fascciule 92. Regarding 
the definition of the Betti numbers, for our purpose it is suff- 
cient to say that R; is the maximum number of closed i dimen- 
sional surfaces on the manifold which cannot be transformed 


into one another or into a point by continuous deformation on 
the manifold. 
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minimum. Saddle points of the same type will often 
correspond to the same frequency. The branch con- 
sidered produces therefore in g(v) at least one singu- 
larity of each of the four types listed in the previous 
section for /= 3. 

To determine the net number of singularities to be 
expected in the frequency distribution g(v), one has 
now to take into account two important factors. 
Firstly, singularities produced in g(v) by various 
branches may compensate each other. Inspection of the 
list of singularities in Sec. II] shows that for /=2 such 
compensations can occur for the singularities produced 
in g(v) by a maximum and a minimum of v(q), whereas 
cancellations are impossible for the logarithmic peaks 
resulting from saddle points. For /=3 compensations 
can take place between a maximum and a saddle point 
of type S» (i.e., of index 2), as well as between a mini- 
mum and a saddle point of type 5S; (i.e., of index 1). 

Secondly, the assumptions made above for the 
branches of the v(q) function are too restrictive: both 
the behavior of v(q) for small v and certain contacts 
between branches prevent them from being fulfilled. 
Before entering into general considerations, let us 
discuss the region of very small frequencies. It is 
reached for the / acoustical branches near q=0 (long 
wavelengths), where the Debye continuum theory of 
solids is applicable. For each acoustical branch v(q) has 
its absolute minimum »(0)=0 at q=0. As is well 
known, this minimum does not have the same properties 
as the critical points considered up to now. The Taylor 
expansion (3) is not valid in its neighborhood and is 
replaced by an expression 


v=|q|-¢(q/|q|)+0(|q|*) (4) 


for |g! small; ¢ is a positive function of the direction 
of q, which can be determined from the elastic constants 
of the crystal.’ According to (4), |gradv(q)| does not 
tend to zero for q#0 tending to zero, although the 
gradient is undefined at the point q=0 itself. Therefore 
this minimum of v(q) produces no singularity in g(v): 
from (4) follows the familiar behavior of g(v) for small 
frequencies, 
g(v)~y!" 

In the same way as q= 0 is for the acoustical branches 
what we may call a generalized minimum, other general- 
ized critical points can occur in v(q) at the contacts 
between branches. For our purpose, the concept of 
generalized critical point q, of index i can be described 
in the following way: for a one-valued function f(q), 
one branch of v(q) for example, it is a point in the 
neighborhood of which, although f(q) has no Taylor 
expansion of type (3), the surfaces f(q)=fo, with fo 
constant and near f(q.), have the same topological shape 
as for the nondegenerate critical points of index 1 
considered above. Just as for the generalized minimum 
(i.e., critical point of index /) discussed above for the 


‘HLA Jahn, Proc. Roy. Soc. (London) A179, 320 (1941). 
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acoustical branches, the generalized critical points to be 
expected in v(q) give rise to an expansion similar to (4) 


v(q)—v(qe)= || -Y(E/|E])+O(\E|*), E=q—ax. 


If the directions in which y(&/!£/) vanishes are 
discrete for /= 2 or depend on one continuous parameter 
for /=3, such generalized critical points produce in g(v) 
weaker singularities (discontinuities in higher deriva- 
tives) than the conventional critical points of same 
index; moreover the weaker singularities produced by 
the various branches in contact are likely to compensate 
each other. On the other hand, if y vanishes identically, 
the quadratic terms of the expansion have to be used. 
They have the form 


v(q)—v(qe)= | &|*¥i(E/| |) +00 €]*) 


and, for general values of the forces, they can be shown 
to produce in g(v) the same singularities as the con- 
ventional critical points discussed in Sec. II, with 
again possible compensation between the branches in 
contact. 

The important fact is now that the theorem of Morse 
is valid under much wider conditions than stated 
above.’ For the functions which, like the branches of 
v(q), may have generalized critical points, its prediction 
is that the number of critical points of index i, the 
generalized ones included, is at least equal to the Betti 
number R;. We have therefore to discuss under what 
conditions generalized critical points can occur, and 
which critical points may be expected not to be of 
generalized type and hence to produce in g(v) the 
singularities predicted for them in Sec. If. The absolute 
minimum v=0 of v(q), reached in the acoustical 
branches, is already known to be of generalized type. 
Other generalized critical points can be produced only 
by contacts between branches and will now be discussed 
for the most common types of contacts. 

The condition of having two eigenvalues equal de- 
creases by two the number of parameters on which a 
real symmetric matrix depends.’ For two-dimensional 
crystals, the contacts between branches occur therefore 
in general in isolated points of reciprocal space. If we 
define the various branches »;(q), v2(q), ---, viz(q) by 
the increasing order of their frequencies for each q: 


vi(q) Svo(q) +++ Lviz(q), (5) 


an algebraic discussion shows that at an isolated point 
of contact a maximum of one branch can coincide with 
a minimum of the subsequent branch, and both can be 
of generalized type. No generalized saddle points are 
to be expected for arbitrary force constants. 

For /=3 on the contrary, contacts between branches, 
occurring along curves or in isolated points of q space, 
often affect saddle points as well as extrema. Certain 
contacts are a consequence of crystal symmetries, 
others do not follow from symmetry and are therefore 


®J. von Neumann and E. Wigner, Physik. Z. 30, 467 (1929). 
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called accidental. Both types have been carefully 
discussed for energy bands of electrons in a crystal; 
this discussion applies without essential change to 
crystal vibrations.'® Using again (5), let us consider two 
branches »v,(q) and »,4:(q) in contact along a curve C, 
which is necessarily a closed circuit when taken on the 
three-dimensional torus. Let the maximum of »,(q) 
=vi4i(q) on C be reached at q;, its minimum at qp. 
The point q; can be a maximum of »; and a saddle point 
of index 2 for »;41, and these critical points can be of 
generalized type. The same holds for q2 which can be 
a saddle point of index 1 for »; and a minimum for 
vi41' For contacts of two or more branches in an 
isolated point q#0 of reciprocal space, the generalized 
critical points which are most likely to appear are a 
generalized maximum for the lower branch and a 
generalized minimum for the upper branch, although 
more complicated situations are not excluded. 

Apart from the absolute minimum v=0, the critical 
points which can be of generalized type are seen to 
belong to pairs of critical points of equal frequency. 
The pairs are maximum-minimum for /=2 or 3, 
maximum-saddle point of index 2 and minimum-saddle 
point of index 1 for /=3. Apart from maximum- 
minimum for /=3, these are also the pairs of critical 
points which can produce compensating singularities 
in g(v). For /=2, all saddle points and the absolute 
maximum of v(q) will therefore remain unaffected by 
the contacts between branches and they will produce 
in g(v) the singularities predicted for them in Sec. II. 
No compensation can take place between these singu- 
larities, but as noted already in Sec. II, the logarithmic 
peaks resulting from saddle points belonging to the 
same branch may coincide as a consequence of crystal 
symmetries. This gives for the g(v) function of a two- 
dimensional crystal at least one logarithmic peak per 
branch and at least a finite discontinuity, occurring at the 
upper end of the spectrum. The results obtained by 
Montroll® and Smollett* clearly illustrate this conclu- 
sion. 

For /=3, according to our discussion of the most 
common contacts between branches, the only critical 
points of v(q) which are never affected by such contacts 
are the absolute maximum of v(q), the saddle points of 
index 2 of the branch with lowest maximum frequency 
and the saddle points of index 1 of the branch with 
largest minimum frequency. These points contribute 
to g(v) the singularities predicted for them in Sec. II. 
No compensation is possible between these singularities, 

10 Contacts resulting from symmetry are treated by group- 
theoretical methods by Bouckaert, Smoluchowski, and Wigner, 
Phys. Rev. 50, 58 (1936), and by C. Herring, Phys. Rev. 52, 361 
(1937). For accidental contacts, see C. Herring, Phys. Rev. 52, 
365 (1937). The author is indebted to Dr. C. Herring for bringing 
to his attention the whole question of contacts between branches. 

4 From a mathematical standpoint, the separation of the 
branches »% and 4; according to (5) is unnatural: along a path 
through a point of C, the natural continuation of »% is »i41 and 
vice versa. This can be avoided by considering the multivalued 


»(q) function as a univalued function on a convenient covering 
manifold of the torus. 
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but the crystal symmetries may imply the coincidence 
of singularities produced by various saddle points 
belonging to the same branch and having the same index. 
The general prediction we can make for three-dimensional 
crystals is therefore that, g(v) being continuous, dg/dv has 
at leat two infinile discontinuities, and takes the value 
—« at the upper end of the spectrum. In many cases, 
of course, especially when the crystal symmetry is not 
too high, the number of infinite discontinuities in dg/dv 
will be considerably larger. For the detailed analytical 
nature of these discontinuities, the reader is referred to 
the list of singularities in Sec. IH, from where it is 
obtained by mere differentiation of g(v) near v.. 


IV. CONCLUDING REMARKS 


As was emphasized several times, the whole discussion 
carried out in this paper is of a general nature. In each 
step we tried to handle the case of greatest generality, 
leaving out various exceptions. Most exceptional cases 
arise when the force constants strictly satisfy special 
relations not following from crystal symmetry; hence 
these cases have no physical interest; they will exhibit 
in g(v) stronger singularities than predicted above, for 
example logarithmic peaks in three dimensions. The 
only exceptional case which has not been excluded for 
general values of the force constants is that of three- 
dimensional crystals with more complicated contacts 
between branches than considered above; for them the 
number or strength of the singularities, if affected at 
all, could only be reduced. 

In regard to the numerical determination of frequency 
distributions for crystals, the above discussion shows 
that great attention has to be paid to location and shape 
of the critical points of v(q). This information can be 
obtained from the shape of the contours of constant 
frequency in reciprocal space, as was done by Smollett 
for a two-dimensional ionic lattice.‘ 

Finally, it is worth mentioning that the discussion 
presented in this paper also applies to the Bloch theory 
of electrons in crystal lattices. The energy of the 
electron, which is here taking the place of the square of 
the vibration frequency, is a periodic function of the 
wave vector and has therefore at least the minimum 
numbers of critical points predicted by the theorem of 
Morse, with the same consequences as above for the 
distribution function (density) of states in energy.” 

The author would like to express his gratitude to 
Professor J. R. Oppenheimer for his kind hospitality 
at the Institute for Advanced Study. He is indebted 
to Professor M. Morse for his interest in the mathe- 
matical aspects of this problem, and to Dr. C. Herring, 
Dr. M. Kac, Dr. E. Montroll, and Dr. G. Placzek for 
valuable remarks and suggestions. 

2 The density of states of an electron in a two-dimensional 
layer of graphite has been calculated by C. A. Coulson and R 
Taylor, Proc. Phys. Soc. (London) A65, 815 (1952). In agreement 
with our predictions, it has two logarithmic infinities for inter 
mediate energies and finite discontinuities at both ends of the 
energy range. 
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The angular distribution of protons recoiling from neutrons of 13.7 Mev and 28.4 Mev has been inves- 
tigated in the region of 0° to 90° in the center-of-mass system. Organic scintillation crystals of anthracene 
and stilbene were used as both sources and detectors of the recoil protons. The angular distribution observed 
at 13.7 Mev is consistent with spherically symmetric scattering, while the results at 28.4 Mev show an 
anisotropy with a favoring of scattering of the neutrons in the backward direction. 


I. INTRODUCTION 


HE experimental study of neutron-proton scat- 

tering has long been expected to be a fruitful 
source of information leading to knowledge of nuclear 
forces. Consequently, a very large amount of both 
experimental and theoretical work covering a wide 
variation in energy has been performed on the neutron- 
proton scattering problem. It is now generally accepted 
that the scattering is isotropic in the center-of-mass 
system (without preclusion of an asymmetry of approxi- 
mately five percent) for energies below about 15 Mev.! 
At approximately 20 Mev,’ there are indications of an 
asymmetry favoring scattering in the backward direc- 
tion. This is definitely confirmed at 27 Mev*® and 
becomes more pronounced at the higher energies of 40, 
90,4 and 260 Mev.® In the present experimental work, 
the scattering of fast neutrons by protons has been 
studied by the observation of recoil protons in an 
organic scintillation crystal which was used as both 
source and detector of the recoils. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


The neutrons for the present experiments were ob- 
tained from the D(d,n)He*® and the T(d,n)He‘ nuclear 
reactions. Because of the very low yield of high energy 
neutrons from the T(d,n)He* reaction, a technique of 
using an organic scintillation crystal as both a source 
and detector of recoil protons was employed. Since this 
technique was at the time unexploited, it was deemed 


* This investigation was supported jointly by the U. S. Atomic 
Energy Commission and the U. S. Office of Naval Research 

t This report is part of a thesis (M.E.R.) submitted in partial 
fulfillment of the requirements for the degree of Doctor of 
Philosophy at the University of Illinois, 1952. 

tA preliminary report of this work was given at the Denver 
meeting of the American Physical Society in July, 1952 [Phys 
Rev. 88, 162 (1952) ]. 

§ Now at North American Aviation, Inc., Downey, California. 

1 Kruger, Shoupp, and Stallman, Phys. Rev. 52, 678 (1937); 
W. F. Caplehorn and G. P. Rundle, Proc. Phys. Soc. (London) 
A64, 546 (1951); J. S. Laughlin and P. G. Kruger, Phys. Rev. 73, 
197 (1948); H. H. Barshall and R. F. Taschek, Phys. Rev. 75, 
1819 (1949). 

*E. W. Baldwin, Phys. Rev. 83, 495 (1951). 

* Brolley, Coon, and Fowler, Phys. Rev. 82, 190 (1951). 

‘Hadley. Kelly, Leith, Segré, Wiegand, and York, Phys. Rev. 
73, 1114 (1948); Brueckner, Hartsough, Hayward, and Powell, 
Phys. Rev. 75, 555 (1949). 

* Kelly, Leith, Segré, and Wiegand, Phys. Rev. 79, 96 (1950). 


desirable to check it at a lower energy, where the 
angular distribution is known to be isotropic. 

A plan view of the physical arrangement of the experi- 
mental apparatus is shown in Fig. 1. Deuterons of 
11.75+-0.12 Mev® accelerated by the University of 
Illinois cyclotron were collimated by a set of lead slits, 
passed through a thin gas target, and were stopped in a 
0.030-inch lead foil approximately 13 feet from the 
target. A scintillation counter was accurately positioned 
in a light-tight copper box such that a line from the 
center of the gas target to the crystal made an angle of 
11.69°+0.05° with the deuteron beam direction. 

The gas target used by Laughlin and Kruger! was 
used to contain the deuterium for the source of neutrons 
from the D(d,n)He*® reaction. A somewhat similar 
target, shown in Fig. 2, was filled to about 25 cm of Hg 
pressure with a tritium-hydrogen mixture of 60 percent 
tritium for the second neutron source. When not in use, 
the tritium was stored as uranium tritide in the small 
iron container. Filling the target was accomplished by 
heating the UT; to approximately 450°C, which pro- 
duced decomposition and resulted in essentially com- 
plete evolution of the tritium gas into the target 
chamber.’ The gas volume was emptied by opening the 
bellows valve between the target chamber and the 
uranium container. This permitted the tritium to react 
with the uranium forming the UT; and emptying the 
target volume to a pressure of approximately 10-4 mm 
of Hg. 

Because of the finite size of the target, the angle of 
emission of the neutrons from the nuclear reactions 
varied over 7.6°, and this plus the degradation of the 
deuteron energy in passing through the gas in the target 
resulted in a finite energy spread in the neutrons which 

* This energy was determined by measuring the range of the 
deuterons in air. This was done by passing the beam through a 
monitor consisting of a double-end-window proportional counter, 
whose stopping power was known, and then into a thin zinc 
sulfide screen placed on the end of a movable 5819 photomultiplier 
tube. This second detector had a threshold detection energy as 
measured with a polonium alpha-source of less than 30 kev. This 
measurement was checked by determining the range in photo- 
graphic emulsion of protons accelerated by the cyclotron. The 
energy of the protons was determined trom the range-energy 
relation in emulsion given by J. Rotblatt, Nature 167, 550 (1951), 
and the energy of the deuterons was derived from this value of 
the proton energy. 


7 For a description of the properties of uranium tritide, see F. H. 
Spedding et al., Nucleonics 4, No. 1, 4 (1949). 
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Fic. 1. Arrangement of experimental apparatus. The amplifier, 


discriminator, and associated electronic equipment were located 
in the cyclotron control room. 


were to be scattered. The neutrons from the T(d,n)He‘ 
reaction had a mean energy of 28.4 Mev with a spread 
of 0.50 Mev, while those from the D(d,n)He?’ reaction 
were of mean energy 13.7 Mev with a spread of 0.80 
Mev. 

The hydrogenous radiator and detector consisted of 
an organic scintillation crystal of either anthracene or 
stilbene mounted in contact with the photosensitive 
surface of a selected RCA 5819 photomultiplier tube. 
The crystal was covered with a thin aluminum re- 
flecting foil. The photomultiplier tube was magnetically 
shielded with four concentric cylindrical shields of 
annealed Permalloy, magnetically insulated from each 
other. The integrated output pulses from the photo- 
multiplier were applied through a cathode follower to a 
Los Alamos type model 100 linear pulse amplifier,* 
through a pulse shaping circuit and into a_ twelve- 
channel pulse amplitude analyzer. The discriminator 
levels of the analyzing system were set by feeding pulses 
of known height into the system from an electronic 
pulse generator. Several checks on the stability of the 
electronic system showed the discriminator levels to be 
constant to within +0.05 volt over periods as long as 


8W.C. Elmore and M. Sands, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949). 
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24 hours with the levels set at approximately 7 volts 
apart. This shift in the levels included the net effects of 
possible variations in the pulse generator, amplifier, 
pulse shaping circuit, and analyzer. 

The voltage to the dynodes of the photomultiplier 
tube was supplied by a voltage dividing network of 
precision resistors connected across the output of a 
negative electronic power supply. This output voltage 
was monitored with an auxiliary circuit, and the voltage 
was maintained constant to within +0.1 volt by manual 
adjustment of the supply during the taking of data. 

In order to obtain an absolute energy response of the 
scintillation detectors, pulse-height distributions from 
a well-collimated polonium alpha-particle source were 
taken in a standard geometry before and after each 
experimental run. The response of the counter to these 
alpha-particles had been normalized to the response of 
protons of known energy from the cyclotron. Thus, 
knowing the relative pulse height vs energy relation for 
the crystals used in addition to the above normalization 
factor, the response of the counters during any experi 
mental run could immediately be converted to the 
energy of the protons originating the tluorescence. 

Because of the large amount of background radiation 
produced by the cyclotron, the experimental data were 
obtained in a series of “runs,” half of which were taken 
with the gas target filled, while the others were back- 
ground runs taken with the gas target evacuated. 
During these runs, the integrated cyclotron beam to the 
main target was measured with a charge measuring 
circuit; the neutron flux inside the cyclotron shielding 
tanks was monitored with small gold foils using the 
well-known reaction 


Au97+ n—Au'*—>4p-+ Hg"; 


the gamma-intensity in the vicinity of the neutron 
source was measured with a Geiger counter ina standard 
geometry. These three measurements were all relative, 
and they were sufficient to determine the background 
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TABLE I. Angular distribution data at 13.7 Mev. 








Number of 
counts in 
recoil 


Center- 
of-mass 
solid 
angle 


Correction 
factor for 
finite size 
of crystal 


Relative No. 
of recoils per 
steradian 


Center-of 
mags recoil angular 
angle interval 


15.742.1 
36.143.7 
45.04+2.8 


5734 
6510 
6526 
6833 
7518 
7509 
8191 
7764 
9898 





1.169 
1.148 
1.124 
1.100 
1.080 
1.056 
1.038 
1.012 
0.9965 


0.1456 
0.0990 
0.0990 
0.1077 
0.1063 
0.1049 
0.1047 
0.1080 
0.1220 


0.61=0.16 

1.00+0.021 
0.98+0.027 
0.92+0.024 
1.01+0.035 
1.00+0.036 
1.07+0.040 
0.96+0.055 
1.07 +0.086 


with a precision of +5 percent plus the normal statis- 
tical variations. 


III. ANALYSIS OF DATA 


The data were analyzed in three groups which can be 
described as follows: 


(1) the data for 13.7-Mev incident on 
anthracene; 

(2) the data for 
anthracene; 

(3) the data for 


stilbene. 


neutrons 


28.4-Mev neutrons incident on 


28.4-Mev neutrons incident on 


The treatment included the determination of the actual 
number of counts in each pulse-height interval resulting 
from the incidence on the crystal of the nearly mono- 
ergic neutrons from the source. This was done by sub- 
tracting the proper background from the data taken 
with the target filled with gas. For the data at 28.4 Mev, 
the background counting rate in the pulse-height in- 
terval corresponding to protons recoiling at 47° in 
the laboratory system was approximately two-thirds of 
the total counting rate and decreased to about one-half 
and one-third of the total counting rate at recoil angles 
of 43° and 37°, respectively. At recoil angles of less than 
33°, the background was quite small, being only about 
3 to 4 percent of the total counting rate. For the data at 
13.7 Mev, the background counting rate was about one- 
half of the total counting rate at proton recoil angles of 
43° in the laboratory system and decreased to about 30 
percent of the total counting rate at recoil angles of 36°. 
At recoil angles of less than 30°, the background rate 
varied between 5 and 20 percent of the total rate. The 
pulse-height intervals as set by the discriminator levels 
in the pulse analyzer were then converted to recoil 
proton energy intervals by making use of the pulse 
height vs energy relations for the crystals along with 
the energy normalization factor obtained with the 
polonium alpha-particles. The proton energies corre- 
sponding to the discriminator settings could immedi- 
ately be converted to laboratory recoil angles by means 


JENTSCHKE, 


AND KRUGER 


of the following equation :* 
cos*@= Ep/E,, 


where E,=recoil proton energy; £,=mean neutron 
energy. An angular distribution in center-of-mass coor- 
dinates was then obtained in the usual manner, with the 
smali relativistic correction for the data at 28.4 Mev 
included for rigor. 

The response curve for the anthracene counter was 
taken from known results'’-” for energies up to 16.4 
Mey, plus an extrapolation from this energy through a 
point obtained at 29.2 Mev by observation of the pulse 
heights resulting from the maximum energy protons 
recoiling from neutrons of 29.2 Mev. This continuation 
of the curve was found to agree with that predicted by 
Birks,'* if the constants in his equation are calculated 
from the well-investigated lower energy region. 

The presently available data for stilbene response.” 
extend up to about 14.7 Mev. To extend this response 
curve to the energy needed for analysis of these data, 
the response of stilbene at 28.7 Mev was measured with 
neutrons of that energy. The response curve was also 
calculated for the energy region 5.5 to 30 Mev after the 
method of Birks.'* These two curves were found to be 
in essential agreement, and the calculated curve was 
used in the analysis. 

A correction to the number of counts in each recoil 
angular interval was required because of the finite size 
of the crystals. This is complicated by the fact that the 
recoil protons which originate at points in the crystal 
such that they pass out of the crystal produce pulses of 
smaller size than those recoils of the same energy com- 
pletely stopped in the crystal. These smaller pulses are 
then subject to confusion with the pulses from recoil 
protons of less energy wholly stopped in the crystal. The 


[ase II. Angular distribution data at 28.4 Mev taken with 
anthracene crystal. 





Number of Correction 
counts in Correction factor for 
recoil factor for (n,p) 
angular finite size reaction 
interval of crystal protons 


Center 
ol-mass 
solid 
angle 


Relative No. 
of recoils per 
steradian 


Center-of 
mass recoil 
angle 


11.3433 1776 
29.3450 2462 
41.0+-3.4 2521 
50.3+2.6 2778 
58.8+2.2 3140 
66.5+2.1 3415 
73.5+1.6 3873 
80.2+1.4 4058 
87.0+1.2 5343 0.9914 0.780 1.00+0.083 
94.2+0.9 6012 0.9345 0.714 0.96+0.15 


1.50+0.58 

1.24+0.037 
1.17+0.039 
1.07+0.032 
1.05-+0.043 
1.11+0.045 
1.14+0.059 
1.10+0.077 


0.0764 
0.1145 
0.1117 
0.1186 
0.1227 
0.1139 
0.1160 
0.1119 
0.1242 
0.1257 


1.00 
1.00 
1.00 
1.00 
1.00 
1 00 
1.00 
0.959 


2.146 
1.919 
1.720 
1.517 
1.366 
1.237 
1.136 
1.049 











® Relativistic corrections will modify this equation slightly for 
the 28.4-Mev data, but the corrections to the values of @ are of 
the order of less than 0.5 percent. 

1 Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 84, 
1034 (1951). 

1 Franzen, Peele, and Sherr, Phys. Rev. 79, 742 (1950). 

2 W. G. Cross, private communication. 

3 J. B. Birks, Phys. Rev. 84, 364 (1951); Proc. Phys. Soc 
(London) A64, 874 (1951) 
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determination of these contributions was calculated" 
by first finding the fraction of the proton recoils in each 
recoil angular interval which were not completely 
stopped in the crystal. This was done by obtaining an 
expression for this quantity in terms of the recoil angle, 
the differential cross section for the neutron-proton 
scattering process, the length of the recoil in the crystal 
(which is a function of the recoil angle), and the dimen- 
sions of the crystal. This expression was then numeri- 
cally integrated over the recoil angular intervals to give 
a correction factor for each angular interval. In the 
evaluation of the integrals, the differential cross section 
in the center-of-mass system was taken as a constant at 
13.7 Mev, and at 28.4 Mev the relative cross section 
given at 27.2 Mev by Brolley et al.’ was used. Since 
these latter two energies are comparable and, further, 
since the recoil angular intervals were of the order of 
only four degrees, so that the variation of the cross 
section over the interval was quite small, this approxi- 
mation in the second case should certainly be valid. 

Those recoils which were not completely stopped in 
the crystal then gave pulses which corresponded to 
protons recoiling at larger angles and thus were incor- 
rectly counted in the recoil angular intervals which 
included these larger angles. To obtain the number of 
pulses incorrectly counted in each interval, the pulse 
height actually observed was determined as a function 
of the recoil angle and of the origin of the proton recoil 
in the crystal. Then from purely geometrical con- 
siderations, since the origin of the recoil is equally 
probable anywhere in the crystal, the desired correction 
factor was obtained as a function of the correction 
factor for the proton recoils which were not completely 
stopped in the crystal. These two factors were then 
combined into a single correction factor for each recoil 
angular interval and are presented in that manner in 
the experimental results. 

Because of the carbon component of the crystals, the 
effects of possible nuclear reactions resulting from 
neutrons incident on carbon were considered in the 
analysis of the data. Possible reactions include C"(n,a)- 


TABLE III. Angular distribution data at 28.4 Mev taken 
with stilbene crystal. 


Number of Correction 
counts in Correction factor for 
recoil factor for (n,p) 
angular finite size reaction 
interval of crystal protons 


1079 1.640 1.00 
1400 1.561 1.00 
1621 1.452 1.00 
1806 1.343 1.00 
1972 1.234 1.00 
2147 1.164 1.00 
2286 1.085 1.00 
2609 1.043 0.976 0.1119 1.20+0.12 
3398 1.014 0.808 0.1242 1.13+0.14 





Center- 
of-mass 

solid 

angle 
0.0764 
0.1145 
0.1117 
0.1186 
0.1227 
0.1139 
0.1160 


Relative No. 
of recoils per 
steradian 


Center-of 
mass recoil 
angle 


11.34+3.8 
29.345.3 
41.0+3.5 
50.3+2.6 
58.8+2.4 
66.5+2.0 
73.541.7 
80.2+1.5 
87.0+1.3 


1.17+0.46 

0.96+0.028 
1.06+0.030 
1.03+0.052 
1.00+0.042 
1.11+0.052 
1.08+0.064 








4M. E. Remley, Ph.D. thesis, University of Illinois, Urbana, 
Illinois, 1952 (unpublished). 
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Fic. 3. Experimental angular distribution of recoil protons from 
13.7-Mev neutrors; data taken with an anthracene crystal. 


Be®, C®(n,3a)n, and C"(n,p)B". Because of the large 
threshold energies required for these reactions and, 
further, because of the smaller fluorescence efficiency of 
the crystals for alpha-particles, none of the reaction 
products from these gave pulses which could be confused 
with the recoil protons in the angular region inves- 
tigated at 13.7 Mev. The first two reactions also gave 
no pulses subject to confusion with the higher energy 
neutrons, but reaction protons from the C"(n,p)B" 
reaction can be produced with energies from 16.0 Mev 
to 9.4 Mev (assuming no excited states in the residual 
B” nucleus). These protons produced pulses which 
could be confused with the recoil protons. It had been 
hoped that if the cross section for this reaction was 
appreciable, a correction could be made by the taking 
of data with two crystals with different carbon to 
hydrogen ratios. Unfortunately, the data were not 
accurate enough in the appropriate angular intervals 
to permit a meaningful correction of this type to be 
determined. 

Available information from which a feasible correc- 
tion might be determined is a measurement of the total 
cross section of the C"(p,n)N® reaction. A value of 0.02 
barn +100 percent for this cross section has been 
obtained at 32 Mev by the linear accelerator group at 
the University of California.'® From a theoretical stand- 
point this cross section should be approximately the 
same as that for the C"(n,p)B" reaction. Therefore, 
a correction was calculated on the assumptions that the 
total cross section for the (,p) reaction was 0.02 barn, 
that the protons were emitted isotropically in the 
laboratory system, and further that there were no 
excited states produced in the residual B” nucleus. 


IV. RESULTS AND CONCLUSIONS 


The results are summarized in Tables I, II, and III 
and are shown in Figs. 3 and 4 as a function of the 
proton recoil angle in the center-of-mass system. The 
uncertainties shown are the probable errors for each 


‘ T,. Alvarez and H. Tyren, private communications. 
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l'ic. 4. Experimental angular distribution of recoi] protons from 
28.4-Mev neutrons; data taken with anthracene crystal. The 
theoretical curve is one calculated by Christian (see reference 3) 
for scattering at 27.2 Mev with a Yukawa potential of range 1.35 
*10~" cm plus a tensor force. 
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point as determined by combining the probable errors 
in the various quantities required to obtain the angular 
distribution by the least square method. 

The major sources of uncertainty in each point other 
than the statistics of counting include that resulting 
from the background from the cyclotron, the uncer- 
tainty in the pulse height vs energy curves of the scin- 
tillation crystals, and uncertainties in the calculations 
required by the finite size of the crystal detectors. The 
uncertainties in the recoil angles and an additional un- 
certainty in relative cross section at each angle are a 
result of the experimental errors in determining the 
energy normalization factér required to convert the 
response of the scintillation counter to recoil proton 
energy. The results in the first recoil angular interval 
are extremely sensitive to this latter factor, and the 
large uncertainties in this particular interval are 
primarily owing to the variation in the energy nor- 
malization factor. 

A study of the results at 13.7 Mev shows that with 
the exception of the point at 15.7° the distribution is 
consistent with spherically symmetric scattering. This 
point is open to serious question because of the extreme 
dependence on the exact value of the energy normaliza- 
tion factor. The probable error in this normalization 
factor was 2.7 percent. An analysis of the data was 
made with a normalization factor different from the 
experimentally measured factor by 3.0 percent, and 
the results then gave a completely isotropic angular 
distribution. Thus, it seems reasonable to conclude that 
the technique used in this experiment is applicable in 
the recoil angular region from 0° to 90° in the center-of- 
mass system, keeping in mind that there will be con- 
siderable uncertainty in the results for the first recoil 
angular interval unless the absolute sensitivity of the 
apparatus is known with a precision of the order of five 
times better than that obtained here. 

Cross,'® at Chalk River Laboratory, has also used the 


16 W. G. Cross, Phys Rev 87, 223 (1952). 
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technique described here to obtain the angular 
tribution of neutron-proton scattering at 14 Mev. 
results, for which he quotes an uncertainty of 
percent, also show spherical symmetry. 

The results from .he data taken at 28.4 Mev with 
the anthracene crystal sre shown in Fig. 4 along with 
those of Brolley ef a/.* at 27.2 Mev. A study of these 
shows that the data presented here can be consistent 
with those at 27.2 Mev. Because of the relatively small 
difference in energy, the distributions should be ex- 
pected not to differ radically. 

In view of the assumptions under which the correc- 
tions for the (,p) reaction were applied, there must be 
some doubt placed on the quantitative conclusions that 
can be drawn from the results of this investigation in 
the regions in which the reaction protons are confusable 
with the recoil protons. However, it seems reasonable 
to conclude that the scattering of the neutrons is 
anisotropic in the center-of-mass system with a favoring 
of scattering in the backward direction. The ratio of 
the differential cross section for backward scattering to 
that for scattering at 90° can be stated only with a large 
uncertainty, not only because of the confusable reaction 
protons, but also because of the inherent large uncer- 
tainty in the point at 11.3°. There is an indication, 
however, that the ratio is greater than that of 1.15 
predicted by the calculation of Christian* for the scat- 
tering at 27.2 Mev using a Yukawa potential plus the 
inclusion of a tensor force. Also, it appears that the 
ratio obtained here is certainly greater than the 1.06 
reported by Baldwin? at 18 to 21 Mev. More definite 
conclusions must await further knowledge of the (1,p) 
reaction. 

In general, it can be stated that the technique em- 
ployed here for the study of the scattering does combine 
the advantages of the continuous sensitivity of the 
nuclear emulsion and the capacity of simultaneous 
detection over all solid angles of the cloud chamber. 
These make it appropriate for use with a low yield. The 
inherent disadvantages include the fact that the recoil 
angles must be obtained from an indirect measurement; 
the pulse analysis must be converted to proton energy 
intervals (from which the recoil angular intervals are 
inferred) by means of an additional determination. In 
addition the large background of neutrons and gamma- 
rays from the cyclotron results in a high rate of back- 
ground counting which tends to overshadow the counts 
from the protons recoiling at larger angles (angles 
greater than about 40° in this particular experiment) 
from the monoenergetic neutrons produced in the source. 
Also, the carbon constituent of the crystals gives rise 
to nuclear reactions which prevent the obtaining of 
valid data for the large recoil angles. 

The authors would like to express their appreciation 
to the members of the cyclotron staff for valuable 
assistance in performing this work. The aid of G. R. 
Briggs, who designed the pulse generator and dis- 
criminator, is most gratefully acknowledged. 
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A definition of spatio and/or temporal integration of nonlocal expressions is set forth. The latter is applied 
to the computation of the momentum-energy vector and an invariant from nonlocal expressions correspond- 
ing to the stress-energy momentum tensor and a four-vector. The latter four-vector is interpreted to be the 
quantum current density, and the invariant surface integral of this four-vector over a space-like surface is 
associated with the operator for the number of quanta. Application to a massless boson field leads to the 
conclusion that only the energy is positive definite, while the operator for the number of quanta is not, even 
though the boson field is real (Hermitian). In the usual quantum theory of fields a four-vector current exists 


only for complex fields 


N a previous report! on operator field equations it 
was shown that there exists a four-vector operator 
N*, which satisfies a conservation principle 


[Puy N*L=p,N*—N*p,=0, (1) 


where p* is the four-vector displacement operator. In 
reference 1, .V* was obtained by exploiting a property 
of an operator variational principle? which led to the 
so-called quantal field equations. In general, N* is 
nonlocal: [, .V”]#0, where, in the latter, x is the 
four-vector space-time operator. Hence, it is not clear 
at once what is meant by spatio and/or temporal in- 
tegrals of nonlocal expressions. We may define such 
integrals by introducing a four-vector space-time c- 
number c“ into our definition in the following manner: 


ff expe.) AC, x) exp(—tcup")de, (2) 


where dc represents any combination of the products 
of de®, dc', de®, and dc*. Using (2) as our definition of an 
integral, we can define the operator for the number of 
quanta to be, aside from a constant factor, 


A ff exotics exp(—icup")da,(c), (3) 


o 


where a is a space-like surface. .V is independent of ¢ 
because of (1). In a similar way operators which define 
the four-vector energy-momentum G* may be defined. 

As an example let us consider a real (Hermitian) field 
U which satisfies the operator equation 


[p,, Lp", UJ_]-=0. (4) 


The stress-energy-momentum tensor 7*” given by 


AT =""[ pa, U}_[p2, U]_—[p*, U[p", U1 
—[p, Ul [p, UL, (5) 
and .V*, given by 


4N+=(U, [U, p*] ] ’ 


satisfy conservation equations because of (4). The 


1C. Gregory, Phys. Rev. 78, 479 (1950). 
2. Gregory, Phys. Rev. 78, 67 (1950) 


solution of (4) for U in a representation with the p’s 
diagonal is 


(p’|U|p”)=H(p’, pA. (p’— p”) 
+iG(p’, p'")A_(p’—p"), (6) 
where 


Ay (k)= |! ~"{5(ko— [Rk] )+5(Rot+ | R])}, (7) 


and the 6’s are Dirac delta-functions. We will assume 
H(p’, p”’) and G(p’, p’”) to be symmetric in the two 
arguments and thus real since U is Hermitian. Upon 
introducing (6) into (5) and computing .V and G*, we 
discover that they are diagonal in this representation. 
When we use Dirac’s formalism for second quantiza- 
tion’ and identify our boson operators to be, aside from 
certain factors, n(p, p—k)=H(p, p—k)+iG(p, p—k), 
and 7(p, p—k)=H(p, p—k)—1G(p, p—k), G* and V 


work out to be 
Go=dLixlk| (n(kt)+ (n(k-) +1}, 
G,= Dork. {n(kt)— (n(k-)+1)}, (8) 
N=. {n(kt)—(n(k-)+1)}, 


where n=nn and k* denotes the four-vector with com- 
ponents + |k]|, &, with s=1, 2, 3. It will be noticed that 
our procedure differs from the usual methods which 
involve Fourier expansions of local fields. Expansions 
for nonlocal fields‘ can also be effected, but these have 
not yet been utilized for second quantization. In the 
local field approximation, U will commute with x* if 
the arbitrary symmetric functions 7 and G are func- 
tions of the differences of the arguments. The n(k*) are 
known to have positive integral eigenvalues, so that 
only Go in (8) is positive definite. It is interesting to 
note that for the case considered here we may associate 
with a real system of massless bosons an operator NV 
which has properties similar to the total charge operator 
which in the usual theory does not exist for real but for 
complex fields. It is appropriate to call NV the net number 
of bosons. Other fields of current interest can be treated 
along similar lines. 


3P. A. M. Dirac, Principles of Quantum Mechanics (Clarendon 
Press, Oxford, 1947), third edition, pp. 228, 236. 
*C. Gregory, Proc. Nat. Acad. Sci. 37, 706 (1951). 
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Nuclear Reactions with 21-Mev He?’ in a Cyclotron 


D. N. Kunpov, T. W. Donaven,* M. L. Poot, anp Jonn K. Lono 
Ohio State University, Columbus, Ohi» 
(Received December 8, 1952) 


He? ions were accelerated to a maximum energy of 21 Mev. Bombardment of Be, C, O, and Ni led to nu- 
merous known activities. The relative cross sections of the He? reactions involving O and Ni nuclei are 
evaluated. The half-lives of C" and Zn® were found to be 20.74+0.10 minutes and 8.4+0.2 hours, re- 


spectively. 


I. INTRODUCTION 


T is well known how each new bombarding particle 

accelerated in the cyclotron helped in the produc- 
tion of radioisotopes, in the identification of those al- 
ready produced by other methods and also in the 
understanding of various features of the mechanism of 
nuclear reactions. H® and He* would constitute a special 
pair of desirable bombarding particles, since they have 
approximately the same mass but different nucleonic 
composition. A study of the reactions produced with 
these nuclei together with a critical comparison of other 
features like the excitation functions, the cross sections, 
etc., is expected to be of interest in connection with the 
mechanisms involved in the effected reactions; for ex- 
ample, with the extent to which Oppenheimer-Phillips 
mechanism will be operative in the reactions involved. 

Both tritium and He’ are rare materials and have been 
available only recently in very small quantities. In 
addition to the acceleration of tritons previously re- 
ported,' He’ ions have been accelerated to 13 and 21 
Mev in the cyclotron 

In the present paper, the radioactivities produced 
from a number of target nuclei with He’ ions will be 
reported, and the corresponding He’ reactions based on 
the identification of the product nuclei will be briefly 


discussed. 
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Fic. 1. Decay curve of the C+He? bombardment with 21-Mev 
He® beam showing the 20.74-minute C". The 1.87-hour F'* is 
produced from traces of oxygen in the target. 

* Now with the General Electric Company, A.N.P. Project, 
Lockland, Ohio. 
‘1D. N. Kundu and M. L. Pool, Phys. Rev. 84,481 (1951) 


II. EXPERIMENTAL 


A few cubic centimeters of He’ gas sealed in a glass 
capsule was procured from the Oak Ridge National 
Laboratory.? Arrangements were made to crush open 
the capsule inside the cyclotron vacuum system. A re- 
circulation cycle was worked out, the essential features 
of which are as follows. The main oil diffusion pump 
was backed by two mercury diffusion pumps in parallel, 
instead of the usual mechanical pump. These mercury 
pumps were specially designed to operate with a back- 
ing pressure of 5 mm. The gas from the exhaust outlet 
of the mercury pumps communicated with a ballast 
tank and was then led into a liquid air trap and later 
through a set of circulation control valves into a liquid 
hydrogen trap. The cyclotron vacuum system was so 
leak-tight that the residual natural leakage amounted 
to about 0.2 cc per hour. This air leakage was condensed 
by the liquid hydrogen trap from the outlet of which 
the gas was reinjected into the cyclotron tank. 

The energy of the He* particles was 21 Mev as 
calculated from the frequency, 13.5 Mc per sec, of the 
cyclotron oscillator. In a different set of bombard- 
ments, the frequency of the oscillator was 10.6 Mc per 
sec corresponding to He* particles of 13 Mev. The 
neutrons and the gamma-rays from an internal probe 
target of Be were used to detect initially the resonance 
of the He® beam. 


Ill. RESULTS 


From among a large number of bombardments on 
different target elements, a few prominent activities 
produced are summarized below. 


Carbon 


A strong positron activity identified as C" was ob- 
tained from Hilger carbon of high purity. The decay 
curve is shown in Fig. 1 in which the activity is fol- 
lowed through 15 half-lives giving a value for the half- 
life of C" as 20.74+0.10 minutes instead of 20.5 
minutes previously reported.’ The reaction involved is 


C®(He, aC", 


2 Supplied by the Y-12 plant, Carbide and Carbon Chemical 
Corporation, through the Isotopes Division, U. S. Atomic Energy 
Commission, Oak Ridge, Tennessee. 

3 A. K. Solomon, Phys. Rev. 60, 279 (1941); M. L. Perlman and 
G. Friedlander, Phys. Rev. 74, 442 (1948) ; D. Christian and D. S. 
Martin, Jr., Phys. Rev. 80, 1110 (1950). 
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NUCLEAR REACTIONS WITH 21-MEV He® 
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Fic. 2. Energy vs yield curve for the 1.8-hour F"8 activity pro- 
duced from the O+He® bombardment with 21-Mev He?’ beam. 


Beryllium 


A prominent 20.7-minute positron activity was pro- 
duced which is ascribed to the reaction Be®(He', 2)C". 
The cross section for this reaction is presumably very 
high since a bombardment of only a minute gave an 
estimated initial activity of about 710° counts per 
sec. As already indicated, this reaction was used to 
detect the resonance of the He* beam. 


Oxygen 


From oxygen targets, the 1.97-minute O" and the 
1.87-hour F'* activities were produced. The former is 
due to the reaction O'*(He’, «)O"", the latter may arise 
from the reaction O'*(He’, p)F'’, and/or O'*(He', n)Ne'®. 
Ne!’ may disintegrate within a very short time by a 
positron emission into F!*. The contention that an 
O'*(He’, H*)F"8 reaction may also explain the F'* pro- 
duction is discouraged because of the very low, 0.2039 
percent, natural abundance of O'*. The ratio of the 
saturation yields for these activities is approximately 
1:1, measured on a bombarded sample of Pb;O,. 

This F'* activity was observed in almost every bom- 
barded sample because of the minute trace of oxygen 
that remained in the target. For example, the base line 
of the decay curve for C+ He’ in Fig. 1, shows the 1.87- 
hour F'’ activity. One may expect a thin oxide layer on 
foils of Al, Cu, etc., but hardly on gold. Yet F"* activity 
is in large measurable amounts in Au foils also. This 
fact was taken advantage of in obtaining the excita- 
tion curve for the production of F'*. Aluminum is 
known to have a thin layer of oxide on its surface. A 
stack of Al foils (0.00035 inch thick), all cut from the 
same stock foil, was bombarded in a special target 
piece which was shielded on all sides except for a small 
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hole through which the He*® beam hit the stack. The 
F'8 activity produced in the different foils is plotted in 
Fig. 2 against the energy of the He’ particles, as calcu- 
lated from the range-energy curve for alpha-particles 
in aluminum.* 


Nickel 


Naturally occurring nickel has tive isotopes with the 
following percent abundances: Ni®*(67.76), Ni®(26.16), 
Ni®(3.66), Ni®(1.25), and Ni™(1.16). He® reactions 
were observed on the first three target isotopes above, 
but none from the last two where the abundances are 
quite low. Figure 3 shows the various activities pro- 
duced in relation to the yield of the individual com- 
ponents. The energy of the He* beam in course of this 
bombardment was 13 Mev. The 1.5-day Ni*’ is pro- 
duced from Ni®* by the reaction Ni*’(He’, a)Ni*’. The 
24.5-minute activity of Cu® is produced through the 
reaction Ni®*(He’, p)Cu®, and/or Ni®*(He’, 2)Zn®, 
where Zn® presumably being short-lived, at once de- 
cays into Cu® by a positron emission. The well-known 
12.9-hour Cu®™ is produced from Ni® by a (He’, p) 
reaction; a (He’, ») reaction with this target nucleus 
would lead to stable Zn™. Ni® yields a prominent 3.4- 
hour Cu® activity and another activity of 8.4-hour 
half-life. The latter could be observed only by following 
the decay through 270 mg/cm? of aluminum which 
would stop the beta-particles from the strong 12.9-hour 
Cu® in the composite sample. Based upon decay meas- 
urements through four half-lives, a value of 8.4+0.2 
hours was obtained for the half-life of Zn®. This is 
presumably the previously reported® 9.5-hour Zn®™ ac- 
tivity which decays into the 10.1-minute Cu® nucleus. 
The high energy (2.92 Mev) positrons from Cu™ were 
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Fic. 3. Comparative magnitudes of the various radioactivities 
produced from Ni bombarded with 13-Mev He’ particles. The 


dotted lines correspond to the horizontal scale at the top. 


* Aron, Hoffman, and Williams, U.S. Atomic Energy Commission 
Report AECU-663 (unpublished). 

6 Miller, Thompson, and Cunningham, Phys 
(1948). 


Rev. 74, 347 
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identified by absorption in aluminum long after the 
disappearance of any Cu™ that might have been ini- 
tially produced during the bombardment through the 
reaction Ni**(He’, p)Cu®. The reaction involved is 
therefore Ni®(He’,)Zn® for the 8.4-hour activity, 
whereas for the 3.4-hour activity it is Ni®(He’, d)Cu® 
and/or Ni®(He’, pn)Cu®. 

From the initial values of the different activities 
shown in Fig. 3, for which the duration of bombard- 
ment was 1 hour, the saturation intensities were calcu- 
lated. The relative cross sections for production of the 
above activities were computed after having taken into 
consideration the decay characteristics of the product 
nuclei and the efficiency of the measuring equipment 
for the various radiations emitted. The results are 


o6g(1.5 days) :o5(24.5 min): o¢2(12.9 hr): ; 
o(8.4 hr): oe(3.4 hr)=1:1:10:25:12. 


The error in the calculation may not exceed 15 percent 
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except in the case of o@(8.4 hr) where the uncertainty 
may amount to 50 percent introduced in the process of 


extrapolating intensities in Fig. 3. 
IV. DISCUSSION 


The above results, preliminary in nature, show the 
many radioactivities that are produced through nu- 
merous He’ reactions. Sometimes as in the case of C!, 
the resulting activity is free from other disturbing 
activities produced by customary bombarding particles. 
Activities that are produced with difficulty by (a, 2m) 
reactions with high energy alpha-particles, are easily 
produced by (He’, 7) reactions, which reactions, in the 
present study, are found to be quite prolific. 

Grateful acknowledgment is made for an Ohio State 
University Graduate School Fellowship granted to one 
of the authors (J.K.L.). Thanks are also due the U. S. 
Atomic Energy Commission for an AEC predoctoral 
fellowship given to another (T.W.D.). 
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The lifetimes of the lower metastable states of helium, neon, and argon have been studied as a function 
of the pressure and temperature of the parent gas and the size of the container. The lifetimes were deter 
mined from measurements of the decay constant of the radiation absorbed by the metastable atoms. At low 
metastable concentrations the loss is by diffusion to the walls of the absorption cell and by collisions with 
neutral atoms within the volume of the cell. The data indicate that at 300°K and sufficiently high pressures, 
the volume destruction of the lower neon metastable is directly proportional to the pressure as expected 


for two-body collisions. The volume destruction of the lower neon metastables at 77 


"OL 


and the helium 


triplet metastables at 300°K and 77°K is proportional to the square of the pressure as for three-body 
collisions. The volume loss of the lower argon metastables at 300°K contains both linear and quadratic 


pressure dependent terms 


INTRODUCTION 


HE general principles of the behavior of the 
metastable atoms of helium, neon, and argon 
in their parent gases were established by the experi- 
ments of Meissner and others.' These investigators em- 
ployed experimental arrangements in which the density 
of metastables in the afterglow of an interrupted dis- 
charge was measured by the optical absorption observed 
at appropriate wavelengths. Their results were inter- 
preted on the assumption that the metastable atoms 
were lost by diffusion to the walls of the containing 
vessel and by excitation to a radiating state in collisions 
* Now at Westinghouse Research Laboratories, East Pittsburgh, 
Pennsylvania. ; 
1K. W. Meissner and W. Graffunder, Ann. Physik 84, 1009, 
(1927); see also summaries by F. M. Penning and N. deGroot 
Handbuch der Physik (Julius Springer, Berlin, 1933), Vol. 23, and 
A. C. G. Mitchell and M. K. Zemansky, Resonance Radiation and 
Excited Atoms (University Press, Cambridge, 1934) 


with neutral atoms. The measured diffusion coefficients 
and excitation cross sections were reasonable except 
in the case of helium, for which the excitation cross 
section required to explain Ebbinghaus” results was 
impossibly large. 

Our interest in this problem arose from investigations 
of the pulsed Townsend discharge by one of us (J.P.M.) 
in which metastable lifetimes and diffusion coefficients 
could be measured.’ An optical experiment similar to 
that of Meissner was set up with the hope that the 
destructive processes involving collisions with neutral 
atoms might be further clarified. The experiment was 
“modernized” by using a photomultiplier as a light 
detector in conjunction with electronic timing circuits.‘ 

2 E. Ebbinghaus, Ann. Physik 7, 267 (1930). 

3J. P. Molnar, Phys. Rev. 83, 933 (1951). 

*A similar “modernized” experimental arrangement is de- 


scribed by F. A. Grant, Can. J. Research A28, 339 (1950), and 
Phys. Rev. 84, 844 (1951). 
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This arrangement enabled us to make observations 
much more quickly and somewhat more accurately 
than was possible with the photographic techniques 
used by earlier workers. The investigations were 
extended to higher pressures ard lower temperatures 
by one of the authors (A.V.P.) during the summer of 
1950. Although circumstances have not permitted us 
to carry these studies to completion, it is felt that our 
results lead to a more accurate picture of the processes 
responsible for the destruction of the metastable atoms 
than was previously possible. 

The results presented in this paper for helium and 
argon differ qualitatively from those found previously 
by showing that the dominant destruction process at 
high pressures is a collision between the metastable and 
two neutral atoms. The two-body destruction process 
found previously for neon at 300°K is confirmed but 
does not dominate at 77°K. In general, the values ob- 
tained for the destruction probability of metastables 
by collisions with neutral atoms were found to be 
considerably smaller than the values obtained by 
earlier workers.° 

THEORY 

We propose the following processes to explain the 
destruction of metastable atoms which results from 
collisions of metastables with neutral atoms and other 
metastable atoms:® 

1. Diffusion and de-excitation on collision with the 
walls. 

2. Two-body collisions with neutral atoms resulting in 

(a) excitation to a nearby higher radiating state;” 

(b) de-excitation to a lower state; 

(c) formation of unstable diatomic molecules which may radiate 
before dissociation, i.e., collision induced radiative transitions. 


3. Three-body collisions with two neutral atoms, 
presumably resulting in the formation of a stable ex- 
cited molecule. 

4. Collisions between pairs of metastable atoms re- 
sulting in the ionization of one of the atoms and de- 
excitation of the other.® 

Theoretical estimates of the coefficients associated 
with the various metastable destruction processes are 
available only in the case of the diffusion of the helium 
metastables through helium.® Accordingly, the separa- 


5 See Mitchell and Zemansky (reference 1). 

* The loss of metastable atoms due to their natural decay does 
not appear to be a significant process under the conditions of our 
experiments. 

7If the resonance radiation from the radiating state is im 
prisoned for a sufficient length of time [see T. Holstein, Phys. 
Rev. 72, 1212 (1947) and Phys. Rev. 83, 1159 (1951) ], the de- 
struction of the metastables by process 2a will be reduced. 
Although theoretical estimates indicate that this effect may be 
appreciable at high pressures in neon, the experimental data are 
not sufficiently accurate or extensive to permit us to ascribe the 
observed deviations from Eq. (2) to this process. 

8 Effects of metastable-metastable collisions, as well as inde- 
pendent measurements of diffusion coefficients and cross sections 
for ionization of impurities, are presented by M. A. Biondi, Phys. 
Rev. 82, 453 (1951) and Phys. Rev. 88, 660 (1952). 

® R.A. Buckingham and A. Dalgarno, Proc. Roy. Soc. (London) 
A213, 506 (1952) 


METASTABLE 


STATES OF NOBLE GASES 











Fic. 1. Relative energy spacings of the states of the lowest 
excited electron configurations for three of the noble gas atoms. 
The radiating states are indicated by dashed lines, the metastable 
by solid lines. The electron configurations are 1s2s and 1s2p for 
helium, 253s for neon, and 3p°4s argon. In each case the lowest 
state, a metastable state, is taken as the zero of the energy scale. 
The electron-volt equivalent of kT for 300°K is also indicated. 


tion of the various processes must be based on measure- 
ments of the time dependence of the decay of the 
metastable concentration and the pressure and tempera- 
ture dependence of the associated decay constants. An 
estimate of the relative importance of process 2a for the 
various gases can be obtained from a consideration of 
the energy spacings of the metastable and nearby 
radiating states shown for helium, neon, and argon in 
Fig. 1. In each case the lowest excited state of the atom 
is metastable because the selection rules prevent electric 
dipole radiation to the 'S» ground state. In the cases 
of neon and argon the lowest radiating state, *P, is 
located less than one-tenth of an electron volt above 
the lower metastable state, *P2, so that process 2(a) is 
energetically possible in thermal collisions. For helium 
the lowest state which can radiate to the ground state 
is 1.4 electron volts above the metastable state. Thus, 
the destruction of helium triplet metastables by process 
2(a), as assumed in the interpretation of Ebbinghaus”? 
data, seems virtually impossible at room temperatures. 
The upper metastable state *Po, in neon and argon 
can be destroyed by de-excitation to the lower radiating 
state, *P,, as well as by excitation to the upper radiating 
state, 'P). 

The rate of change of the metastable concentration 
as a result of the processes listed above is 


0M /dt=(Do/p)V7M —ApM —Bp?M —aM?. (1) 


Here M is the metastable concentration, Do is the 
diffusion coefficient for the metastables at one mm of 
Hg, p is the pressure in mm of Hg, A is the frequency of 
destruction by two-body collisions at one mm pressure 
[processes 2(a), 2(b), and 2(c) ], B is the frequency of 
destruction by three-body collisions at one mm pressure, 
and a is the ionization frequency per unit metastable 
concentration. 

The solution of Eq. (1) for the time dependence of 
the metastable concentration can be obtained in a 
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Fic. 2. Schematic diagram of the apparatus used in the meta- 
stable decay studies. The Gaertner monochromator had glass 
lenses and a heavy flint glass prism for high dispersion in the red 

and infrared. 

















closed form only in the limits of low and high meta- 
stable densities. At low metastable densities the last 
term of Eq. (1) can be neglected. If we restrict our 
solution to times sufficiently late in the afterglow, only 
the lowest diffusion mode will be significant and the 
metastable density will decay exponentially with time. 
The decay constant is 


1/7=Dy/(pA*)+A p+ Bp, (2) 


where A is the diffusion length of the container and for 


a cylindrical vessel of radius R, and length ZL is given by 


A=[(r/L)*+(2.4/R)*]“. The parameters Do, A, and 
B can be evaluated from measurements of 1/7 as a 
function of the pressure and the size of the absorption 
cell. Further details concerning the individual processes 
can be obtained from studies of the variation of the 
parameters, Do, A, B, and @ with the gas temperature. 

At high metastable densities the destruction of 
metastables in collisions between pairs of metastable 
atoms will be large compared to the loss due to diffusion 
and collisions with neutral particles. The solution of 
Eq. (1) is then 


1/M=1/Mo+al, (3) 


where Mo is the metastable concentration at the begin- 
ning of the afterglow. Thus, if the plot of 1/M as a 
function of time is a straight line over a reasonable 
range of metastable densities, we can evaluate a and 
the cross section for collisions between pairs of meta- 
stable atoms 


EXPERIMENTAL ARRANGEMENT 


A schematic diagram of the experimental apparatus 
used in these investigations is shown in Fig. 2. The gas 
to be studied is contained in a cylindrical absorption 
cell with flat windows and ring electrodes and is broken 
down periodically (15 to 60 cps) with a pulse from a 
spark generator lasting approximately 100 micro- 
seconds. The line spectrum of the gas being studied is 
obtained from a hot-cathode discharge tube. The section 
of the positive column used as the source of radiation 
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is confined by a capillary 0.5mm in diameter. The 
radiation which has traversed the absorption cell is 
passed through a monochromator and detected with a 
photomultiplier. The output of the photomultiplier is 
developed across a resistance network and observed 
with an oscilloscope. The upper oscillograph trace of 
Fig. 3 shows the output of the photomultiplier under 
nearly ideal conditions. The downward spike at the 
left is produced by the interruption.of the light by the 
bar shutter shown in Fig. 2 and indicates 100 percent 
absorption. This is followed by the sharp rise and slow 
decay of the absorption due to the metastables produced 
during the very short discharge pulse. 

A simple means for measuring the decay constant of 
the absorption is provided by using the spark generator 
to trigger the discharge of a condenser and passing the 
subsequent current through the resistance network in 
order to subtract an exponentially varying signal from 
the output of the photomultiplier. The operation of this 
exponential comparison circuit is illustrated by the 
oscilloscope traces shown in Fig. 3. When the exponen- 
tial signal is adjusted for optimum cancellation of the 
photomultiplier trace, the lifetime of the metastable 
atoms can be obtained from the RC time constant of 
the exponential signal. 

The absorption cells were filled from a vacuum 
system designed to give minimum contamination of the 


Fig. 3. Oscilloscope traces illustrating the operation of the time 
constant measuring circuit. The upper trace shows the photo- 
multiplier output. The vertical spike at the left side represents 
the complete interruption of the light by the bar shutter shown 
in Fig. 2, and its lowest extension indicates the level of 100 percent 
absorption. For each trace the repetition rate of the horizontal 
sweep was set at 30 cps, whereas the sparking rate was set at 15 
cps; thus the pattern is initiated by the spark in one sweep and 
continues through the second. The second trace shows the elec- 
tronically generated exponential curve. The last trace shows the 
first two combined, with the second one adjusted in amplitude 
and time constant for optimum match. The example shown here 
illustrates operation under conditions of exceptionally low noise. 
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gas samples. The oil manometer and the stopcocks were 
separated from the absorption cell by two liquid 
nitrogen traps. The absorption cells and one trap were 
baked at 450°C overnight and the electrodes outgassed 
by induction heating. The gas was obtained from 
flasks of Airco reagent grade gas and passed over a 
freshly prepared barium surface. The absorption cells 
varied in size from six feet long and six inches in diam- 
eter to two inches long and 0.4 inch in diameter. The 
data at 77°K were obtained with a cell that was three 
feet long and three inches in diameter. It was equipped 
with a full-length liquid nitrogen-filled jacket. Evacu- 
ated end windows were provided to reduce frosting. 

A number of precautions were taken to insure reli- 
ability in the measurements. The intensity of the light 
beam used for the absorption measurements in argon 
and neon was maintained at a level low enough to 
prevent appreciable destruction of metastables by 
exciting them to higher levels from which alternate 
radiative decay paths to the ground state are available. 
(In helium the *S; metastable is immune to such light 
destruction.) The absorption curves were fitted to the 
electronically generated exponential curve in the region 
of 20 percent or less absorption, since only in this region 
can one assume that the observed absorption is linearly 
proportional to the density of absorbing atoms.* 


INTERPRETATION OF ABSORPTION CURVES 


Typcial absorption curves obtained for the meta- 
stable states and the lower radiating state of neon and 
argon are shown in Figs. 4 and 5. The absorption by the 
upper radiating state, 'P,, was very small and is not 


Fic. 4. Absorption curves illustrating the effect of increasing 
spark intensity for the *P states of the 3p°4s configuration in 
argon (p=1.0 mm). The left column shows that the decay of the 
upper metastable (*Po) density is not simply exponential. At the 
highest spark intensity a tail develops suggesting a decay rate 
comparable to that of the lower metastable state (*P2) shown in 
the second column. The decay rate of the lower radiating state 
(*P,) is very rapid at all spark intensities. 


OF METASTABLE 
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Fic. 5. Absorption traces for the *? states in the 2p*3s con 
figuration of neon (p=7.5 mm). The low noise level present in 
the neon experiments permits careful examination of the *P, 
decay curve. The second trace shows the 100 percent absorption 
point produced by the bar shutter, a sharply decaying absorption 
starting from the 80 percent point, and a more slowly decaying 
part. The spark intensity was adjusted in each case to give 
roughly the same amplitude in the absorption curve, e.g., a 
maximum intensity for the *P?; case and a minimum intensity for 
the 3P>. 


shown. As illustrated for argon by the curves of Fig. 4, 
the absorption curves for the *P9 and *P, states in neon 
and in argon and the ‘So metastable state in helium 
either decayed too rapidly for accurate measurements 
or exhibited a form that varied greatly with spark in- 
tensity. We interpret the observed changes in the de- 
struction rate with spark intensity at a given meta- 
stable density as indicating destruction of metastables 
by components other than neutral atoms and meta- 
stables, i.e., electrons or positive ions. The decay rates 
for the helium triplet metastable and the lower meta- 
stable states, *P2, of neon and argon were found to be 
independent of the spark intensity except at the highest 
intensities. Therefore, the quantitative data presented 
in the following section refer only to the lower meta- 
stable states of the various gases. 

The absorption curves of Fig. 5 provide qualitative 
evidence which supports the existence of processes 2(a) 
and 2(b) discussed under theory. The density of atoms 
in the lower radiating state, *P,, can be seen to drop 
sharply after the termination of the spark and then to 
decay more slowly. Presumably the rapid initial decay 
corresponds to loss of these excited atoms by radiation, 
while the slow decay corresponds to a repopulation of 
the *P; state as a result of de-excitation from the *P, 
state or excitation from the *P, state. 

Most of our measurements were made in a range of 
pressure and discharge current such that the light 
beam traversed mainly the positive column of the dis- 
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kiG. 6. Emission and absorption curves in the Faraday dark 
space region of a spark discharge in argon (p=0.2 mm). The 
absorption curve is for the *P, state (8115A), while the emission 
curve represents the integrated light in the red region of the 
spectrum, 


charge set up between the ring electrodes by the 
original spark. A specially built tube filled with argon at 
0.2mm of Hg was used to examine the absorption 
curves in various regions of the discharge. The initial 
metastable destruction rate was especially large in the 
regions near the cathode and in the striations of the 
positive column. The absorption curve for the Faraday 
dark space is shown in Fig. 6. The original metastable 
density falls almost to zero shortly after the termination 
of the spark, then builds up, and finally decays with a 
time constant approximately equal to that found in the 


ARGON 5p, 
T= 300 °K 
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Fic. 7. Data taken with argon (7=300°K) illustrating the 
method for separating the contributions of diffusion loss and 
volume loss to the measured decay constant, 1/7, by varying the 
diffusion length A. The data were obtained using a set of inter 

connected absorption cells such as illustrated in Fig. 2. 
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positive column. The light generated in this region is 
shown by the upper curve of Fig. 6 and has the charac- 
teristic form of an afterglow. We explain these observa- 
tions by assuming that fast electrons are present in the 
discharge after the spark is terminated, and that these 
destroy the metastables by excitation or ionization. As 
the electrons lose their initial kinetic energy they re- 
combine with positive ions to produce atoms in the 
excited states and in the ground state. Radiative decay 
of the highly excited atoms produces the emitted light 
as well as metastables so that the maximum emission 
occurs at the same time as the maximum rate of in- 
crease of the metastable density 


RESULTS 


Most of the quantitative data reported in this paper 
were obtained at low metastable densities where the 
absorption appeared to decay exponentially with time. 
Accordingly, we will analyze the data in terms of the 
expression for the decay constant, 1/7, given by Eq. (2). 
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Fic. 8. Volume loss in argon as a function of pressure for the 
3P, state (8115A) for 300°K and A?=2.4 cm’. 


Figure 7 shows the results of measurements of the life- 
times of the lower argon metastable (using 48115A) as 
a function of the size of the absorption cell at various 
pressures. Equation (2) shows that the slope of the plot 
of the 1/r as a function of 1/(pA*) gives the diffusion 
coefficient for the metastables at one mm pressure. The 
average diffusion coefficient at 300°K is 54 cm? sec™! 
compared to 45 cm? sec~! obtained from measurements 
of the transient build-up of a Townsend discharge.* The 
loss of metastables as a result of collisions with neutral 
gas atoms can be found by subtracting the loss by dif- 
fusion from the measured destruction frequencies. 
igure 8 shows the results of such a calculation for the 
lower argon metastable at 300°K. The smooth curve 
is the result of fitting the sum of a linear and a quadratic 
term to the experimental data, 1.e., A =40 sec~' mm™ 
and B=9 sec~!' mm~ in Eq. (2). Thus it appears that 
at 300°K the lower argon metastables are destroyed by 
both two- and three-body collisions. The data obtained 
at 77°K were not sufficiently reproducible to be con 
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sidered in detail, but suggested a slow variation in the 
three-body destruction with temperature. 

Figure 9 shows the results of a set of time constant 
measurements obtained from the absorption of the 
6143A line by the lower neon metastable. The data at 
77°K have been normalized with respect to changes 
in gas density by multiplying the pressure readings by 
300/77. The smooth curves represent a fit of Eq. (2) to 
the experimental data with A =50 sec"! mm™, B=0 at 
300°K; and A=0, B=5X10-* sec'mm™ at 77°K. 
Thus, the loss of the lower neon metastable at 300°K 
appears to be by diffusion at the lower pressures and by 
either excitation to a radiating state [process 2(a) } or 
collision-induced radiation [process 2(c) | at the higher 
pressures. The measured destruction probability at 
77°K shows that within the experimental error the loss 
of the *P, metastables is by diffusion and by destruction 
in three-body collisions. The average diffusion coefh- 
cients at 300°K and 77°K were 150 cm?/sec and 60 
cm’ /sec at a density corresponding to one mm pressure 

NEON "Po 


(AGIG3A 
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Fic. 9. Data showing 1/7 as a function of normalized pressure 
in neon for the *P, states (6143A) at 77°K and 300°K and for 
A?= 1.9 cm?. 


at 300°K. The absence of an approximately linear 
pressure dependent term in the volume destruction at 
77°K requires that the frequency of the process de- 
crease by a factor of at least 200 as the temperature is 
reduced from 300°K to 77°K. This corresponds to an 
“activation” energy for the two-body destruction pro- 
cess which is at least as large as the spectroscopic energy 
difference between the *P, and *P, states. It should be 
noted that the decay constants obtained using the 
\6402A line were approximately 20 percent lower than 
the values given in Fig. 9. The departure of the 
measured decay constants from the analytical curve at 
intermediate pressures is reproduciblet but is as yet 
unexplained. 

Figure 10 is a summary of the decay constant meas- 
urements for the helium triplet metastable made using 
the 10 830A line. The plots of the measured values of 
1/7 as a function of normalized pressure, though scat- 
tered, are consistent with the interpretation that the 
loss of metastables is characteristic of diffusion at the 
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Fic. 10. Data showing 1/r as a function of normalized pressure 
in helium for the 8S, state (10 830A) at 77°K and 300°K for 
A?=1.9 cm’. 


lower pressures and is proportional to the square of the 
pressure at the higher pressures. The smooth curves 
were obtained by fitting Eq. (2) to the observed data 
with A=0. The average diffusion coefficient for 300°K 
and one mm Hg is 410 cm?/sec while that for 77°K and 
one mm Hg is approximately 130 cm?/sec, showing 
a somewhat larger variation with temperature than 
that observed for neon. These values agree satis- 
factorily with the theoretical values of 370 and 130 
cm’/cm obtained by Buckingham and Dalgarno.’ The 
diffusion measurements showed that the loss varied 
as 1/A* for A* between 0.04 cm? and 6.3 cm? within the 
experimental error of approximately 20 percent. The de- 
crease in the volume loss from 0.2? sec~! to 3X 1079 
sec! as the temperature was changed from 300°K to 
77°K suggests that the three-body collision process 
responsible for the destruction of the metastables has 














Fic. 11. Plot showing the reciprocal of the metastable density 
as a function of time. The data were obtained from an analysis of 
a photograph of the absorption of the 3889A line by helium 
triplet metastables at 300°K and 10 mm of Hg pressure. 
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TaBLeE I. Average cross section for the destruction of metastables 
of rare gas atoms by various impurities. 


Average 


Metastable cross section, cm!# 


A (P,) 
A @P, 
A (P32) 
Ne (°P2) 
He (3S;) 


Impurity 


an activation energy of the order of 0.03 electron volt. 
The presence of an activation energy is consistent with 
the long range repulsive interaction calculated for the 
helium metastable and a normal helium atom.® 

The volume loss for the helium triplet metastable 
obtained from this experiment is less than 5 of that 
calculated by Ebbinghaus when his rather limited 
measurements were interpreted in terms of destruction 
by excitation to the nearest radiating state. The large 
volume loss of triplet metastables found by Ebbinghaus 
may well have been due to collisions between pairs of 
metastable atoms. We were able to estimate the cross 
section for destructive collisions between pairs of meta- 
stable atoms by analyzing a photograph of the 
absorption curve obtained at high metastable densities 
where the last term of Eq. (1) dominates the meta- 
stable destruction. Thus, Fig. 11 shows that when 
the nonlinear absorption of the 3889A radiation is 
taken into account,'® the reciprocal of the metastable 
density is a linear function of time over an appreciable 
range of metastable densities as predicted by Eq. (3). 
Using the theoretical absorption coefficient" to calculate 
the absolute metastable density, the average cross 
section for collisions between pairs of helium triplet 
metastable atoms is found to be 107 cm? at 300°K. 
We can now estimate the error in the time constant 
determinations due to collisions between pairs of 
metastable atoms. For the measurements summarized 
in Fig. 10, ten percent absorption corresponds to an 
average metastable density of 1.5 10'® metastable/cc. 
Therefore, the loss due to collisions between pairs of 
metastables amounts to about 20 percent of the 
measured loss at intermediate pressures and 300°K, but 
becomes negligible at the lower and higher pressures. 


1 A correction for nonlinear absorption was made using the 
relations developed by Mitchell and Zemansky for Doppler 
broadening (see reference 1). The effective ratio of the line widths 
was determined by noting the change in absorption when the 
absorption path length was doubled. The tables of fractional ab- 
sorption as a function of the product of the absorption coefficient 
and the path length have been recomputed and extended for us 
by R. W. Hamming. 

uD. R. Bates and A 
A242, 101 (1949). 
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Destruction of Metastables by Impurities 


In order to estimate the effects of foreign gas im- 
purities on the lifetimes of metastable atoms, small 
amounts of nitrogen, hydrogen, mercury, krypton, and 
argon were admitted to the absorption cells. Except 
in the cases of kryptoh in argon and argon in neon and 
helium, the foreign gas impurity was “cleaned up” by 
the discharge and the uncertainty in the admixture 
fraction is large. Table I gives the average results ex- 
pressed in terms of the cross section for the destruction 
of metastables by the impurity atoms at 300°K. The 
cross sections for argon in helium and neon are in reason- 
able agreement with those obtained by Biondi from 
ionization studies.* It should be noted that Biondi’s 
measurements of ionization in helium may refer to the 
helium singlet metastable whereas our data certainly 
apply to the triplet metastable. 


SUMMARY 


Our measurements of the lifetimes of metastable 
atoms at low metastable densities have shown that the 
destruction of the metastables is by diffusion to the 
walls at low pressures and by either two-body or three- 
body collisions at high pressures. These experiments 
have demonstrated for the first time the importance 
of three-body collisions as a destruction mechanism for 
the lower metastable states of argon, neon, and helium. 
The fact that the observed decay constants for the 
helium triplet metastable yield reasonable coefficients 
for the rates of diffusion, three-body collisions, and 
collisions between pairs of metastables should remove 
the doubts which have been expressed’ regarding the 
validity of the absorption method. In particular, the 
agreement between the experimental and theoretical 
diffusion coefficients for the helium triplet metastable 
should serve to encourage further theoretical and ex 
perimental work in this field. 

These studies have shown that 
features of the destruction of the metastables which we 
could explain only qualitatively. A program directed 
toward correlated measurements of electron densities 
and more precise determinations of the metastable 
densities is being undertaken by one of us (A.V.P.). 

The authors wish to express their appreciation to 
R. G. Brandes, H. C. Geissler, and H. W. Weinhart for 
their assistance in design and operation of the apparatus, 
and to P. W. Anderson, J. A. Hornbeck, and A. H. 
White for many valuable disussions. One of us (A.V.P.) 
wishes to thank the staff of the Bell Telephone Labora- 
tories for the opportunity to participate in this research 
during the summer of 1950. 
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The macroscopic hydrodynamic equations to the reversible linear approximation for mixtures are set up 
and analyzed, without making any assumptions beyond that of the traditional form of the two-fluid model. 
The equations of wave motion are derived and discussed. A novel feature of them is appreciable coupling 
between pressure and entropy-density fluctuations. It is shown how the constants appearing in the equations 
may be expressed partly in terms of the measured partial vapor pressures. Pomeranchuk’s formula for the 
velocity of second sound appears as a possible special case; and it is shown how his assumption that the He® 
component is carried entirely with the normal velocity may be tested experimentally. The intervention of 


isotopic diffusion is briefly discussed. 


I. INTRODUCTION 


ip recent years experiments with liquid helium con- 
taining appreciable fractions of the He® isotope have 
shown that this mixture retains the properties charac- 
terizing a superfluid: a lambda transition,' superleak 
transfer of mass,! the fountain effect,? and “second 
sound” waves.* The study of these macroscopic proper- 
ties in isotope mixtures may well become of importance 
to the progress of the microscopic (kinetic) theory of 
“quantum For pure‘ He‘ superfluid, an 
empirical macroscopic theory—the “two-fluid model’’® 
—is a virtually indispensable intermediary between the 
dynamical experiments and microscopic theory: the 
principal theme of this paper is the construction of such 
a macroscopic dynamics for mixtures, analogous to and 
generalizing that for pure He‘. (The relation of this 
paper to other published work on the question is indi- 
cated below.) 

On the basis of the experiments quoted, it is natural 
to assume that the two-fluid dynamics gives as correct 
a description for the superfluid mixtures as for pure 
He‘.6 This assumption will be made throughout the 
present work. Accordingly, the density p is divided into 
two parts associated respectively with two velocity 
fields V,, V,; so that the mass flow J has two terms, of 
which the first alone is proportional to the entropy 


flow N, 


liquids.” 


P=Patps, J=paVatpvs, N=pSvn. (1) 


* This work was begun at Duke University, under contract 
with the U. S. Office of Naval Research and concluded at the 
Institute for Advanced Study, where it was supported by a 
grant-in-aid from the Institute 

1 Abraham, Weinstock, and Osborne, Phys. Rev. 76, 864 
(1949); J. G. Daunt and C. V. Heer, Phys. Rev. 79, 46 (1950). 

2 Taconis, Beenakker, and Dokoupil, Phys. Rev. 78, 171 
(1950). 

3 FE. A. Lynton and H. A. Fairbank, Phys. Rev. 80, 1043 (1950). 

4 That is helium from natural sources, containing about one 
part in 10? of He’. 

5 P. R. Zilsel, Phys. Rev. 79, 309 (1950). 

6. F. Hammel and A. F. Schuch have recently (Schenectady 
conference, October 1952) described experiments on superleaks 
which are not obviously consistent with a two-fluid model for 
mixtures. However, a final interpretation of their results (which 
seem to contradict those of earlier experiments) must wait on 
further investigations. 


In the present case of a mixture, the density is also 
divided between the two chemical components; and we 
have to assign each of these isotope densities separately 
between the two velocity fields. Thus, 


P= Pst Ps, P3=P3nt Pas, P4= Pant Pas, 


(2) 


Pn= Pant Pan, Ps= Past P4s- 


The ratios pgn/pss, Pan/ Pas, Will in general depend, like 
the total density and the other thermodynamic mag- 
nitudes, on the concentration of He’. 

We shall find that the precise partition of the He* 
component between the two velocity fields has far- 
reaching effects on wave propagation. The mass flow 
vector for the He® may be written 


J3= panVnt P3eVe= P3Vit[(pasP3n — PanPss)/p V2 
= PwVit+ (psn —PnW,)V2, (3) 

where 

PV1=J=paVnt ps, V2=Va—Ve, (4) 
and 
Watw=w=ps/p. (5) 
The v2 term of (3) represents a flow of He* in the 
reference frame moving with the center-of-gravity 
velocity vi, in analogy with the v2 term in the entropy- 
flow equation 


Pin = PWn, P3s = pw,, 


N= pSvi+p,Sv2. (6) 


This flow of He? will give rise, in wave motion involving 
V2, to fluctuations of He* concentration and hence of 
the thermodynamic functions in their dependence on 
the concentration. The consequences of these fluctua- 
tions are: (a) an appreciable coupling between pressure 
and temperature waves, whereas for pure He‘ the 
coupling is negligible; and (b) a large influence on the 
dependence on He’* concentration of the velocity of 
second sound.’ 

The flow represented by the v2 term of (3) has been 
isolated in the “heat flush” experiments of Lane et al.,* 
in which “normal” and “super” currents p,V, and p,V, 


7 We shall see that u2(w) is analytic at w=O only if the He? 
component is, like the entropy, carried entirely with the normal 
velocity Vn. 

® Lane, Fairbank, Aldrich, and Nier, Phys. Rev. 73, 256 
(1948). 
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exactly counterbalanced, and in which the He*® com- 
ponent was found to be carried in the v, direction— 
showing that the coefficient of v2 is positive. Koide and 
Usui assume,’ however, that the coefficient of v2 is zero: 
that the average velocity of the He* atoms is the 
center-of-gravity velocity v;. Pomeranchuk’s theory," 
on the other hand, assumes the extreme values p3,= 0, 
Pan= ps: that the average velocity of the He* atoms 
is V,. The object of the present work, on the other hand, 
is to construct a general theory without making any 
assumptions beyond those of the traditional form of 
the two-fluid model (Appendix A). We shall see from 
the results obtained in Secs. II] and IV that the ratios 
Pan/ps and p4n/ps may (like p,/p for pure He‘) be 
determined empirically by suitable experiments. 

Throughout this paper the equations of motion are 
restricted to their linear approximation, which repre- 
sents those simpler dynamical effects whose study must 
be the first objective of the experimental program. We 
also exclude the linear irreversible effects, viscosity and 
heat conduction, which are known to introduce only 
inconsiderable refinements into the analysis of the 
superfluid He‘ phenomena and which may be con- 
sidered second-level effects in the microscopic theory. 
Diffusion of He® relative to He‘, a linear irreversible 
effect peculiar to the mixtures, is introduced in a ten- 
tative way in the final Sec. V. It is shown there that the 
effect of diffusion on wave propagation is probably 
quite negligible, but that diffusion has an essential role 
in the generation of second sound in mixtures, and gives 
rise to a third mode of wave motion which is highly 
damped and confined to a thin “skin” round sources and 
absorbers of second sound. 

The two previously published papers on this topic?!” 
make various restrictive assumptions, in addition to 
those mentioned above. Koide and Usui follow Gorter" 
in supposing that the division of the density between 
the two velocity fields may be treated as a Gibbsian 
equilibrium between two phases, and de Boer and 
Gorter” in setting the isotopic mixing term of the Gibbs 
function equal to that of an ideal solution with isotope 
densities p3 and p4,. Pomeranchuk, whose treatment is 
confined to dilute solutions (w<1). seems to have 
assumed in his numerical predictions that 


pn(w) p(w) = p.(0), 


where m*/m;>1; which makes p(w)> (0), contrary 
to fact. 


pn(O)+(m*/ms3) ps, 


®S. Koide and T. Usui, Prog. Theor. Phys. 6, 506 (1951). 

107. Pomeranchuk, J. Exptl. Theor. Phys. (U.S.S.R.) 19, 42 
(1949). 

1 C, G. Gorter, Physica 15, 523 (1949). 

12 J. de Boer and C. G. Gorter, Physica 16, 225 (1950). 

3 Tn reality, ps(w) + (0). One would hence expect pa, and pin 
each to depend on w, even if Pomeranchuk’s assumption (p3.=0, 


Pin= ps) is correct. Since the lambda-temperature—where p,=0 
depends on w,' it follows that more generally p, is a function 
of w. 


PRICE 


II. THE REVERSIBLE EQUATIONS OF MOTION 
The following equations for the mixture are proposed: 
Op/dt+ div(prVnt+p.V,) =9, (7) 
O(pw)/dt+ div(pwrVnt purv,)=0, (8) 
O( pS)/dt+div(pSv,)=0, (9) 


p,OV,,/dl+ p,Ov,/dt+gradP=0, (10) 
dv,/dt+ grad[ g—w(dg/dw)p,r | 


+-(w,p/p,) grad(dg/dw)p,.r=0, (11) 


where g=e+P/p—TS is the Gibbs function, e and § 
the internal energy and entropy, per unit mass of 
mixture. Equations (7), (8), and (9) are the con- 
servation equations corresponding to the formulas (1) 
and (3) for J, J; and N. Equations (10) and (11), the 
acceleration equations in linear approximation, are 
derived in Appendix A. 

By (A3) and (A6) of the appendix, the energy flux 
vector A nPaVntA spoVs iS 


Q= (P+ pe)v, 


+[ p.ST+ (i nPxs (12) 


WyPn)(Og Ow) p71 vo. 


The ve (“internal convection”) term of (12), which 
generalizes to mixtures the corresponding term for pure 
He‘ found by Zilsel,'4 may be written: 


[ psS(de/OS) >, wt (psn — pnw.) (e/dw),, s |V2, 


when the exact analogy between the entropy-transport 
and He?-transport parts becomes clear. 

For pure He‘, the second and third terms of (11) re 
duce to an irrotational vector, gradg. Hence curlv, is a 
constant of motion, and hence it is consistent with the 
equations of motion to set curlv,=0 identically. It is of 
interest to see if this result applies, on our equations, for 
mixtures. For Pomeranchuk’s assumption (w,=0), the 
third term of (11) vanishes and the result is still true. For 
the Koide-Usui assumption (w,p=p,w), O(curlv,)/dt is 
proportional to grad(dg/dw)Xgradw. But dw/dt= 
—v,‘gradw in this case, and hence if gradw is ever zero 
everywhere (w constant) then it remains zero: and then 
curlv, is constant. However, it is clear that in general, 
unless w,=0, curly, is not constant and may not be 
supposed zero over all time. 


III. WAVE MOTION 


In this section we derive and discuss the wave equa- 
tions governing macroscopic disturbances of small 
amplitude. For brevity we write: 

€= (WnPs—WePn)/wWp,, (€< 1) (13) 
and 


S=S—e w(dS/dw)p.r. (14) 


Reference 5, Eq. (3.12). 
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Equations (7)-(11) give, in linear approximation :® 
Sdw/dl= € wd / gl; (15) 
#p/dP= VP: (16) 
#S/dP? = S(p./pn){(1/p)V?P —VLg —w(dg/dw)p, r | 
—(1—e)wV*(dg/dw)p,r}. (17) 

Equation (15) integrates to 
(15’) 


Séw '6t Ewa / dt; 


where the primes denote small deviations from the state 
at some arbitrary instant. Thus the fluctuations w’ and 
S” are not independent; and hence (16) and (17) repre- 
sent, as for pure He‘, a wave system with two degrees 
of freedom. To reduce (16) and (17) to separable form, 
it is most convenient to transform to the variables P’, S’. 
By straightforward thermodynamics and substituting 
for w’ by (15’), we find (Appendix B): 


dp (Op ap S! 
( ) r+[8(— ) + «wo(~) [as 
OP 5, w OS J py dw] pr S 


(1/p) p’- [g —_ w(dg/dw)p, r| 


—(1- e)wl (dg/dw) p, r| 


_f{ ov Ov 
{9G3), 3), 
OST pw dw! p.r 
_ aT arg ¥ 
(2%), +ee(2)_ JE. 
Os P.w Ow? P.T S 


v=1/p. 


where 


The wave equations derived from (15), (16), and (17) 
are hence 


&P/d? —c2PVPP= (peru/S)\PS/dF, 
S/d? —c2V2S = (Sp,/ppn)uV*P, 


(20) 


where 

or=(AP/Ap) 0 

cP =(p./pn)L(S)?T/Cr.w + Cw?(dg/dw*)p 1), 
u=(8/Cp,v) Tap, wt €(w/2)(v/dw) p,r 


(20’) 


(*)-( ee 
ao Cu ep, w(C2*pn/ Sp.) 1S(p./ pa) pe2*Cp, wS/TS/ XT" 
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and where 


Cp, «= T(aS /OT ) p. Wy aPuwe= (1 ‘v) (Ot OT) p Ww) 


as usual. 

The equations (20) represent two wave motions, 
each of coupled pressure and entrepy fluctuations, with 
velocities u; and #2 given by the roots of 

(u® —c,")(u? —c*) = (p./ pn) wren’. (21) 
The first term of Eq. (20’) for the coupling factor p 
will be small, as it is for pure He‘, because ap is small; 
but we would expect the second term to be appreciable 
when the concentration w is appreciable. The derivative 
dv/dw has not yet been measured ;'* but we have the 
values for the pure liquids, %=7(0)=6.9 cm*/g and 
vg=v(1)=12.7 cm*/g, from which we may take 
(1/v)(dv/dw) to be of order unity, and hence 


u~ew~w. (22) 
The factor (p,/pn)u* in (21) will always be finite, since 
(ew)*(p./pn) < ew(1 —w) < }, but may be large enough at 
high concentrations for the actual velocities, #; and tu, 
to deviate appreciably from c; and cg. For small con- 
centrations w, where we are looking for deviations of 
order w from the pure He* values, we may ignore the 
right-hand side of (21), which is of order w”. 

Appreciable coupling of thermal and acoustic dis- 
turbances will considerably complicate the wave phe- 
nomena. We set up here the equations needed for 
making calculations on the coupled waves: Equation 
(20) gives, for a wave motion of either mode, the 
equivalent formulas: 


(uw? — cr) P’ = mpeu?(.S’/S . 
p(u® —ca*)(S’/S) = u(p./pn)P’, 


where “=, Or 2, which are supplemented by the 
relation [Appendix B, Eq. (B3) ], 


T’ = (T/Cr,w)[8(S"/S) + (ap, w/p)P’). 


The mass and entropy flux vectors are given, for a 
general motion, by 


(23) 


(24) 


0J/dt= gradP, (25) 
-ON/dt= pc? gradS+ u(p,/pr)S gradP. 


From (24) and (25) we may write down an acceptance 
(inverted impedance) matrix,'” for a plane traveling 
wave of either mode, according to: 


(26) 


‘5 In the equations which follow, the equals sign is to be understood as within this qualification, which will not be repeated. 

16 The curves of v(w), when they are determined, will be of interest apart from the bearing indicated here on wave motion. For ex- 
ample, the limiting slopes of the curves will give the partial specific volumes, 03=(0V/OM3)M,4, w>0=04+(00/0w)w.0 and 
243= (OV /OM,) Mg, w—>1=03—(d0/dw)o.1, Which together with v3 and 2% provide four experimental measures which a realistic theory 


of the equilibrium state of quantum liquids should fit. 
17 J, R. Pellam, Phys. Rev. 76, 872 (1949). 
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where “= or “2. Equations (23) show that the second 
sound mode carries a pressure fluctuation 
pci*uy” 
-u——(S1'/S), 


6;?— Uy? 


(27) 


/ 
P,/=- 


while first sound carries an entropy fluctuation 


(p./pn)S 
Si'= p———P 
p(u;?— Cc?) 


(28) 


However, these are not the only coupling effects which 
we may expect in practice. If, for example, we generate 
second sound in the conventional way, by a resistance 
strip carrying an alternating current, then the boundary 
conditions at the heater will be such that the first-sound 
mode must be generated at the same time. Picture the 
heater as a plane rigid wall, generating plane traveling 
waves by an oscillating outward entropy flux'® N(t): 
then, by the first of Eqs. (25), gradP=0 at the heater 
wall. Since the two wave modes generated have the 
same time variation, this means 


Py’ = —(uj/u2)P2’, at the heater. (29) 


Thus the coupling of modes at the wall leads to a bigger 
pressure component than does the coupling within the 
second mode. From (27), (28), and (29): 


S;’ (p./ Pn) C1? Ue 
ee y (30) 


g Mu 
S,’ (¢,?— ug”) (uy? — 9?) 





and hence, by the second of Eqs. (25), 


9 uoN 
tt 


7(p./Pn)C1?U2? 


(¢1?— U9) (uy? —c2") 





| at the heater. (31) 


If the oscillating flux V is periodic, then at increasing 
distances from the heater the pressure oscillations P,’ 
and P,’ will be alternately in and out of phase. If 
No is the amplitude of NV at the heater, then (neglect- 
ing uw’) by (27), (29), and (31) the pressure amplitude 
will vary between the limits 


uNo %;? uNo u;? 
P)»=—_- ——, and P)=— ° (32) 
S u+te S y— ty 


A rough estimate shows that amplitudes of grams per 
cm? should be readily produced in this way (indeed, for 
low temperatures and appreciable concentrations the 
cavitation threshold may be an effective limitation on 
second-sound amplitudef). It is suggested that measure- 
ments of this pressure effect be made to obtain an 
estimate of u, and hence, when dv/dw is determined, of e. 


18 There will necessarily also be a constant (dc) flux, which 
does not affect this analysis and which we ignore. 

t Note added in proof:—With positive temperature pulses, rather 
than continuous ac, the tension tending to cause cavitation would 
have the smaller value given by (27). 
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The excitation of standing waves of second sound in 
a cavity requires a more complicated analysis, which 
is not attempted here. The Pellam disk experiment'® 
registers 4 force proportional to 


Pant pv? = (pn/ ps) J*/pn yes 2N . J/S+N?/S*], 


at the center of the cavity. It appears from the fore- 
going considerations that an analysis of this effect for 
mixtures,”” as was attempted by Koide and Usui,’ 
should take due account of the coupling measured by yu 


(33) 


IV. EVALUATION OF RESULTS; DILUTE SOLUTIONS 


The formulas (20’) are in terms of thermodynamic 
functions for mixtures, and their derivatives with 
respect to concentration, which are not known directly 
from practical measurements. This deficiency may be 
largely filled by combining the values of the functions 
for the pure He* and pure He‘ liquids with the extensive 
data on the partial vapor pressures of mixtures which 
have been obtained.” The link between the vapor 
pressures and the liquid functions is the equality of 
each of the chemical potentials in the two phases. This 
equality is expressed by the equations” 


g —w(dg/dw) p, r= gat (RT /msg) In(pa/ pa), 
g+(1—w)(dg/dw)p, r= gst+(kT/ms) In(ps/ps°), 


where m3 and m, are the atomic masses, p3; and p, the 
partial pressures, and where g3 and f,° refer to pure He* 
liquid, g, and p,° to pure He‘ liquid. (To allow for the 
nonideality of the vapor, the pressures p should be 
replaced by fugacities.”) In obtaining the other 
functions for the liquid from Eqs. (34), we have to 
remember that the latter are valid only on the satura- 
tion surface in the P —T —w diagram. Thus, taking the 
difference of the two equations and differentiating along 
the line “7 =constant” in the surface: 


0°g Ov OP at 
(2), 02) C2) 
Ow? P.T Ow PLT Ou T 


1 Ops -: 
af) 
m3p;\ dw / 7 mabe 


Since the second term on the left may be neglected, 
this result gives the w?(d°g/dw*)p,r which occurs in 
the formula (20’) for c. S and Cp, are derived in the 
same way. Writing 


In(p3/ps°)=rs, In(pa/pa°)=14 


for brevity, and neglecting terms in Pya as before, we 


(34) 


xe h 


(35) 


19 J. R. Pellam and W. B. Hanson, Phys. Rev. 85, 216 (1952). 

2 B. Weinstock and J. R. Pellam, Phys. Rev. 89, 521 (1953). 

21H. S. Sommers, Jr., Phys. Rev. 88, 113 (1952). 

2See E. A. Guggenheim, Thermodynamics (North-Holland 
Publishing Company, Amsterdam, 1949), Chap. 5. For the 
purposes of this paper, we express the formulas in terms of the 
concentration by mass w. 
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have altogether: 


S= Sot (1— €)w(S3—S4) 


0 (nT m3 1% i 
eae oe) 
OTL mM, mM, Mg 


3? “wr 
C=wC3;+ (1—u reer Athena “| (36) 
ms 


OT*L my; 


(To the approximation in which the Psa term is ne- 
glected, Cp and C, are not distinguished.) Thus, if the 
pure liquid data, the partial vapor pressures, and 
p(P,T,w) are known, it is possible in principle to 
express € and p,/p, in terms of m and wu». 

The formulas (36) reduce to a more tractable and 
interesting form for the case of dilute solutions (w<1), 
on which measurements of “2 have actually been made 
and published.’ It is known” that Henry’s Law—the 
proportionality of solute vapor pressure to concen- 
tration—applies to sufficiently weak solutions of He?.24 
We may then set 


p3= a(T)- X ps4 OX?), pa= 


a v m4 
(ey 
M3 


is the concentration of He* by molar fraction, the 
measure commonly quoted in the literature. If the 
solution were ideal, we would have a=1. The second 
of Eqs. (37) necessarily follows from the first, by the 
Duhem-Margules equation.** Substitution of (37) into 
(36) gives: 


¥)pe+O(X2), (37) 


where 


(38) 


7 ms 
Ss= Sa+ ( 1-— €) a ~-X (53 = S4) 


ms, 


RX d(T \na) 
+—[1-a-9— -—— (1—¢) nx | 
m4 1T 


¢ 


kT d*(T \na) 
C=Cyt+ x|“(a-c o-—— | 


dT? 


mM, ms 


0°g kTX 
Ow? mM, 


+higher powers of X. Since u?—c2* vanishes as X? for 
dilute solutions, substitution of (39) in the second of 


% App lication of Nernst’s Law to the expression for S derived 
from (34) (or equally to § in (36)) shows that He nry’s Law must 
be violated at sufficiently low temperatures. The vapor pressure 
measurements only go down to 1.27°, and it seems unlikely that 
they can be carried much further. 

* Reference 22, Eq. (5.20.3). 
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(20’) gives us? as a function of ¢, X, T, and p,/p,. If we 
assume with Pomeranchuk that the He® moves entirely 


with the normal fluid (i.e., set e= 1), then we find 
us? = (p,/pn)[ (Sst RX /my)?T/C(X)+RTX/mg], 


which is Pomeranchuk’s result.'® The above derivation 
of (40) shows that it is valid for just that range of con- 
centrations for which Henry’s Law is true. Corrections 
for higher concentrations, in terms of the deviations 
from Henry’s Law, may be obtained from (36). We 
may expect p,/p, to be expandible as a power series in 
Y¥.” so that according to (40) 


(uo(X) P=(u2(0) PL1+XQ(T)+ -- «J. 


If, on the other hand, 1—e does not vanish, then u* 
may not be expanded as a power series in XY. We have 
instead an expansion of form 


[w2o(.X) P/[2(0) P= 1 
4+XQ(T)+(X InX)R(T)+°-«. 


It follows that a sufficiently accurate examination of 
the dependence of “2: on X for very small values of X 
(say 0.01 downward) would show whether or not e= 1, 
i.e., whether or not p3,=0, by the absence or presence 
of a X InX term in the dependence. If such a term is 
present, then the determination of Q and R in (41) will 
serve to determine e, and the dependence of p,/p, on X, 
separately. The numerical analysis depends on values 
of a(T), Eq. (37), obtained from the vapor pressure 
data, and to a lesser extent on values of the entropy 
for pure He? liquid.* Q and R will increase very rapidly 
with decreasing temperature. For e=1, the part of Q 
not contributed by the variation of p,/p, with X is 
already of order 10° at 1.4°. It is therefore understand 
able that Lynton and Fairbank found a large increase 
of u#2 even for small concentrations, at such temperatures. 

If «+1, and varies with X, then for appreciable con- 
centrations a knowledge of m2, the vapor pressures, and 
the thermodynamic functions for the pure liquids, is 
not sufficient to determine ¢ and p,/p, separately. We 
need also (for example) the coupling factor u and v(X). 
In principle, » might be found by comparing «,(X) with 
the values of ¢;(X) calculated from P(p, T, X); but one 
would not expect the practical accuracy of this method to 
be good enough. However, as was remarked in Sec. III, 
u might be found by measuring the pressure fluctuations 
in second sound; and there seems a reasonable hope 
that this method would be of tolerable accuracy. 


(49) 


(40’) 


(41) 


V. DIFFUSION 


In the preceding analysis we have ignored the possi- 
bility of diffusion of He’ relative to He‘ [in addition to 
the reversible relative motion given by (3) ] under a 


% This is not completely obvious. It would not be true if, for 
example, Tisza’s relation p,/p=5S/S, held for mixtures, because 
the expansion of S requires a term in X InX. 

26 Weinstock, Abraham, and Osborne, Phys 
(1953). 


Rev. 89, 787 





1214 p 


gradient of concentration and of the other thermo- 
dynamic variables. We shall see in this section that 
diffusion probably has a negligible influence on the 
propagation of free first- and second-sound waves. 
However, the generation of the waves at a solid surface 
cannot in general be consistently described without 
admitting diffusion.2? At a solid wall the normal com- 
ponents of J and J; must vanish separately; and con- 
sequently, if we did not allow diffusion, only for the 
Koide-Usui assumption (e=0) would the generation of 
second sound waves by the usual method be possible. 

Beenakker ef al* have investigated the diffusion rate 
in very dilute solutions by measuring their thermal 
resistance. Arguing that thermal diffusion should be 
negligible’® compared with concentration diffusion, they 
deduce from their measurements a concentration-dif- 
fusion coefficient D decreasing from about 2.5107? 
cm?/sec at 1.2° to about 41074 cm?/sec at 2.1°. Since 
the ratio of temperature gradient to concentration 
gradient is proportional to (1/w) in second sound, 
whereas it is independent of w in the experiment quoted, 
the argument for neglecting thermal diffusion does not 
apply to second sound. However, we shall be concerned 
here simply with exploring qualitatively the conse- 
quences of diffusion, and accordingly use as a model the 
simplest equations which will serve this purpose—any 
particular model being, at this stage, provisional. We 
retain Eqs. (7), (9), (10), and (11), and replace (8) by 


O(pw)/dt+div[ pw(vn+vs) |=0, (42) 
where 


wv3;= —D gradw; (43) 


setting w,=0, for simplicity, and neglecting thermal 
diffusion. We also neglect the coupling of entropy and 
pressure fluctuations, measured by u of Sec. III, and 
solve the equations at constant pressure. If we define 


K= Dv f dt, 


then (to linear approximation as usual) 


an operator 


(44) 


wdS/dt=S(1—K)dw/ dt. (45) 


The wave equation for entropy and concentration fluc- 
tuations is hence 


(1—K)aS/d=[cs? —(p./pn)(SST/C)K JV°S, (46) 
where S and cz are defined as in Sec. II, with e= 


If we now represent the time variation of S by the 


27 This remark (and the impetus thereby to the work in this 
section) is due to F. London. 

28 Beenakker, Taconis, Lynton, Dokoupil, and Van Soest, 
Physica 18, 433 (1952). 

2% Their argument for neglecting thermal diffusion in their 
experiment may at best be admitted provisionally, pending a 
realistic theoretical understanding of the magnitudes of the two 
coefficients; but their values for D are in any case presumably 
correct in order of magnitude, and will be used here as orders 


of magnitude 
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factor exp(27i/t), theri the complex velocity of propa- 
gation u is given by substituting into (46): 
K=27iD f/u’. (44’) 

Hence, 
u{ 4? - (c+ ic?) |= is 1aC2°C3", 


(47) 


where 


ce= 2nDf, ac?= (p, ‘Be SST ia (48) 


The two roots of (47) correspond to a very slightly 
damped second sound and to a third very strongly 
damped “skin” mode. For the practical frequencies f 


and the Leiden values of D, c<c.*. Hence the roots 
are, to sufficient approximation, 


ue” = [1 + i(1 a) 3 ‘C2)? i e* U3" = 1ac3". (49) 


The extinction coefficient for second sound is thus at 
most of order Df?/c.* and hence will be negligible. 
In contrast, the mode corresponding to w3 will be 
localized within a distance (from the source of the 
wave) of order y/(D//): it will hence be confined in 
practice to a very thin skin around the source. There 
is thus a formal resemblance to the extra modes dis- 
cussed by Kronig and Thellung.*° 

To satisfy the boundary conditions at the surface of 
a heater resistance, which is the conventional source of 
second sound, both second and third modes must be 
generated. By (45), the entropy and He*-mass currents, 
in either mode, are related by 


N®=(S/w)(1-K®)J;; (50) 


where the superscripts label the mode. By (49) we may 
set 
(51) 


1-K®™1, 1—K®x~—(1-—a)/a; 


and hence, since the normal component of J3= J; + Js” 
vanishes at the heater surface, we have 
N‘)/N=1—-—a at the heater. (52) 


Equation (52) gives the fraction of the “‘signal’’ lost 
into the damped mode, on the present model. For dilute 


solutions we may write it: 
S3 | 
+ ms 1- x 
SJ] } 


(52’) 


N® Xk C, d(T Ina) 


inX +-—-+ 
N m4 S4 S4 dT 


Thus a fraction, of order X, of the signal is lost at the 
generator because of diffusion. An experimental study 
of this loss (or of the corresponding effect in the transi- 
mission of second sound through a thin conducting foil) 
might be complicated by the processes underlying the 
Kapitza temperature difference®* at the boundary.” 
If the signal loss (52) is small, then we may expect that 
the formulas obtained in Sec. III for the pressure fluc- 
tuation in free second-sound waves will not be appre- 


%® R. Kronig and A. Thellung, Physica 16, 678 (1950) 
| P. Kapitza, J. Phys. (U.S.S.R.) 4, 181 (1941). 
* T am indebted for this remark to J. R. Pellam. 
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ciably modified by diffusion; since (29) will still apply 
at a distance from the wall greater than the skin 
thickness but small compared with the wavelength. 

It should be emphasized that the valid conclusions 
from the work in this section are qualitative and order- 
of-magnitude ones. In making the simplest possible 
modification, by (42) and (43), of the hydrodynamic 
equations, we have not taken account of the necessity 
for preserving the equations of conservation of energy 
and of momentum, and of “‘semi-conservation” (in- 
crease only) of entropy. It seems desirable that a study 
be made of the way in which the possible equations 
including diffusion are restricted by these conservation 
laws and the Onsager relations.** A detailed investiga- 
tion—theoretical and experimental— of diffusion should 
be of some importance to the microscopic theory, in 
providing a clue to the way in which the He* component 
participates in the excitations of the liquid. 

I am indebted to Professor F. London, Duke Univer- 
sity, for first interesting me in this problem, for his 
continued interest and encouragement, and for valuable 
discussions; and to members of the Institute for Ad- 
vanced Study, for criticisms of the manuscript. 

APPENDIX A. THE EQUATIONS OF MOTION 
Since 
5 (pe) = [g —_ w(dg/dw)p, r jép 
+ (dg/dw)p,ri(pw)+T (pS), 
we have by (7), (8), and (9): 
— 0(pe)/dt=[g —w(dg/dw)p, 7 | div(prVn+ pss) 
+ (dg/dw)p, 7 div(pwraVn+ pw.V.)+T div(pSv,,). 
Limiting ourselves to terms quadratic and lower in the 
velocities, we may expect the two-fluid motion to satisfy 
as usual an energy-balance equation of form" 
O= O(S puta? + dpere?+ pe) / dt 
+div(A npaVatA.pv.), (A3) 
where A,=A,(p, S, w), 44= A,(p, S, w). We choose Ay 
and A, such that (A3) may be reduced to the form: 
O= Ab pata’ +4 p.0.7)/ At — pa¥n' Fn —p.¥eF,, (A4) 
where F,, and F, are linear combinations of gradients 
of the thermodynamic functions:—i.e., with the terms 
remaining, in div(p,V,) and div(p,v,), cancelled iden- 
tically. Equation (A4) may be written 
O= 3 (vn pntte7ps) 
+ PnVn° (v7, at F,) +p... (¥,— F,) } 


(Al) 


(A2) 


(Ad) 


% For Onsager relations see S. R. de Groot, Thermodynamics of 
Irreversible Processes (North-Holland Publishing Company, Am- 
sterdam, 1951). 
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and hence—since the first term of (A4’) belongs to the 
higher powers of the velocities which we are neglecting 


the form (A4) implies equations of motion: 


v,=F,, v,=F.,. (AS) 


Thus our choice of A, and A, is just that designed to 
preserve the conventional form of the two-tluid dy- 
namics. Substituting (A2) in (A3), we find that (A4) 
implies 

A,= gt (dg/dw) p, 7 (WnPe —w.pn)/Pnt+TSp/pn, (A6) 
A,= gt+ (dg/dw) p, T(WsPn —WnPs)/ Pe 


and 
F,,= —gradA ,+ (dg/dw)p,r grad(pwn/ pn) 
+T grad(pS/p,), 
F,= —gradA,+ (dg/dw) pr grad(pw,/p,). 
From (A5), (A6), and (A7) we obtain (10) and (11), 
which are evidently the only linear equations con- 


sistent with the forms of (A3) (energy flux vector) and 
(AS) (d’Alembert forces). 


(A7) 


APPENDIX B. TRANSFORMATION FORMULAS 


Expand p and S as functions of P, T and w, and sub- 
stitute for w’ by (15’): 


Op Op 
(2), ro(2),2 
oP T.w oT Pw 
Op A 
tao) (~). (B1) 
Ow PLT _ 
os as 
SG). 
oP T.w oT Pw 
as s 
+ u( ) ( ) (132) 
Ow P.1 S 
Equation (B2) gives 
oT - \y or 
r’=(—) s(—)+( ) Pr, 
OST py S OPT 5.x 


which, substituted into (B1), yields (18). Similarly 
expanding g and (dg/dw)p,r, we have 


[ g —w(dg/dw)p, r | +w(1 —e)[(0g/dw) p, x | 
= [» —¢ w(dv/dw)p7 |P’ ~ 87" 


Ss — 


(B3) 


— &w*(d?g/dw*)p.(S’/S). (BA) 


Substituting (B3) into (B4) yields (19). 
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The theory of multiple Coulomb scattering discussed in Part I 
has been applied to some specific problems in the analysis of data 
obtained with a multiplate cloud chamber. In particular, the 
problem of estimating the momentum (or, more exactly, the 
quantity Il=pc8) for a single particle is discussed, and a pro- 
cedure for determining mass using scattering and residual range 
is given for the case of a group of particles homogeneous in mass. 
In the case of an inhomogeneous group of particles, it is shown 
that the distribution function for values of the mean square angle 
of scattering in n plates can sometimes be used as a basis of 
separation into nearly homogeneous mass groups. In addition 
the distribution of the mean square angles provides an estimate of 
the error in II or in the value of the mass. These methods are 
illustrated by a determination of the masses of the proton and 
meson using a mixture of these particles observed in a multiplate 
cloud chamber. 

In the theory developed in Part I it was assumed that the prob- 
ability for single Coulomb scattering goes abruptly to zero for 


I. INTRODUCTION 


EASUREMENT of the multiple Coulomb scat- 
tering of particle tracks observed in photographic 
emulsions has proved a powerful tool in the deter- 
mination of physical properties of the particles.'? For 
example, the mass of a particle reaching the end of its 
range in the emulsion may be determined by a method 
which can be described schematically as follows: One 
divides the track into many small ‘‘cells” and measures 
for each of these cells the residual range and the angle 
of scattering. From the theoretical relations connecting 
the rms angle of scattering and the residual range to the 
momentum and mass of the particle one then computes 
the mass. 

Consider now the analogous problem of estimating 
the mass of a particle which stops in one of the plates 
of a multiplate cloud chamber. One is tempted to follow 
a procedure very similar to that just outlined, i.e., to 
measure for each plate the projected angle of scattering 
and the residual range. However, there are some dif- 
ficulties. While in the case of emulsions 50 to 100 cells 
may be available, most multiplate cloud chambers 
contain fewer than 15 plates and consequently the 
maximum number of cells is ~ 15. Under these condi- 
tions the mass determination for a single stopped par- 
ticle is quite poor, indeed, so poor as to make the 
method of little value. If, however, one can group 
together particles of the same kind from different 
pictures, one has a statistically improved method of 


* This work was supported in part by the joint program of the 
U. S. Office of Naval Research and the U. S. Atomic Energy Com- 
mission. 

t Present address, Washington University, St. Louis, Missouri. 

1 Goldschmidt-Clermont, King, Muirhead, and Ritson, Proc. 
Phys. Soc. (London) 61, 183 (1948). 

2S. Lattimore, Nature 161, 518 (1948). 


angles greater than go= ¢ma@/rn, where ¢m is the screening angle 
as given by Moliére, a is the Thomas-Fermi atomic radius, and rp 
is the nuclear radius. As a result of this assumption the mean value 
of the scattering angles, for means of order two and higher, remains 
finite as contrasted with the result of Moliére or Snyder and Scott 
where the mean square angle of scattering is infinite. Conse- 
quently either the mean of the absolute values of the scattering 
angles or the rms angle of scattering can be used in the above 
applications. Both cases are given. 

The above assumption as to the cut-off angle for single scat- 
tering affects the value of the rms angle of scattering only slightly; 
it is shown, however, that the behavior of the “tail” of the dis- 
tribution function depends critically on the choice of go. Conse- 
quently, the value of II or of the mass is not greatly dependent on 
the particular theory of multiple scattering used, but the prob- 
ability of scattering through angles large compared with the rms 
angle is. The difficulty of identifying a nuclear scattering by this 
method is emphasized. 


determining the mass. There are several ways in which 
this might be done. For example: (1) In some cases the 
particle can be identified by a characteristic interaction 
at the end of its range. (2) Simultaneous measurement 
of the specific ionization and residual range may be 
sufficient to give a crude identification of the particle. 
(3) From a single picture, one can calculate a rough 
mass value for the particle. This may be adequate for 
identification of the particle provided the possible mass 
values are limited by other information. This last 
method will be considered in greater detail in Sec. V. 

Another more fundamental difficulty becomes ap- 
parent when the procedure just outlined is applied to 
cloud-chamber data. As Olbert has shown in a pre- 
ceding paper* (quoted in what follows as “I’’), the 
theory of multiple Coulomb scattering developed by 
Moliére‘ or by Snyder and Scott® cannot be used with- 
out modification. The results obtained in I indicate 
that the effect of the finite size of the scattering nuclei 
cannot be completely neglected for the layers of heavy 
elements used in most multiplate cloud chambers (e.g., 
~10 g cm~ of lead). 

For convenience the results from Part I which are 
needed in the present discussion are summarized in 
Sec. II below. References to particular equations in 
Part I are prefixed by I-. In Secs. III and IV we shall 
consider measurement of the momentum and mass of 
heavy particles, and, as a partial verification of the 
methods discussed, we give in Sec. V the results of a 
rough measurement of the masses of the proton and the 
meson. Finally in Sec. VI we consider the effect of the 


*S. Olbert, Phys. Rev. 87, 319 (1952). 
4G. Moliére, Z. Naturforsch. 2a, 133 (1947); 3a, 78 (1948). 
5H. S. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949), 
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finite nuclear size on the probability of large angle 
scattering. 


II. SUMMARY OF MULTIPLE SCATTERING 
FORMULAS FROM I 


In I the probability of a particle suffering a projected 
single scattering through an angle ¢’ in dg’, in traversing 
a thickness ¢ g cm~ material, was approximated by, 


os | (20de'/(¢"+ em’)! | e’| <¢0; 
file’; godg’= 
|e’ | > go. 


Here gp is the cut-off angle of single scattering resulting 
from the finite nuclear size and, according to I-5, is 
given by, 


vo= Pm yn a (2) 


where a= 1.67X10'r,Z~! is the Thomas-Fermi radius 
of the atom and r, is of the order of the nuclear radius, 
R,,=0.49r,A! (r,= 2.82 10~" cm is the classical radius 
of the electron); Q is defined by Eq. (4) and yg» is the 
screening angle defined by Moliére.* According to (I-3) 
¢m is given by 


m= (1.14m.cZ4/137 p) {1.134 3.76(Z/1378)*}*. (3) 
Q is given in (I-2) by 
O= (4aNt/A)(Ze*/ pcp)’. (4) 


In Eqs. (3) and (4) p is the momentum of the scattered 
particle and fc its velocity. m, is the mass of the elec- 
tron, .V, Avogadro’s number, and e, the electronic 
charge. / is the thickness of scattering material in g cm~?, 
and Z and A have the usual significance. 

The distribution function for multiple scattering re- 
sulting from the assumptions of Eq. (1) has been 
derived in Part I. It is convenient to express this 
distribution in terms of a dimensionless variable 
x= ¢(2GQ)~!. Here ¢ is the projected angle of multiple 
scattering and G is Moliére’s scattering parameter 
given below. Calling f(x; x9)dx the probability that the 
scattering variable x lies between x and x+dx, the 
distribution function for x is represented by the fol- 
lowing equation [see Eq. (I-22) ]: 


f(x; xo) = exp(—2?)/m!+-(1/4G) f(x; x0). (5) 
The symbols in Eq. (5) have the following meaning: 
X= ¢o(2GQ)-3 (6) 


is the reduced cut-off angle and f(x; x9) is the cor- 
rection function derived in I: 


2 ‘ 
J (x; 0) =— exp(— 2°) a,(X9)x", (7) 


T v=() 


where 
1—exp(— 20”) 


cu(xs)=3] ¥(4)+ -Fi(-x0)], 


Xo 
a (x9) = Ei(— 2?) — 1— (3); 
mw? = I(x9?; v—2) 


a, (Xo) ee ’ 


2 v(v—1)T(v+4) 


lt 
Ei(—r)= -f —dt 
l 


r 


(4) =:0.0365---; (8) 


y= 2, 3,4, 


is the exponential integral,* and 


1s; pi f e~'tPdt 


is the incomplete gamma-function.’ G is defined by the 
transcendental equation, 


y* om* 
an(@2) 
e 2GQ 


where In(y?/e)=0.154--- (Iny is Euler’s constant). 
According to I the following useful approximation 
may be used to compute G: 


G~5.66+1.24 logiol Z4/3A—M/(1.138%-+ 3.76(Z/137)2) ]. 
(10) 


G= 


Equation (10) is valid for all values of G greater than 3. 
Finally the expected value of the mean square angle 
of scattering is given by [see (I-27) and (I-29) ]: 


1 
(e*)n= GO 1+ —{In(yxo?) —1— va] 
2G 


(11) 
= Q[In(2¢0/¢m)— 1]. 


The mean of the absolute values of the angles of scat- 
tering obtained in a similar way is given by 


2 \ 1 
(lel = (-<e) [s+ ‘i ( — ao(Xo) 
™ A 


1—exp(—2") x! 
—}———_—__—- (x0) 
Xo 


9 


Xo* 


(11a) 


) z0 
(x9) = 5 f exp(— dt 
0 


Tv 


is the error integral. 
Ill. MEASUREMENT OF MOMENTUM 


The quantity which can be computed from measure- 
ments of the projected angles of scattering ¢ is not the 


* FE. Jahnke and F. Emde, Tables of Functions (Dover Publica- 
tions, New York, 1945). 

7K. Pearson, Tables of the Incomplete Gamma-Function (Cam- 
bridge University Press, London, 1934). 
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TaBLeE I. The relative statistical error in II for n between one 
and ten. The error has the same meaning as that given by Eq. 
(30) for n> ten; i.e., it corresponds to the e~# width of y,(se, I). 
The calculation was done graphically. 


(40)~/t: 


n M1) * /0i 


0.597 
0.364 
0.350 
0.319 
0.297 
0.277 
0.259 
0.241 
0.230 
0.214 


0.775 
0.536 
0.432 
0.373 
0.332 
0.297 
0.277 
0.263 
0.244 
0.229 


momentum itself but the product of the momentum p 
and the velocity c8 of the particle, i.e., the quantity, 


Il= pcp. (12) 


If a particle is scattered in several plates of a multi- 
plate cloud chamber, one can form from the observed 
scattering angles any convenient average of the experi- 
mental data. If the ionization loss in the plates is 
neglected, the corresponding theoretical averages can 
be calculated from the distribution function f(x; xo) 
given by Eq. (5). From any of these averages one then 
finds the expected value of II. For the theoretical 
averages we have 


(| e] *)w= (2GQ)#*{ |x|") 


(13) 
+0 
com f |x| * f(a; xo)dx. 
For k=1, evaluation of the right-hand side of Eq. (13) 
yields [see Eq. (11a) ] 
¢| ay K,t'm.2/Nl, (14) 
where 
1 1—exp(— xo") 
K,=[8r2NZ°A'G 1 1+— (0.98174 —— : 
9) 


’ 2 


r 2x9? 


nr 
+} Fi(—m)-"a(00)) | (15) 
Xo 


If x9?>>1, the asymptotic expansions of Fi(—-xo*) and 
(xo) may be used to express K, as 


K,~[8r2NZ?A-'G}} 


1 1 rw 
x1 +-— (09817+— -*)] (16) 
2G 2x9? Xo 


Although K;, is a function of 8 through the functions G 
and x, analysis of Eqs. (2), (3), (6), (7), and (9) shows 
that AK, is practically independent of 8 over a wide 
range of values for 8. One must be cautioned, however, 
that the dependence of K; on 8 becomes more pro- 
nounced for low Z elements. If K, can be considered 
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constant, Eq. (14) shows that the mean of the absolute 
value of the projected angle of multiple scattering 
varies inversely with II. 
For k= 2, Eq. (13) yields [see Eq. (11) ] 
(ge) mt= K ottm.2/Tl, (17) 
where 


K.=[4areNZ2A—{1n(2¢0/¢m)—1}]} 


= [4ar2NZ2A~'G(1+ (1/2G) {In(yx0?) 
— 1.0365}) ]}. 


(18) 


Here Ky is rigorously independent of 8, being a 
function only of the constants A, Z, and ¢ of the scat- 
tering material. This result follows from our assumption 
that go/¢m is independent of 8, [see Eq. (2) ]. Hence II 
varies inversely as (¢*),,'. If one drops the terms in 1/2G, 
one obtains the value of K» in the so-called “normal 
approximation.” Equation (18) becomes 


K.=[4aregNZAG}= (9/2)!K;. (18a) 


If the number of plates is sufficiently large, one may 
equate the theoretical averages to those observed ex- 
perimentally, i.e., one may set 


(19) 


(SK) =< ) Av: 


The observed means (s;,)* are by definition 


- 
(sx)*=—- >| |", (20) 


nN t=! 


where ¢; is the observed value of the scattering angle in 
the ith plate. Use of Eqs. (14) or (17) then enables one 
to calculate Il. However, if m is not large, a more 
rigorous treatment of the problem is necessary. 

It is evident that in this case there is no longer a 
definite relation between (s;,)* and (|¢|*)s. To obtain 
the best estimate of II and the standard deviation for 
this estimate, we must know the distribution in (s;)*. 
For k= 2, this problem has been solved in I. According 
to I the variable x, defined by 

ae. NS? 


¥=— YF o?=—, (21) 
2GQ 


2GQ i= 
has a distribution function represented by the following 
equation, 


Fa(xs2o)=| ie exp(—7)| 


I'(n/2) 


y=0 


1 o@ 
x|1+— a cua) (22) 


2 T(1+n/2)T(v+4) 
a, (x9) =— 


wi T'(v+n/2) 


and the a,(xo) are given in Eq. (8). 





ay (Xo . 
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According to the definition of x and the meaning of 
F(x; %0), the probability that, for a given II, the rms 
angle of scattering lies betweer. 52 and 52+ is 


Wn(Se, )dse= F,,(x ; x0) (Ox/O52)d52. (23) 


This probability can also be written as xFn(x ; %0)d52/Se. 
In the case of momentum measurements the estimate 
of II can be based only on the data of one track, i.e., one 
has only one value of sy. Under the assumption that all 
values of II are a priori equally probable, the logical 
choice for II is the “‘maximum likelihood estimate’’® 
and is given by the solution of the equation 


ay, /OM = (d/AT)[xF a(x; xo) ]=0. (24) 


Since, for a given value of 5s», II is a function of x, the 
above equation is equivalent to 


(0/Ox)[xF a(x; x0) J=0. (25) 


If one uses for /,, the “normal x? distribution,”’ i.e., if 
one neglects in Eq. (22) the terms proportional to 1/2G, 
Eq. (25) becomes, 


(0/dx)[ x" exp(— x”) ]=0, (26) 
which yields 

xP?=n/2. (27) 
Thus, from Eq. (21), 

s2~ (GO)! (28) 
or 


1, (m.c?/s0)K of. (29) 


One sees that this result is identical with that for large 
n [see Eq. (17) ] in the case of the “normal approxima- 
tion.” 

As a measure of the error we shall use the quantities 
(AII)*/II, and (AII)~/TI; such that, if I, represents the 
position of the maximum of W,(s2, I), the function 
¥,(S2, II) is e ! times its maximum value at the points 
II,— (AII)~ and II,+(AII)*, respectively. Table I gives 
the values of (AII)*/Il,; and (AII)~/Tl,; for n between 1 
and 10. For n >10 the following approximate formulas 
may be used: 


(All) * 243 2 342%5 4 
——=[1+(=) +=+-(=) +--] 1, 
Il, n 3n 4\n 

(All) Ze? 2 SeaNs } 

(DT 
IT; n 3n 4X\n 


which in the limit of large m reduce to 


(AII)*+/M,= (AI) ~/1,= 1/(2n)!. 


(30) 


(31) 


From Table I the relative statistical error in the 
measurement of II is, for n=10, approximately +20 
percent. Since according to Eq. (31) the relative statis- 
tical error in the measurement of IT depends only on the 


8 See, for example, N. Arley and K. R. Buch, /ntroduction to 
the Theory of Probability and Statistics (John Wiley and Sons, inc., 
New York, 1950), p. 137 ff. 
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number of plates traversed, it will be difficult to achieve 
an accuracy much better than this with a multiplate 
cloud chamber. 

In addition to the statistical error, there is an experi- 
mental error arising from the uncertainty of the angular 
measurements. Let As. represent this experimentai 
uncertainty in the value of s2. From Eq. (17) the ab- 
solute value of the relative experimental error is 


AII/T1= Asz/ So. (32) 


The limit of accuracy for momentum measurements in 
a cloud chamber operated in a magnetic field is defined 
by the ‘‘maximum detectable momentum.” In an 
analogous manner we introduce, using Eq. (29), a 
“maximum detectable II.” 


Tnax = (mc?/Ase)K of. (33) 


Using this definition, Eq. (32) may be written as 


follows: 


AIL /11 = T/Thnax- (34) 


As an example suppose that the plates are of lead, 2 cm 
thick, and that As.=0.5°. Equation (18) gives Kof! 
= 3.42 10° (deg) and Eq. (33) yields Mmax~3.2 Bev. 

The procedure for the evaluation of II and of the as- 
sociated errors given above is based on the knowledge 
of the distribution in s2 (Eq. 23). Since we do not have 
at our disposal a simple analytical expression for the 
distribution in s;, a similar treatment of the errors in 
this case is not possible. 


IV. MEASUREMENT OF MASS 


As a second application of multiple scattering theory 
we shall consider the case of particles which reach the 
end of their range in one of the plates of the cloud 
chamber. We now have at our disposal an additional 
quantity, the residual range of the particle at each 
plate. From this quantity and from the scattering one 
can estimate the mass of the particle. 

To simplify the procedure, it is useful to introduce a 
new variable 7 instead of the angle ¢, 


n= oR, (35) 
where R is the residual range and a@ is the constant 
appearing in Eq. (36) below. This new variable is a 
useful one because the following relation holds in 
all elements over a wide range of momenta (0.05 < 
II /(mc?) <2) 


R/me?= A z(U/me*)'/¢, (36) 


where m is the mass of the particle, a=0.55 for all 
elements, and Az is a constant for a given scattering 
material (A pp»=0.32 g cm? Mev, Aqi=0.20 g cm 
Mev). The scattering variable x= ¢/(2GQ)! which 
obeys the distribution given by Eq. (5), may be ex- 
pressed in terms of rather than in terms of g, as 
follows: 


x=n/V2p, (37) 
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Fic, 1. Experimental arrangement for selecting stopped par- 
ticles. A coincidence between the top tray, two or more G-M tubes 
in the bottom tray, and either or both side trays was required. 


where 


p= (GO)'IR*= (4ar2NZ2A-UG) 


X (m.c?A z)*(m./m)'-2, (38) 


Hence the variable » obeys the following distribution: 


g(n; Xo) = f(x; Xo)dx/dn 


1 n° 
=— exp( _ -) 
(29)'p 2p” 


1 r 
ices po; ) (39 
4pG(2n)* \Vp’ , 
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The advantage in using the above distribution lies 
in the fact that p is practically independent of the 
momentum (or velocity) of the scattered particle, and 
thus the distribution in 7 is the same for all plates of 
the cloud chamber. One may verify this by noting that 
(1) since the factor G is nearly constant for practically 
all values of 8 [see Eq. (10) ] the parameter p is only 
a function of the characteristics of the scatterer and of 
the (unknown) mass of the scattered particle; (2) the 
dependence of the cut-off parameters x» on 8 may be 
disregarded, since xo appears only in the correction 
term of g(9; xo), and thus its accurate numerical value 
is of little influence on the distribution in , except for 
n>>p. 

The explicit expressions for (7) and (|79|)a follow 
directly from Eqs. (17) and (14), respectively. If one 
multiplies these equations by R*, as defined by Eq. 
(36), one finds that 

(nq?) w= Koth(A gmc?) *(m,/m)'—-, (40) 


(|| w= Kth(A zmc?)*(m,/m)'~¢, 


and 
(41) 


Table II shows calculated values of p, (nw! and 
(|7|)w for four different kinds of particles scattered in a 
0.64-cm lead plate or in a 0.79-cm aluminum plate. 

If the number m of observed scattering variables 7, 
is sufficiently large, one can simply equate the experi- 
mentally observed averages to the right-hand side of 
Eq. (40) or Eq. (41). Then one solves the resulting 
equation for m. In analogy with the measurement of 
momentum and Faqs. (20) and (19) we have 


1 n 
(Si)*=- DL nil *, (42) 
nN i=1 
and for large n, 
(Su)*= [| *)av. (43) 
If n is not large it is again useful to have the dis- 
tribution of the means, i.e., the distribution in (S,)*. 
Setting W,(S2, p)dS, equal to the probability that a 
particle with the parameter p(m) has a rms scattering 
variable between S; and S;+d5S, in traversing » plates 
of scattering material, we obtain from Eq. (22) 


n\3 nr} 
) r,| ( ) er Xo . (44) 
2p? 2p? 


TABLE II. The values of the mass parameter p; the expected 
value of the rms of the variable 7, (n?)sy?; and the expected value 
of the mean of the absolute values of the variable 7, (|| )ay for 
different particles scattered in 7.3 g cm~ of lead or 2.2 g cm™ of Al. 


Vn(So, p) a ( 








2.2 gcm™~? of Al 
(n®)y, 


7.3 g cm~* of Pb 
- (n*),,! (inl ay p (ml py 
12.20 9.01 
10.8 7.99 
6.08 4.51 
4.81 3.56 





10.6 
9.40 
5.30 
4.19 


46.7 
41.9 
23.5 
18.0 


59.3 
53.2 
29.9 
22.8 


u-mMeson 8 
w-meson Zs 
1000 m, 9, 
proton 2. 
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Differentiation of this equation with respect to S» 
shows that the maximum is given approximately by 


(S2) most prob ~ (mn ~ 1)/n Jip. (45) 


[The exact expression is given in Eq. (I-41).’} 

Since the position of (S2)most pro» depends on p, it is 
evident that, for a mixture of particles with two dif- 
ferent values of p, the resulting distribution in S,; may 
consist of two well-separated parts. As we shall see in 
the following section, it is possible under some condi- 
tions to separate protons from z- or u-mesons in a fairly 
unambiguous way using this method. 

Thus the numerical values of p in Table II give an 
idea of the potentialities of the scattering method for 
the separation of particles of different masses. 


V. EXPERIMENTAL RESULTS 


We now turn to the discussion of a particular experi- 
ment which was not performed as a specific check of the 
present theory, but whose results give some confidence 
in the methods outlined above. 

The experimental arrangement is shown in Fig. 1. It 
consisted of a cloud chamber 50 cm square and 16-cm 
illuminated depth. The chamber contained 14 lead 
plates 0.64 cm thick, and it was expanded by a pene- 
trating shower detector of the type used by Tinlot® 
placed 0.7 meters above the chamber. Under these con- 
ditions most of the ionizing particles photographed in 
the chamber were protons and x-mesons. However, one 
would expect a few tracks of u-mesons. Some of these 
arise from the decay of r-mesons which are produced in 
the nuclear event while others originate simply from 
unassociated y-mesons. These latter traverse the 
chamber during its sensitive time and are recognized as 
not being of counter age. For our analysis, we have 
selected 72 pictures in which a particle appeared to stop 
after having traversed at least five lead plates. 

In the case of any particular particle track, n then 
varies from a minimum of 5 to a maximum of 12, and 
individual mass measurements will have little sig- 
nificance. If, however, one can identify particle tracks 
from different pictures as having been caused by the 
same kind of particles, one can group all such data 
together to obtain a statistically significant value of 
(S,)*. For this purpose we have in what follows applied 
the third method mentioned in the introduction; i.e., 
we have used the experimental distribution in S; as a 
basis of separating meson tracks from proton tracks. 
After this procedure the separate data were grouped 
together and the mass values for the proton and meson 
calculated from Eq. (43). 

To separate the protons from the mesons, we have 
chosen the following procedure: From the experimental 
data, we have computed for each accepted picture the 
quantity, 

n 3 1 on , 
=(2)se[ deere], oo 
n—1 1— 1 i=1 
* J. H. Tinlot, Phys. Rev. 73, 1476 (1948). 
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Fic. 2. The distribution in £ for 72 stopped particles 
C= (1/(m—1) )2672R32*). 
The histogram represents the observed distribution. The solid 
curve is the theoretical curve predicted by Eq. (49). The in- 
dividual contributions by 55 protons and 17 mesons are indicated 
by the dashed curves. 


where » is the number of Pb plates traversed by the 
particle in question. Since m varied from case to case, 
the position of the maximum of the distribution in S, 
would not be constant ; however, according to Eqs. (45) 
and (46), the position of the maximum of the dis- 
tribution in is independent of n. Thus by the choice 
of the variable £ one avoids an undue broadening of the 
distribution curve obtained by grouping together data 
corresponding to different values of n. 

The 72 values of £ obtained in this way have been 
plotted in the histogram shown in Fig. 2.{ In order to 
compare this histogram with the theoretically predicted 
distribution in §, we have calculated values of the 
function: 


Galt; p)=((m—1)/2p? Rat (m—1)/2p? 5 x0} (47) 


separately for protons and mesons, taking as the average 
number of traversals observed per picture n=7. 
G,dé represents the probability of observing the variable 
§ in the interval between £ and §+dE, and it is nor- 


malized so that 
f G,(&)dé=1. 


0 


(48) 


Evidently the observed distribution function should 
be represented by the following expression: 


AN — {N p(G2) proton + (72 ‘aes Np) (G7) meson} AE, 


where AV is the number of cases where ¢ lies between 
€ and §+Aé, and Np is the (unknown) number of 
protons. The best fit of Eq. (49) to the experimental 
data corresponds to Vp=55, and therefore, Nimes= 17. 


(49) 


t Note added in proof:—The relation between the variable 6 
used in Figs. 2, 3, and 4, and the variable ¢ is given by Eq. (A4) 
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The curve defined by Eq. (50) with Vp=55 is repre- 
sented by the solid line in Fig. 2. 

After the number of protons and mesons has been 
established, it is not difficult to select the individual 
events corresponding to stopped protons and those cor- 
responding to stopped mesons. Evidently it is most 
likely that the 55 values of & forming the /e ft part of the 
histogram in Fig. 2 will correspond to protons and thus 
the remaining 17 values of — forming the ‘tail’ of the 
histogram are due to the contribution of mesons. It 
turns out that the “separation value” of & given by the 
above procedure is 42. 

By grouping together the 388 values of 4 corre- 
sponding to §<42, we obtain the following value for 
the proton mass 


+ 143 
Mp (19% )rm 
128 


as calculating from Eq. (40); and 
mp=1610m,, 


calculated from Eq. (41). Similarly, the data contained 
in the group of tracks with § >42, 138 angles, yield for 
the meson mass 


26 
using Eq. (40), or 


Maiyp= 210M, 


using Eq. (41). The errors quoted are statistical and 
were obtained from a formula analogous to Eq. (31). 
The asymmetry in the error arises from the fact that 
1/p is not a linear function of the mass. 
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0 20 40 60 
n 


Fic. 3. The distribution in » for stopped particles with §<42. 
The histogram represents the observed distribution of 388 values of 
n. The curve represents the theoretical distribution computed for 
protons [Eq. (39) ] 
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Fic. 4. The distribution in » for stopped particles with >42. 
The histogram represents the observed distribution of 121 values 
of » obtained from “counter-age’’ tracks, and of 17 values of » 
obtained from post-expansion tracks. The curve represents the 
theoretical distribution computed for 121 scatterings of x-mesons 
and 17 scatterings of u-mesons. [Eq. (39).] 


Remembering that the mesons are mostly m-mesons, 
one sees that in all the above cases the experimental 
mass values are probably too small. Such a systematic 
discrepancy might be caused by the following effects: 
(a) the broadening of the distribution function intro- 
duced by the noise level scattering, (b) the bias intro- 
duced by our separation procedure for mesons and 
protons, (c) the decay of w-mesons in flight, and (d) 
scattering by other than electrostatic forces. 

The first effect has been considered in I-Sec. IV, and 
its application to the present case is discussed in more 
detail in Appendix I. We note here that this effect is 
small for mesons but lowers the experimentally ob- 
served mass value of the proton by a few percent. 

The second effect is more difficult to evaluate quan- 
titatively. In our analysis we have assumed that all 
particles for which £<42 are protons and all particles 
for which &>42 are mesons. We estimate that this 
criterion mislabels two mesons and two protons. Thus 
our separation procedure makes 14 out of 388 proton 
angles too small and 14 out of 138 meson angles too 
large. Correspondingly, the experimental mass value of 
the proton should be slightly too high, and that of the 
meson appreciably too low. 

Two of the m-mesons represented by the 14 counter- 
age meson tracks observed should have decayed before 
reaching the chamber. The expected value of the meson 
mass assuming that three of the tracks included in the 
analysis were post-expansion tracks of u-mesons and 
that two m-mesons decayed before reaching the chamber 
is 255m,. 

Finally, for the r-mesons and protons there is some 
nuclear scattering which modifies the observed mass 
values. The mean kinetic energies of the protons and 
mesons observed in the chamber are about 200 Mev and 
100 Mev, respectively. Assuming that the total cross 
section for nuclear scattering is about geometric, one 
expects about one scattering angle in 25 to be modified 
by nuclear effects. In view of these uncertainties we 
have not attempted a rigorous correction of the data. 

Figures 3 and 4 show the histograms of the observed 
distributions in » for protons and mesons, respectively. 
The solid lines represent the theoretical distributions as 
calculated from Eq. (39). While the agreement between 





MULTIPLE 
experiment and theory is satisfactory, we wish to em- 
phasize that the determination of masses by the 
methods outlined above is as yet a rough procedure, 
and that a large amount of experimental work remains 
to be done before its accuracy can be considered as 
established. 


VI. THE PROBLEM OF THE NUCLEAR SIZE, AND THE 
PROBABILITY OF LARGE ANGLE SCATTERING 


Although the results discussed above show that there 
is no statistically significant discrepancy between 
experiment and theory, it is difficult to draw a definite 
conclusion as to whether the distribution function 
f(x; %o) is in better agreement with experiment than 
those given by Moliére or by Williams. This results 
from the fact that, for the particular scattering layers 
used in our experiment (0.64-cm Pb plates) and for 
angles smaller than twice the rms value the values of 
the three distribution functions do not differ from one 
another by more than 3 percent. As far as the small 
angle scattering is concerned, the distribution f(x; x9) 
is noticably different from those given by Moliére or 
Williams only for thicknesses of heavy materials greater 
than ~50 g cm~*. One may verify this statement by 
comparing the three distributions in the limit as the 
angle of multiple scattering becomes zero. In the 
Gaussian approximation (Williams),'° 


(50) 


(GQ)! E, ft! 
fw(0)=——-; ow= (. -) ’ 


Tow V2 pB Xo 
where E,=constant=21 Mev and X% is the radiation 


length ;!° according to Moliére, 


1 0.0365 
fu (0) =- (14 = ), 
, 1G 


us 


and according to Eq. (5), 


1 
f(0; Xo) == 


us 


1 
[1+ | 0.0365 
i 4G 


1—exp(— 0") 
+— —— Ei(— xo?) | 


Xo" 

For thick layers of heavy scatterers x9 becomes smaller 
than 1, and the value of (0; 2») may exceed the value 
of fw(O) or of f(O) by more than 5 percent. In Fig. 5 
we illustrate this point by comparing the experimental 
results of Code" with the theoretical distributions. The 
solid curve is calculated by means of Eq. (5) and the 
dashed curve represents the Moliére distribution which, 
for the small angles considered here, cannot be dis- 
tinguished from the distribution of Williams. 

Another basis for the comparison of the theories is 

10 See B. Rossi and K. Greisen, Revs. Modern Phys. 13, 265 


(1941). 
1 F, L. Code, Phys. Rev. 59, 229 (1941). 


SCATTERING 


rHEORY 1223 


the behavior of the “‘tail” of the distributions, i.e., the 
relative frequencies of scattering angles several times 
the rms value. Here the results of Williams and Moliére 
differ as to order of magnitude. According to our 
modification of the Moliére theory, the behavior of 
f(x;x0) for x>>1 depends strongly on the cut-off 
parameter xo. Indeed, f(x; xo) approaches the Moliére 
distribution [i.e., the distribution of single scattering, 
see Eq. (I-19) ] for xo>>x, and that of Williams (Gaus- 
sian distribution) for r><x. 

The controlling role of xo on the distribution function 
suggests some caution in the estimate of numerical 
values based on the behavior of the “tail.” Evidently, 
in our highly schematic treatment of the effects of the 
finite nuclear size, Eq. (I-20) should be interpreted as 
giving the order of magnitude of xo rather than its 
accurate numerical value. In particular, there is no 
justification for identifying the effective radius for 
nuclear interaction R, with that for electromagnetic 
interaction r,. No quantitative results exist for lead, 
but the situation is indicated by the results of Amaldi 
et al. who have considered this problem for the Coulomb 
scattering of m-mesons from light nuclei.” Their 
parameter 6} describing the nuclear dimensions, turns 
out to be about 30 percent smaller than R,. At least 
this is the case for the coherent scattering of u-mesons 
from protons, the latter being assumed point charges. 
The presence of incoherent scattering and the possi- 
bility of a finite value for the (electromagnetic) radius 
of the proton complicate further an accurate theoretical 
determination of 7,. In view of these difficulties we 
propose to express r, as follows: 


r,=TR,=0.4970r,A!, (51) 


Number of Events 





Fic. 5. The distribution in (pc@) for cosmic-ray particles at 
sea level which traverse 3.8 cm of tungsten. The histogram repre- 
sents the experimental results of Code with corresponding statis- 
tical errors. The solid curve was computed by means of Eq. (5); 
the dashed curve represents the Moliére distribution. 


2 Amaldi, Fidecaro, and Mariani, Nuovo cimento 7, 1 (1950) 
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TABLE III. The integral scattering probability P(q; I) tabulated as a function of thickness for aluminum, iron, and lead for values 
of I’ between zero and one. q is the projected angle of scattering y expressed in units of (GQ)* and I is an arbitrary parameter which 


fixes the cut-off angle for single Coulomb scattering. 


—_— [a = a 


(a) T 
Fe 
10 


Al 


10 100 


0.3196 
0.1421 
0.0571 
0.0226 


0.3113 
0.1318 
0.0471 
0.0148 
0.00419 
0.00108 
0.00025 
0.00005 
6.00001 


0.3244 
0.1494 
0.0657 
0.0310 
0.0168 
0.0104 
0.0071 
0.0051 
0.0038 


0.3220 
0.1451 
0.0605 
0.0260 
0.0126 
0.00691 
0.00412 
0.00256 
0.00158 


wm 


_ 


0.0304 
0.0163 
0.0099 
0.0067 
0.0046 
0.0029 


SOmnscwm 


tan 


0.0006 
0.0002 


Sa 


0.00939 
0.00400 
0.00167 
5 
2 


100 


0.3152 
0.1367 
0.0525 
0.0187 
0.00645 
0.00210 
0.00062 
0.00016 
0.00003 


0.3125 
0.1340 
0.0496 
0.0166 
0.00521 
0.00151 
0.00039 
0.00009 
0.00002 


0.3000 
0.1210 
0.0395 
0.0106 
0.00238 
0.00046 
0.00008 
0.00002 
0.00000 


0.0649 
0.0300 
0.0157 
0.00906 
0.00554 
0.00367 
0.00160 


0.0311 

0.00678 
0.00106 
0.00010 
0.00000 


(b) f =0.70 


0.3245 
0.1495 
0.0658 
0.0311 
0.0169 
0.0105 
0.0072 
0.0052 
0.0039 


0.3226 
0.1459 
0.0613 
0.0269 
0.0135 
0.0078 
0.0050 
0.0034 
0.0017 


0.3243 
0.1492 
0.0654 
0.0307 
0.0165 
0.0102 
0.0069 
0.0050 
0.0035 


0.3216 
0.1445 
0.0596 
0.0251 
0.0121 
0.0061 
0.0031 
0.0016 


0.3163 
0.1369 
0.0519 
0.0180 
0.0061 
0.0019 
0.00063 
0.00018 
0.00005 


aASounowoe 


— 


ie ROW NN 
no 


— 
— 


7 


0.00079 


0.3242 
0.1494 
0.0657 
0.0310 
0.0166 
0.0100 
0.00655 
0.00449 
0.0026 


0.3193 
0.1420 
0.0574 
0.0228 
0.0094 
0.0040 
0.0016 
0.00055 
0.00020 


0.3176 
0.1395 
0.0550 
0.0207 
0.0078 
0.0029 
0.0010 
0.00029 
0.00011 


0.2935 
0.1152 
0.0360 
0.0090 
0.0018 
0.00030 
0.00004 
0.00001 
0.00000 


0.3081 
0.1284 
0.0446 
0.0133 
0.0034 
0.00083 
0.00016 
0.00004 
0.00001 


(c) f =0.50 


0.3245 
0.1495 
0.0659 
0.0312 
0.0170 
0.0106 
0.0073 
0.0053 
0.0041 


0.3229 
0.1464 
0.0618 
0.0274 
0.0140 
0.0083 
0.0055 
0.0039 
0.0024 


0.3192 
0.1408 
0.0554 
0.0211 
0.0084 
0.0035 
0.0014 
0.00055 
0.00018 


0.3243 
0.1495 
0.0655 
0.0308 
0.0166 
0.0103 
0.0070 
0.0051 
0.0039 


0.3222 
0.1455 
0.0607 
0.0263 
0.0130 
0.0073 
0.0045 
0.0029 
0.0013 


acne 


— 


A 
1. 
2. 
2 
3: 
a 
4. 
4. 
5 


DNAS 


0.3140 
0.1344 
0.0494 
0.0161 
0.0050 
0.0014 
0.00034 
0.00008 
0.00002 


0.3244 
0.1498 
0.0662 
0.0314 
0.0170 
0.0105 
0.0071 
0.0050 
0.0033 


0.3214 
0.1447 
0.0601 
0.0256 
0.0120 
0.0063 
0.0034 
0.0019 
0.0005 


0.3204 
0.1434 
0.0586 
0.0240 
0.0106 
0.0053 
0.0025 
0.0013 
0.0003 


0.3023 
0.1232 
0.0410 
0.0114 
0.0026 
0.00057 
0.00011 
0.00002 
0.00000 


(d) =O (Moliére) 


= 
— 


0.3246 
0.1496 
0.0660 
0.0313 
0.0171 
0.0107 
0.0074 
0.0054 
0.0042 


0.3232 
0.1468 
0.0622 
0.0278 
0.0144 
0.0088 
0.0060 
0.0044 
0.0035 


0.3223 
0.1448 
0.0597 
0.0255 
0.0126 
0.00750 
0.00508 
0.00374 
0.00292 


0.3245 
0.1497 
0.0657 
0.0310 
0.0168 
0.0105 
0.0072 
0.0053 
0.0042 


0.3232 
0.1466 
0.0621 
0.0277 
0.0143 


Un be be WO ee 
SOMmenounsown 


i 


where the dimensionless parameter I is to be deter- 
mined experimentally. An underground experiment on 
the large-angle scattering of u-mesons would seem to be 
the most reliable method for the determination of T, 
since the measurements would not be affected by the 
presence of particles (protons or m-mesons) with large 
cross sections for nuclear interactions. 

To facilitate a comparison of the experimental results 
with the theoretically predicted distributions we tabu- 
late below the integral distribution of multiple scat- 
tering, i.e., the quantity 


f f(x; xXo)dx. 
q/v2 


Tables Illa to I1ld give P(g; I) for several thicknesses 
and for three different materials under various assump- 
tions as to the magnitude of T’. Note that q is the 


P(q; T)=2 (52) 


0.00870 
0.00594 
0.00438 
0.00342 


0.3234 
0.1471 
0.0627 
0.0282 
0.0147 
0.00899 
0.00615 
0.00453 
0.00354 


0.3248 
0.1501 
0.0665 
0.0318 
0.0174 
0.0110 
0.00753 
0.00556 
0.00434 


0.3236 
0.1475 
0.0631 
0.0287 
0.0151 
0.00923 
0.00632 
0.00466 
0.00364 


0.3225 
0.1450 
0.0600 
0.0258 
0.0129 
0.00767 
0.00520 
0.00383 
0.00299 


0.3223 
0.1447 
0.0596 
0.0254 
0.0126 
0.00745 
0.00505 
0.00372 
0.00290 


projected angle yg expressed in units of ¢= (GQ)! (or the 
variable n in units of p), so that P(q; I) represents the 
probability to observe an absolute value of the angle 
equal to or larger than qg times the rms value. The data 
for lead have been given as a function of absorber 
thickness in Fig. 6. In particular note that Table IIId 
for '=0 (i.e., xx= ©), represents the integral Moliére 
distribution. A comparison of the four tables shows that 
P(q;T) depends strongly on the assumed value of T; 
the dependence is particularly pronounced in the case 
of lead (see Fig. 6). 
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APPENDIX I 
The Effect of the Momentum Loss in the Plate 


In the method of mass measurement given above we 
have neglected the momentum loss of the particle in 
traversing a single plate. We have also tacitly assumed 
that the residua! range is accurately known whereas it 
is usually uncertain by the thickness of one scattering 
plate. We will now outline the actual procedure of 
measurement and show that its accuracy is not seriously 
affected by these two approximations. 

In the measurements discussed in Sec. V values of 
were calculated for each plate assuming that the par- 
ticle traversed an integral number of plates below the 
one in which it was scattered. Let us call the plate in 
which the particle stopped plate number zero, and 
number successive plates above this one in increasing 
order. Thus the residual range is measured from the 
center of the scattering plate in question to the center 
of the plate in which the particle stops. Of course the 
actual point of stopping is uncertain, and the fractional 
error in the residual range becomes large for small plate 
numbers. In our calculation of mass values, therefore, 
the quantity 7 was only computed if the plate number 
was two or greater. 

In order to justify this procedure we will calculate 
the correction to the mean square angle of scattering 
taking into account the momentum loss in the scatterer. 
In this case II has to be considered as a function of the 
thickness ¢’, (O<t/< 1), and is given at any point of the 
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nth plate by 
2t'—t 
11,(¢’) = (II), (14+), 
2k 


where &, is the range measured from the mid-point of 
plate number m to the actual point of stopping, and 
(II), is the corresponding value of pc8. Equation (A1) 
follows directly from Eq. (36). 

As a consequence of Eq. (Al) the ms angle of scat- 
tering is now given by 


¢ dt’ 
(gmt = Ket(ma)? f — 
o II,(t’) 


me? 
k:(“) tkn(e), 
(TI), 


(Al) 


where e denotes the thickness which the particle 
penetrates in plate zero, and 


2t'—t 
Kn(€) = -f at / (HS “)" 
(A3) 
ats (sy i (==) | 
2a—1 n+e—1 n+e 


A comparison of Eq. (A3) with Eq. (17) shows that 


the factor x,(€) represents the correction for the 
momentum loss in the mth plate. Table IV shows 














Fic. 6. The integral probability of multiple scattering, P(q,I'), for lead plotted as a function of the thick- 
ness ¢ for various values of g. The quantity g represents the scattering angle ¢ expressed in units of o= (QG)* 
or the variable n expressed in units of p. The four curves, a, b, c, and d, for each value of g correspond to 
different assumptions on the numerical value of the effective nuclear radius. Curves d, represent the inte- 
gral probability of the multiple scattering for point nuclei (Molitre probability); curves a, were computed 
under the assumption that the effective nuclear radius for Coulomb scattering is equal to the radius for 
nuclear interactions; curves b, and c, represent the intermediate cases. 
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TABLE IV. Numerical values of the correction function «,(e). 
The body of the table gives the fractional increase in the mean 
square angle of scattering in the mth plate which results from the 
momentum loss which the particle suffers in traversing this plate. 
et is the distance the particle penetrates into the plate in which it 
comes to rest. 


1.00 


1.05 
1.02 
1.01 
1.01 
1.00 
1.00 


numerical values of x, for a few values of ¢ and for n 
between one and six. The cases e=1 and e=O give 
upper and lower limits for possible values of x,(e). 
Note that, for n>1, «x, differs from unity by 5 percent 
or less. Hence our procedure for computing the mass is 
justified. 

To improve the statistical accuracy when only a 
limited amount of data is available, one would like to 
include measurements in the first plate. However, in 
this case the correction is appreciable and the first plate 
must be omitted unless the actual point of stopping is 
known. In some cases it is possible to determine the 
point of stopping quite accurately ; e.g., the particle may 
stop in a plate and give rise to a visible decay product. 
Then one may use the exact value of the residual range 
measured from the center of the scattering plate to the 
point of stopping. The proper value of x, can be inferred 
from Table IV. 


APPENDIX II 
The Effect of ‘‘Noise Level” Scattering 


The angular measurements which have been con- 
sidered above are subject to two main sources of error; 
the track of a particle which suffers negligible real scat- 
tering in the gas between two plates is not straight 
because: (1) The track is made up of several “blobs” 
which sometimes correspond to 6-rays with an energy 
of several kilovolts. The center of the “blobs” will not 
in general define the trajectory of the particle and the 
extent to which the actual path can be determined is a 
function of the experimental conditions. (2) Even in the 
absence of the above effect there is an instrumental 
error in the determination of the scattering angles. 
This is due to the uncertainty in placing templates on 
the image of the track or in making measurements of 
the angles by any other means. We will call the com- 
bined effect of the above errors “noise level” scattering. 
Its effect on the observed angles of scattering was con- 
sidered in I, Sec. IV. 

It was shown there that in the “normal approxima- 
tion” the expected value of the observed mean square 
angle of scattering is given by 


(P= (1+ 2u)(¢*)m, (A4) 
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where (6"),, is the expected value of the experimentally 
observed mean square scattering angle; (¢”)y is the 
theoretically expected mean square scattering angle in 
the absence of “noise” [given by Eq. (17) ] and yu is 
defined as: 


= 71°/GQ. (AS) 


Here o; is the standard deviation of the noise level 
scattering. 

If we assume that there is no systematic error re- 
sulting from effect (1) above, o; can be determined 
from a large number of measurements of the same 
scattering angle. 

We have, however, used a somewhat different method 
and will now outline the procedure used to determine 
a, experimentally. Let us call the observed angle 
between the particle track and an arbitrary line of 
reference ¢,;. (The observed angle of scattering 6, is 
then given by the consecutive differences of ¢, i.e., 
6;= ¢i41—¢,.) Consider now a large series of measure- 
ments of ¢ on the same tracks by two independent ob- 
servers. The observed angle {; can be written as the 
sum of the true angle 3; and the angle of noise level 
scattering y;. Thus for the two series of measurements, 


G=0+75 {,/= v;+ ¥; (A6) 


since the true angle #, is the same for the two observers. 
The difference between two observations of the same 
angle is then just the difference in the noise level scat- 
tering, viz., 


and 


:—f/=yi- Wi. (A7) 


We will assume that the mean square value of y is 

independent of the value of 3, hence the mean square 
ralue of o,_,’ is given by 

. ’ > 2 

oy "= (1/n) =L(y- eee ia Y FP: 


and since the mean value of y—vy’ is zero, Eq. (A8) 
becomes 


(A8) 


Oy—y?= (1/n) (05-5). (A9) 


If we assume that the distributions of y; and y,’ are 
normal, the distribution of the difference (y:—vy,’) is 
also normal. If, moreover, we assume that the two sets 
of observations have the same weight, we have for the 
mean square value of y; or ¥;’, 


(A10) 


Using this result we can determine the effect of the 
noise level scattering on the variable n and, therefore, 
upon the mass measurements. Let us call the value of 
modified by the noise level scattering w. In the mass 
measurement discussed in Sec. V we obtained from 
different particle tracks many values of w for any given 
plate number i above the point of stopping. Hence we 
may express the expected value of w in the ith plate as 


(w,? y= (6;? ) dR 52 * == (1+ 2n;)(¢,? \ ade 2%, (Al 1) 


using Eqs. (35) and (A4). The averages are now func- 





MULTIPLE SCATTERING 


tions of i since » depends on the momentum of the 
particle. Equation (A11) may also be written as 


20:7R,24 
(ow?) = (14+- Yan (n? wt 2o7R2%, (A12) 
p? 
since according to Eqs. (A7) and (38), o, and p are 
independent of 7. 
Summing over 7 we have for a group of particles all 
of which penetrate n plates, 


(wo?) w= (9?) 2017D- (it)?*/(n—1). (A13) 
i=2 
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The limits on the summation arise from the fact that 
we computed values of » for nS 2. 

Using 55 values of ¢:—{,’ we evaluated o, as 0.4 
degrees. Using Eq. (A13) the mass of the proton is 


mp= 1730m,. (A14) 


Since the calculated correction for the noise level scat- 
tering depends on a;,’, it is quite sensitive to the evalua- 
tion of o;. In this evaluation our method of measuring 
angles was not the same as that used in the mass meas- 
urements; therefore, the correction is rather uncertain. 
We have performed the calculation chiefly as an illus- 
tration of the methods used. 
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Pseudoscalar Matrix Element in Beta-Decay 
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The interpretation of the 8-spectrum of RaE seems to need a mixture of pseudoscalar and tensor inter 
actions. Estimates of the necessary Gp give Gp>>Gr to compensate for the small pseudoscalar matrix 
element. This matrix element is greatly increased if the nucleon is in a potential which strongly mixes free 
particle states of positive and negative energies even though the diagonal terms are not large. Such an 
interaction arises from pseudoscalar meson theory. The pseudoscalar matrix element is calculated for the 
RaE decay assuming that the nucleons interact through pseudoscalar coupled pseudoscalar mesons. Ex- 
change transitions, in which two nucleons exchange the charge and spin given to the electron and neutrino, 
predominate. The RaE spectrum can be fitted with Gp~ —Gr. Exchange terms alter other momentum type 
matrix elements appreciably. Such effects are unimportant for gradient coupled pseudoscalar mesons. 


I. INTRODUCTION 


N the 8-decay of heavy nuclei the perturbation of the 

electron wave function by the Coulomb field of the 
nucleus plays a dominant role in determining the 
spectrum shape. This accounts for the allowed shape 
associated with most first forbidden transitions. Devi- 
ations from the allowed shape are small! except for the 
“unique forbidden” spectra (A/=2, yes). The B-spec- 
trum of RaE, assuming it is simple, is very different 
from the allowed or ‘“‘unique forbidden” spectra. For 
many years this was explained as a second forbidden 
transition? (AJ = 2, no). 

Recently Petschek and Marshak* have pointed out 
that the shell model predicts unambiguously that the 
parity of RaE is odd. The final even-even nucleus 
should have even parity and the RaE §-decay cannot 
be second forbidden (no). Since a spin change greater 

* National Science Foundation Postdoctoral Fellow on leave 
from University of California, Berkeley, California. 

1 All known first forbidden spectra with A/J=1,0 have an 
allowed shape except RaE. This is to be expected only if there 
is no Fierz type interference between V and 7, A and P, S and A. 
Only STP or VA are compatable with observed allowed and 
once forbidden spectra. See reference 6. 

2 E. J Konopinski and G. FE. Uhlenbeck 
(1952). 

3.R. E. Marshak and A. G. Petschek, Phys. Rev. $5, 698 (1952) 
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than two gives much too large an ft value they at- 
tempted to interpret it as a first forbidden transition 
with A/J=2,1,0. All linear combinations of the B-in- 
teractions (S, V,A,7, P) not excluded by the Fierz 
condition were investigated. They found that the ob- 
served spectrum can be understood only if the decay is 
a 0-0 transition. It is then possible to cancel those 
parts of the spectrum which usually dominate and give 
the allowed shape. The remaining terms give agreement 
with the measured RaE spectrum. The necessary can- 
cellation is accomplished with a combination of tensor 
and pseudoscalar interactions such that 


+ 
(Gr/G>) fon] (foe Rr) |. = 


R is the nuclear radius (e?/2mce?)A'. Gp and Gy are the 
Fermi constants for pseudoscalar and tensor #-inter- 
actions. The increase in lifetime which results from the 
cancellation of the usually dominant terms in first 
forbidden transitions is enough to explain the large 
log ft of RaE.® 
(; I 
‘y,=1 
i I pi 
* I. J. Konopinski and L. M. Langer, he Experimental Clari 
fication of the Theory of Beta-Decay, May, 1952 (to be published) 
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Ahrens, Feenberg, and Primakoff* have estimated the 
nuclear matrix element for the pseudoscalar interaction 
in A/=0, (yes) transitions. In order to satisfy (1) they 
find 

\Gp/Gr| ~1836A/Z = 133. (2) 
This large pseudoscalar coupling constant forced by the 
interpretation of the RaE spectrum isa peculiar feature. 
The f-decay of a free neutron is insensitive to the 
admixture of pseudoscalar interaction given in (2). If 
¥p and Wy satisfy Dirac equations for masses Mp and 


My, 
faixide'reb (Pe! veWr) 


h 0 
: fercr'onbs) (Wel yeWr). (3) 
Mp+My IXu 


For N a neutron and P a proton and an electron- 
neutrino energy of 1.3 Mev, (3) gives 0.1 percent the 
matrix elements of S, A, V, or T. 

The very attractive hypothesis of a universal Fermi 
interaction among nucleons, electrons, neutrinos, and 
w mesons must be abandoned unless Gp~G7 or smaller. 
For the decay u-e+v+p according to (3) the matrix 
element of ys is comparable to that of the other four 
interactions. Although the large pseudoscalar term of 
(2) does not affect the free neutron decay, its inclusion 
in « decay gives a lifetime 10° shorter than observed.’ 

The average potential in which a nucleus moves 
inside of a nucleus is small next to the nucleon mass. It 
does not follow that the nucleon can be treated as 
almost free. Matrix elements of the potential off the 
energy shell (in the plane wave representation) can be 
much larger than the diagonal terms which yield the 
average. This is the case, for example, if a significant 
part of the nuclear force arises from pseudoscalar 
mesons with pseudoscalar coupling. The matrix element 
of ys is then much greater than the estimate which 
leads to (2) and the otherwise weak pseudoscalar 
B-decay is greatly magnified. Cooperative transitions in 
which two nucleons exchange charge and momentum, 
turn transferred to the electron and 
neutrino, predominate. 


II. THE PSEUDOSCALAR BETA-DECAY INTERACTION 


The Hamiltonian for pseudoscalar coupled mesons 
and nucleons interacting with the electron-neutrino 


which are in 


field is 


H= fax | (ra) (VY Ga)*+t (a)? ¥*(a-p+BM)y 
(4a) 


+ £palW*BYsTaW) (4b) 


T\ + iT2 
| Gra (ver |). (4c) 
) 


Primakoff, Phys. Rev. 87, 663 (1952). 
beta-interaction causes dil 


® Ahrens, Feenberg, an 
‘The presence of pseudoscalar 
ficulty in understanding the absence of r-e+v [M. Ruderman 


RUDERMAN 


where 
b= (p.*Bysy), h=c=y=1, 


and 
[ w(x), o(x’) |= —i6(x—x’), 


[Wst(x), v(x!) ]4=8(e—2")dp 


Charge symmetric coupling is taken for the meson- 
nucleon interaction. Only pseudoscalar B-decay is con- 
sidered here. To extract the major part of the B-decay 
matrix element is is useful to invoke the canonical 
transformation®—"” 


U=exp(iS), S= if Wr vsrabe06 ‘2M)dx, (6) 


so that 


A=U-HU 


explicitly exhibits the nonrelativistic features of (4a) 
and (4b). 


3 
Aayw= f ded (ta)? +(¥ Ga)?+ (Ga)? 


a=] 
+yY*(a-pt+pM)yp (7a) 
g g7 " 
+- ai V a‘ (Y*r.0p)+ (¢a)?(y*y) ° (7b) 
2M 2M 


Terms in higher powers of g have been omitted. The 
effect of all the omitted parts of (7) seems to be renor- 
malization":” of the pair coupling term of (7b), 


gong, (8) 


as long as only low energy meson-nucleon interactions 
are considered. The 8 coupling (4c) is also altered by 


(6). 


i | Ti+17T2 Ag *¢” 
f1.=Gr f dx (ven W)G- ) (9a) 
| i 2M? 


AgGp_ 
-+- oM (Y*BY)(giti¢n). (9b) 


(9b) does not contain the nuclear matrix element of 75 
and can be much larger than (9a). The nucleon which 
is coupled to the electron-neutrino pair through (9b) 
does not change its charge. Rather the charge is taken 
from the meson field. The sources of this field, the 
neighboring nucleons, recoil to supply the spin, charge, 
and momentum carried off by the electron and neutrino. 

In the interaction representation the lowest order (in 
Ag’) contribution to the B-decay with no real mesons 
and R. Finkelstein, Phys. Rev. 76, 1458 (1949); M. Ruderman, 
Phys. Rev. 85, 157 (1952) ]. See, however, R. J. Finkelstein, 
Phys. Rev. 88, 555 (1952). 

8 J. V. Lepore, Phys. Rev. 88, 750 (1952). 

9F. J. Dyson, Phys. Rev. 73, 929 (1948). 

1 L. I. Foldy, Phys. Rev. 84, 168 (1951). 

"S. Drell and E. Henley, Phys. Rev. 88, 1053 (1952). 

2M. Ruderman, University of California Radiation Laboratory 
report 1876 July 1, 1952. 





PSEUDOSCALAR 
absorbed or emitted is the irreducible interaction. 


(10) 


i 
Hs=> f dt'e(t, t’) (A(t), A(t’). 


The transition amplitude for 8-decay is then the matrix 
element of 


£ 


1 4 
J dtHsg. 
aa J_« 


The nonrelativistic limit of (10) is 


AGp(g? dar) (yu '2M)*{ ( fo) (Ti t+172)\(0°F)1 


x V(ri2) (1) o+P(r,) (71+ 272) oo: FeV (ri2) (1), |, (11) 


where 


(12) 


V (ri2)=exp( —yrie)/u'rye. 


The infinite correction to the matrix element for the 
decay of a single free nucleon, which is contained in 
(10), is included by renormalizing Gp in (9a) and will be 
ignored."* 


III. ESTIMATE OF THE MATRIX ELEMENT FOR RaE 


According to the shell model RaE has a neutron 
and a proton outside of a closed shell of 82 protons 
and 126 neutrons. Any changes in the structure of 
the core during the 6-decay are neglected. The two 
nucleons outside of the core are assumed to be too far 
apart (about A'h/yc) to interact strongly with each 
other. It is in the spirit of the shell model to describe 
RaE by a Hartree wave function. The proton and 
neutron states of the core are the orthonormal sets 


va m=1,2,---,82; 0" n=1,2, ---, 326. 


The beta-transition is the transfer of the extra core 
neutron from the state ~,;* to the extra core proton 
state pr”. The matrix element of (11) for this transition 
is 


2NGolg'/4n)(u/2My* ff drdrslO(es)o(r 


XK (We (riowr* (11))-0i¥ (riz) (13a) 
126 
=D P(r) (da (ri) vr (11) 
a=! 
x (We?*(re)own® (r2)) V2) (ria) 


82 
— ¥ (0) he?" (ri) Wm? (11) 


m=1 


(13b) 


X (Ym? (re)owr' (12) V2¥ (riz), (13e) 


18 The mesic corrections to free nucleon beta-decay have been 
investigated by Kotani, Machida, Nakamura, Takebe, Umezawa, 
and Yoshimura. Prog. Theor. Phys. 6, 1007 (1951). The cor- 
rection to the allowed shape is of order (Ap/M)*(g?/4m)(u/2M), 
which is quite negligible. The change in magnitude of the Fermi 
constant cannot be calculated. One could, in this way, get a 
large Gp for nucleons without spoiling the possibility of a universal 
Fermi interaction, but the mesic radiative corrections to the 
other nuclear beta-interactions could not change their order of 
magnitude. 


MATRIX ELEMENT 


IN @B-DECAY 


where 
p(r) = pp(r)+pn(r), 


82 
pr(r) = 2 Ym?" (r) Bm? (r) =(Z/A)p(r), (14) 


m=! 


126 
px(r)= Lo vn'*(r) bya (1) = (A —Z/A)p(?). 


n=) 


Equation (14) implies a uniform proton and neutron 
density throughout the core. Since R~ Ath/yc, 


rcR; 
r>R. 


p(r)=3u3/4nr, 


=0, (15) 


To evaluate (13b, c) it is necessary to know y” and y 
but an estimate, independent of these functions, is ob- 
tained by the approximation 


VY (r)~ (40/u)5(ur). (16) 


Equation (16) is certainly valid as long as the momen- 
tum transfers between nucleons 1 and 2 in (13b, c) are 
small next to yc. Substituting (16) in (13) and per- 
forming a partial integration, (13b) and (13c) become 


— 84rGp(g?/4)(u/2M)*(R) 


x f drLsve (no: vo" ()on(r) (17a) 


— (be (n)o- Vor" (8) pr(r) (17b) 


1% 
— (be (r)o- 2) Von (0))vn* (nvr (8) (17c) 


n=l 


82 
K (wel (0) dm? (1) Ym? (8) or’ (1) Ju. (17d) 


The variation of #(r) over the nucleus gives a much 
smaller contribution than (17) and has been neglected. 
(17c) and (17d) vanish if the core is everywhere iso- 
tropic. When (14) and (15) are used, (17a) and (17b) 
give 


— 3AG p(g?/4r)(u/2M)? 


A-—2Z 


1 R)( ) farvere-wvr, (18) 


A 


The matrix element in (18) has been investigated by 
Ahrens and Feenberg.'* They find 


Me?ZA o-r 
fov- si - f= 
2h R 


A is a nuclear structure factor, estimated to be 1 fora 
heavy nucleus. Pursey,'® using a specific model, deduces 


(19) 


~™T. Ahrens and E Feenberg, Phys. Rev. 86, 64 (1952). 
% DPD. L. Pursey, Phil. Mag. 42, 1193 (1951). 
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(19) with A equal to 2. The estimate (19) makes it 
possible to compare (13b) and (13c) with (1) without 
knowledge of the initial and final nucleon states. The 
evaluation of (13a), however, needs the amplitudes of 
the extra core states near the boundary of the core. 
(13a) has been integrated for yr? and yw," solutions of 
the wave equation in a spherical well of radius R. For 
a 0-0 transition for the RaE decay the shell model 
predicts for Pr” an hye state and for /* a first excited 
(one node) go/2 state. With these wave functions and the 
definition (12), (13a) gives 


~ (1.7) AG p(g? tn) (u/2M)0(R) fo-t/R. (20) 


IV. FERMI CONSTANT FOR PSEUDOSCALAR 
BETA-DECAY 


From (1), (18), (19), and (20) 


4n 
Gp~ Gof )io.02a-+0.08)-* 
dg? 


(21) 


To fit the low energy properties of the two-nucleon 
system Lévy"® uses a value of 12 for (Ag*/4). This 
results in Gp~ —1.4G7, a decrease of 10? from (2). 
Although the numerical results cannot be taken very 
seriously, it does appear possible to increase the pseudo- 
scalar matrix element by several orders of magnitude 
over the results obtained from (3). If the nuclear force 
is due to gradient coupled pseudosclar mesons it is again 
necessary for Gp>Gr. 

It is apparent from (18) that the ratio of pseudoscalar 
to fa-r will decrease for lighter nuclei. (18) vanishes 
for a symmetric nucleus. (13a) and (20) are significant 
only when wr and y, are states of high orbital momenta. 

V. EXCHANGE MATRIX ELEMENTS FOR OTHER 

BETA-INTERACTIONS 


Other beta-interactions are affected by the trans- 
formation (6), although none as much as the pseudo- 
scalar. The first forbidden tensor which also gives 
0-0 (yes) transitions becomes 
$Gr{ P(1)(Be-r) (71 +172): 

+(2)(Bo-r)2(71+i72)2} 
1Gy(g?/4m)(u/2M){ (1) (71 +i72)1(e); 
“WiV (1, 2)(Ba-r)o+(2)(71+i72)2(0)2 
-W2¥ (2, 1)(Ba-r),}. 
1 Maurice M. Lévy, Phys. Rev. 88, 725 (1952). 


(22a) 


(22b) 


RUDERMAN 


Unlike (9) the exchange term does not dominate. In the 
representation (6) nucleons 1 and 2 are moving in weak 
potentials so that 


2M (Ba-r), 2~ —i(3+e-L), ». (23) 
With the approximations which lead to (18), (22b) 
gives 


Gr(g?/4m)(u/2M)2A 


Zi 632 Mb 
x for saz( oe )+s.( )| 
: $f A 2M 
~ 0.016, fore. (24) 


JS Be-r is only slighly altered by the inclusion of (22b) 
and the estimate (21) is virtually unchanged. The 
exchange terms associated with momentum type matrix 
elements are more important. Corresponding to (21a) 
and (21b) these interactions become 


RiGr{ P(1) (71 +772) (Ba); +(2)(r;+i72)2(Ba)2} 


+Gr(g?/4r)(u/2M)*{ (1) (71+ i72): (6): Vi VC, 2)(e)2 
+ 2(2)(7:+i72)2(@)2:V2¥ (1, 2)(@):},  (25b) 


(25a) 


BiG p{ P(1)(71 +172): (¥5)1 + 0(2) (ri + 172)2(y5)2} (26a) 


+iGp(g2/4m)(u/2M)4O(1)(71-+i72):(0)1 
-W.iV(, 2)(73)o+ (2) (71 +i72)2(0)2° v V1, 2)(73)1 
-(1)(@73))-ViV (1, 2)(r7:4+172)2 


—$(2)(ar3)o° vV (1, 2)(r; + it2)1}, (26b) 


1Gy{P(1)(7+i72):(a):+(2)(71+i72)(a)2} (27a) 


—iGy(g?/4r)(u/2M)*{ (1) (714+ i72):(6)) 
“Wi V (1, 2)(o73)24+ (2) (714-172) 2(@)2 
-W2V (1, 2)(o73); -P(1)(730)1- VV (1, 2) 
XK (ri +172)2(@)2—&(2) (rye) 2 
-W2V (1, 2)(rit+ire):(@):}.  (27b) 


For (g?/42)(u/2M)*~1/12, (a) and (b) can be com- 
parable. 

This investigation originated from a remark of Dr. 
S. Moszkowski on the possible importance of velocity 
(w) dependent potentials on the pseudoscalar matrix 
element. It is a pleasure to thank him and Professor 
Robert Serber for helpful discussion. 
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Effect of X-Ray Irradiation on the Self-Diffusion Coefficient of Na in NaClt 


Ditton MaporuEr* 
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(Received December 8, 1952) 


The self-diffusion coefficient of the sodium ion in sodium chloride is decreased if the crystal is exposed 
to x-rays during the diffusion process. This effect was observed at temperatures under 550°C and was not 


observed at higher temperatures. 


HE self-diffusion coefficient for the sodium ion in 

sodium chloride has been measured for samples 
which were subjected to x-ray irradiation during the 
diffusion process. The results indicate that the rate of 
diffusion is decreased by exposure to x-rays while dif- 
fusion is occurring. 

The diffusion measurements were made using a radio- 
active tracer technique which was described in an 
earlier paper.' For the present work a small furnace was 
constructed to hold two crystal samples at the same 
temperature and permit radioactive sodium to diffuse 
from an evaporated film of sodium chloride on one face 
of each crystal. One crystal was situated about one 
inch from the window of a Machlett, type A-2, x-ray 
tube (molybdenum target) so that the evaporated face 
intercepted about 80 percent of the emergent x-ray 
beam. The x-ray tube was operated at 48 kv and 18 ma. 
The other sample was well shielded from the x-rays, and 
the two samples were located symmetrically in the 
furnace to minimize the possibility of dissimilar tem- 
perature gradients in the samples. The temperature was 
measured with thermocouples embedded in each sample. 
The temperature of the crystals was constant within 
+1°C during an experiment. The samples were cleaved 
from single crystal sodium chloride supplied by the 
Harshaw Chemical Company. 

After the radioactive sodium had been allowed to 
diffuse the samples were sectioned, and the distribution 
of radioactivity as a function of distance from the 
evaporated face was compared for the two samples. 

Solution of the diffusion equation for the one-dimen- 
sional case approximated in these experiments shows 
the concentration of radioactive sodium to vary with 
depth x and time of diffusion ¢, according to the relation 


C=C>/(rDt)! exp(—27/4D1), (1) 


where Cy is a constant and D is the diffusion coefficient. 
Thus the points in a plot of logarithm of radioactive 
intensity versus distance squared should lie along a 
straight line whose slope is proportional to the dif- 
fusion coefficient. The data for one run have been 
plotted in this way in Fig. 1, and it will be noted that 
the points for the unirradiated sample do, in fact, fall 


+ This work received partial support from the U. S. Office of 
Naval Research. 

* Now at the University of Illinois, Urbana, Illinois. 

‘ Mapother, Crooks, and Maurer, J. Chem. Phys 
(1950) 
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along a straight line as do the deepest points for the 
irradiated sample. It can also be seen from Fig. 1 that 
the diffusion rate for the irradiated sample is substan- 
tially smaller in a thin layer next to the evaporated 
face, since the slope in this region is steeper and also 
the general level of radioactivity below this region is 
lower than in the case of the unirradiated sample. 
Below the layer in which the diffusion rate is retarded, 
the diffusion rate for the irradiated sample is approxi- 
mately the same as for the unirradiated sample. The 
same behavior was observed when the experiment was 
repeated with the crystals interchanged with respect to 
irradiation. Data taken at 527°C, 496°C, and 462°C 
showed the same effect illustrated in Fig. 1. 

The occurrence of this effect depends upon the tem- 
perature at which the diffusion takes place. For sodium 
chloride as for the other alkali halide crystals there is a 
fairly well defined temperature above which the acti- 





7» =. 





1000 





500 





100 


$50 





RADIOACTIVE INTENSITY (COUNTS PER MINUTE ) 




















0 
(DISTANCES 


Fic. 1. Semilogarithmic plot of radioactive intensity versus 
square of distance below surface of crystal. Temperature of 
crystal 427°C. Diffusion time 3.75 days. Diffusion constant of 
unirradiated crystal 1.0X10™" cm?/sec. Unit of length is 4.84 
10-4 cm. O Unirradiated crystal. @ Irradiated crystal. 
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vation energy for diffusion has a distinctly higher value 
than in the lower temperature region. Above this tem- 
perature (which in the present case is about 550°C) the 
concentration of vacant lattice sites is believed to be 
determined by the tempereture of the crystal and 
independent of the presence of impurity ions.’ It is 
significant that the effect of x-ray irradiation shown in 
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Fig. 1 was not present when the same experiments were 
performed at 567°C and 604°C. 

This problem was suggested to the author by Pro- 
fessor R. J. Maurer, and the help of Dr. H. N. Crooks in 
performing these experiments is gratefully acknowl- 
edged. The author was assisted by a fellowship granted 
by the Westinghouse Corporation. 
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Inelastic Scattering of Neutrons by Cd!"} 


A. E. Francis, J. J. G. McCur, AND CLARK GOODMAN 
Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received November 10, 1952) 


Neutrons with an energy spread of +40 kev bombarded a disk of natural cadmium; among the products 
of bombardment was metastable Cd'"™ produced by inelastic scattering. The yield of Cd!" was measured 
from its threshold at 396 kev up to 1300 kev. Abrupt changes in the slope of the yield curve are interpreted 
as showing the onset of (n, n’) excitation of higher levels. Such levels occur at 720 and 1150 kev. Below 720 
kev, the Cd!" was excited only by direct transition from the ground state. We have measured at 720 kev 
the cross section for this (n, n’) event, which involves known changes of energy, spin, and parity. The cross 


section is about 10 millibarns. 


HE existence of nuclear isomerism provides in 

some cases a practicable means of studying the 
inelastic scattering of neutrons. We have exploited this 
possibility in the case of Cd", a nuclide with an isomer, 
or metastable state, that has convenient half-life!:? and 
known spin.* 

When a sufficiently energetic neutron is scattered 
from a nucleus, it may lose energy and leave the nucleus 
in an excited state. If this state is metastable, a gamma- 
ray or a conversion electron will be emitted later; de- 
tection of this radiation affords a means of tallying 
the inelastic scattering event. If the scattering leaves 
the nucleus in a state higher than the metastable one, 
the nucleus may make a transition to the metastable 
state before returning to the ground state. A curve 


TABLE I. Decay of metastable Cd". 


8 X10~8 sec 


Conversion coefficient 2.2 0.06 
K/L ratio 2.0 5.1 

y energy 150 kev 246 kev 
K conversion energy 123 kev 219 kev 
L conversion energy) 146 kev 242 kev 
K x-ray 23 kev 


49 min 


Activity 


t This work was supported by the U. S. Bureau of Ships and the 
U. S. Office of Naval Research. A portion of it was submitted by 
A. E. Francis (Lieutenant Commander, U.S.N.) in partial fulfill- 
ment of the requirements for the degree of Master of Science at 
the Massachusetts Institute of Technology. 

1M. Dodé and B. Pontecorvo, Compt. rend. 207, 287 (1938). 

2M. L. Wiedenbeck, Phys. Rev. 66, 36 (1944); Helmholtz, 
Hayward, and McGinnis, Phys. Rev. 75, 1469 (1949). 

*C. L. McGinnis, Phys. Rev. 81, 734 (1951); Phys. Rev. 83, 
686 (1951); A. W. Sunyar, Phys. Rev. 83, 864 (1951). 


showing the excitation of the metastable state as a 
function of neutron energy will therefore have a change 
of slope whenever a new excited state becomes ener- 
getically possible, provided that this state can decay 
to the metastable one. Moreover, if the neutron energy 
is such that the metastable state can be excited directly 
but not by decay, all metastable excitations will be 
caused by an inelastic scattering that leaves the nucleus 
in a known state. By measuring the cross section for 
such creation of the metastable state we measure the 
cross section for a particular inelastic scattering process. 

Wiedenbeck‘ excited the 49-minute state of Cd!" by 
bombardment with x-rays and with electrons; he in- 
terprets these excitation curves as evidence for the 
existence of four excited levels above 1 Mev. Waldman 
and Miller® report two other levels in the same region. 
Hole,® using cadmium irradiated by neutrons, showed 
that the resulting metastable cadmium decays by the 
emission of two gamma-rays in cascade. Isotopically 
enriched cadmium showed’ that the 49-minute state 
belongs to Cd'"'. The energies of the gamma-rays were 
measured by Hole® and also by McGinnis,* who gives 
the gamma-ray energies as 149.6 kev and 246 kev. The 
49-minute level is therefore 396 kev above the ground 
state. Deutsch and Stevenson® found that the 246-kev 

4M. L. Wiedenbeck, Phys. Rev. 67, 92 (1945); see also refer 
ence 5. 

6B. Waldman and W. C. Miller, Phys. Rev. 82, 305 (1951). 

®N. Hole, Arkiv Mat. Astron. Fysik 34B, No. 19 (1947); also 
36A, No. 9 (1949). 

™M. Goldhaber and C. O. Muehlhause, Phys. Rev. 74, 1559 
(1948). 

® Helmholtz, Hayward, and McGinnis, Phys. Rev. 75, 1469 


(1949); C. L. McGinnis, Phys. Rev. 81, 734 (1951). 
®M. Deutsch and D. T. Stevenson, Phys. Rev. 76, 184 (1949). 





INELASTIC SCATTERING 


Ye" Ag!" (iBOhr) 150 kev 


g’2* In'"(2.84) 


4\9 
396 — 48.6m 
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Fic. 1. Energy level diagram for Cd'". The spin assignments 
and parities of the excited states are those of S. Johannson [Phys. 
Rev. 79, 896 (1950) ], McGinnis (reference 3), and Sunyar (refer- 
ence 3). The two new levels found in the present work are shown 
at 720 and 1150 kev. Insufficient data are available to allow assign 
ments of spins and parities for these states 





level has a half-life of 8X10~-* second; it is therefore 
the lower of the two levels. In addition to these two 
metastable levels, there is a 340-kev level observed in 
the B-decay of Ag' (180 hr). A level at 419 kev has 
long been known, as a result of the work by Lawson 
and Cork'® and by Bradt ef al.'! This level occurs in 
the decay of In'"'. Figure 1 shows the lower levels and 
two new ones located in the present research. 

The work reported in this paper falls into two parts. 
The first is a yield curve for the excitation of the 49- 
minute state by monoergic neutrons, as a function of 
neutron energy. This curve shows the relative cross 
section for creation of the 49-minute state by inelastic 
scattering of neutrons, and discloses two excited levels 
not hitherto reported. The second part is an absolute 
measurement of the cross section for creation of the 
49-minute state by neutrons of a particular energy. 
This experimental cross section is in good agreement 
with the theoretical cross section computed by Hub- 
scher and Margolis.” 


I. THE EXCITATION FUNCTION 
A. Experimental 


Using neutrons with a total energy spread of about 80 
kilovolts, we measured the yield of Cd'™ as a function 
of neutron energy up to 1400 kev. The neutrons re- 
sulted from the Li’(p, m)Be’ reaction in a rotating tar- 
get of lithium metal on the Rockefeller electrostatic 
generator.'"® Neutron yield was measured with a cad- 

‘0 J. L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940). 

" Bradt et al., Helv. Phys. Acta 19, 77 (1946). 

2 [,. Hubscher and B. Margolis (private communication) have 
applied the theory of W. Hauser and H. Feshbach [Phys. Rev. 87, 
366 (1952) ] specifically to Cd™. 

‘8W. M. Preston and C. Goodman, Phys. Rev. 82, 316 (1951); 
Hinchey, Stelson, and Preston, Phys. Rev. 86, 483 (1952). 
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mium-clad 8 in. long counter," one meter from the 
lithium target, operating into a Model 100 amplifier’® 
with 2-usec clipping. The discriminator rejected counts 
due to gamma-rays. 

Natural cadrnium disks (99.8 percent pure), 3 cm 
in diameter and 0.16 cm thick, were located 4 cm from 
the target normal to and coaxial with the proton beam. 
Spectroscopic analysis showed that the only appreciable 
impurities were Cu and Pb. 

After exposure, the disk was placed 3 mm from an 
anthracene crystal cemented with Canada balsam to 
an RCA 5819 photomultiplier tube. The crystal was 
about 3.7 cm in diameter and 8 mm thick; covering it 
was an aluminum reflector 6X 10~* mm thick. A cylinder 
of 1 mm mu-metal shielded the photomultiplier from 
magnetic fields, and the whole counter was encased in 
a light-tight lead shield 7.5 cm thick. 

The accelerating potential for the photomultiplier 
came from a conventional electronically stabilized 
power supply, further stabilized by a bank of 12 type 
5651 voltage-reference tubes'® in series with a megohm. 
These tubes were in an enclosure to reduce thermal 
effects, and the power supply was never turned off 
during the experiment. The output of the photo- 
multiplier fed a cathode-follower preamplifier working 
into a Model 100 amplifier with a delay line (0.8 usec 
each way) for clipping.” 

Background pulses were of two sorts, small and very 
large. We therefore used a single-channel differential 
discriminator, set to accept pulses in the range of 6 to 28 
volts. With 1050 volts on the photomultiplier and the 


TaBLe II. Abundance and reaction products of cadmium iso 
topes. Radiative capture in Cd™°, which leads to the 48.6-min 
metastable state of particular interest, is found to be negligible 
at the neutron energies used in the present experiment. It is 
concluded that the fast neutron cross section for Cd!!°(n, y)Cd!!'™ 
is much less than for Cd!!°(n, y)Cd"™. The 2.72-hr and 2.33-day 
half-lives of Cd"? and Cd", respectively, were observed, and appro 
priate corrections were made for their contributions to the ob 
served activity. Since counting did not begin until several minutes 
after neutron irradiation, the activation, if any, of 2.3-min Cd‘ 
was not observed. 


Half-life of 


Possible product formed by 
product 


Abundance exposure to neutrons 


1.22 
0.89 
12.43 


Isotope 


6.7 hr 
470 days 
48.6 min 
stable 
48.6 min 
stable 
stable 
2.3 min 
stable 
2.33 days 
43 days 
2.72 hr 


(n, y)Cd'? 
(n, y)Cd' 
(nm, y)Cduim 
(n, y)Cd™! 
(n, n’)Cdii» 
(n, y)Cd' 
(n, y)Cd'8 
(n, n’)Cdam 
(n, y)Cd' 
(n, y)Cd" 


Caio 
Cqios 
Cque 
Ca 12.8 
Cd 


Cd's 
Cds 


Cque 7.66 (n, y)Ca"? 


4 A. Hanson and J. McKibben, Phys. Rev. 72, 673 (1947). 

4 W. C. Elmore and M. Sands, Electronics, Experimental Tech- 
niques (McGraw-Hill Book Company, Inc., New York, 1949). 

16 W. A. Higinbotham, Rev. Sci. Instr. 22, 429 (1951). 

'7 See reference 15, p. 169. 
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Fic. 2. Activity of disks as function of neutron energy. 


amplifier gain at half-maximum, the pulses from Cd" 
y-activity were almost all counted. The ratio of desired 
counts to background counts was, with the lowest 
activities, as much as 10 times as large as the best 
ratio obtainable with an ordinary discriminator. 

Because the 49-minute state decays in cascade, with 
internal conversion possible in each stage, Cd'"™ pro- 
duces several radiations. The various possibilities ap- 
pear in Table I.° Practically all our Cd" counts were 
from y-rays, because the thickness of the Cd disks was 
about 25 times the range of the most energetic con- 
version electrons. 

The many isotopes of Cd give rise to several un- 
wanted activities. Table II'* summarizes what may be 
expected. The large cross section of Cd for thermal 
neutrons is known!® to be due to capture in Cd", the 
product being stable Cd'"* with no metastable levels. 

Exposure to the neutron flux lasted for 60 minutes 


SS seo 


a 
a 


pa ba 


tnd of trodeotwn - Hours 


Fic. 3. Analysis of decay curve for irradiation of Cd 
by 592-kev neutrons 


18 Table II is based on Nuclear Data, Circular 499 of the Na- 
tional Bureau of Standards (1950) 
19 A. J. Dempster, Phys. Rev. 71, 144 (1947) 
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for each disk, the beam current being about 6ya. Points 
on the uncorrected activation curve in Fig. 2 represent 
the total count in the period between 15 and 60 minutes 
after the end of the exposure. After obtaining Fig. 2, 
we exposed other disks to neutrons and counted for 
3-minute intervals over periods of days.2° From each 
resulting decay curve, we found what fraction of the 
total activity was due to Cd'''™. Figure 3 shows one 
such analysis. After one day, the decay curves such as 
Fig. 3 showed only the 2.33-day activity; in particular, 
43-day Cd"® was not in evidence. In Fig. 4, the meas- 
ured activity has been broken down into its components. 
The decay of each component was allowed for, so that 
the ordinates in Fig. 4 are the respective contributions 
to the activation curve in Fig. 2. The 15-minute in- 
terval between exposure and counting prevented any 
2.3-minute activity of Cd!" from making a detectable 
contribution. 

The points on the total activation curve (Fig. 2) 
leave little doubt as to where the curve should be 
drawn. The points in Fig. 4, however, do not all fit on 
simple curves. It seems reasonable to assume that, 
when viewed with the resolution used in this experi- 
ment, the cross sections for formation of Cd!!® and Cd!" 
vary slowly with neutron energy. We have therefore 
drawn simple smooth curves through the three sets of 
points. At each energy where the curves depart from 
the points, there is departure for at least two of the 
curves. The departure is such that, if more activity is 
ascribed to one component and less to another, the fit 
is very good for all curves. The single exception occurs 
at 950 kev, where the departures from the two lower 
curves cancel one another, and leave the departure 
from the 49-minute curve unexplained. This unex- 
plained departure may indicate an excited level near 
950 kev, which would produce a break in the curve at 
this energy. The evidence, however, is not conclusive. 

Note that below about 400 kev, there is no de- 
tectable production of Cd'"™", which can in principle be 
formed by neutron capture in Cd!®. Since the natural 
abundances of Cd"° and Cd" are nearly the same, we 
conclude that the cross section for formation of Cd!" 
by capture is much smaller than the cross section for 
formation by inelastic scattering, when the latter mode 
of formation is energetically possible. Hughes” has 
obtained capture cross sections for neighboring ele- 
ments at 1 Mev comparable in magnitude to the ob- 
served inelastic cross section of Cd". Since detectable 
amounts of Cd"® and Cd"? formed by radiative capture 
were observed, it is surprising that no appreciable pro- 
duction of Cd!" resulted from Cd"°(n, y). Radiative 
capture cross sections decrease markedly with increas- 
ing neutron energy; therefore the absence below 400 

20 During exposure, these foils were 2 cm from the lithium tar 
get. This small spacing introduced an additional spread in the 
neutron energy, but was needed in order to get enough activity 


to give a satisfactory number of counts. 
% T). J. Hughes, private communication. 
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kev is adequate assurance that there was no contribu- 
tion above this energy. 


B. The Effect of Neutron Energy Spread 


As measured by the position of the geometrical peak 
in the neutron yield,” the lithium target had a thick- 
ness of 60 kev at the (p,m) threshold. The resulting 
energy spread for neutrons emitted in the forward 
direction is 60 kev for 400-kev neutrons and 36 kev for 
1500-kev neutrons. In addition, there was an energy 
spread because neutrons making any angle between 0 
and 21 degrees with the forward direction could hit 
the disk. The spread from this cause alone is* 20 kev 
at 400 kev and 50 kev at 1500 kev. The neutron yield 
is nearly constant, at these energies, for angles between 
0 and 21 degrees.* For the larger angles, however, the 
annular area intercepted at the disk is larger. The mean 
energy of neutrons striking the disk is less than the 
maximum energy Emax by 0.71 (AE)», where (AE)s is 
the total energy spread due to angle. The geometry of 
the scintillation counter discriminates to some extent 
against the activity at the edges of the disk. We there- 
fore take the energy correction for angle to be 0.5 (AE), 
and the effective neutron energy to be E= Eynax—0.5 
X[(AE)»+ (AE), ], where (AE), is the total spread in 
neutron energy due to retardation of the protons in 
lithium. The term in brackets varies from 80 to 86 kev; 
calling it 80 kev throughout is an adequate ap- 
proximation. 

The breaks in the excitation curve come at thresholds 
for exciting new levels. The essential problem here is to 
locate such breaks; the effect of energy spread on the 
shape of the curve is relatively unimportant. If the 
minimum neutron energy is well above the threshold, 
it is sufficient to consider the mean energy as equal to 
the maximum energy minus half of the spread. Near a 
threshold, such a correction is not valid, because some 
of the neutrons counted are below the threshold. The 
correction for energy spread does not shift the position 
of the breaks, for the onset of a new activity depends 
on the maximum energy, not the mean energy. Figure 5 
is obtained from the 49-minute curve of Fig. 4 by sub- 
tracting 40 kev from the energies of all points except 
those in intervals 0 to 80 kev above the breaks. Except 
at the first threshold, activity above a break is due 
partly to the excitation of a new state and partly to 
continuing excitation of the sort represented by the 
curve below the break. The latter component may be 
assumed to vary smoothly near the break. We therefore 
extrapolate each lower segment for a short distance 
beyond the break, and then shift it to the left by 40 
kev. The corrected curve in Fig. 5 is then completed by 
extending each upper segment backward so that it 


2 R. Taschek and A. Hemmendinger, Phys. Rev. 74, 373 (1948). 

3% Willard, Preston, and Goodman, Technical Report No. 45, 
Laboratory for Nuclear Science and Engineering, Massachusetts 
Institute of Technology, 1950, unpublished. 
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Fic. 4. Analysis of activity into its components. 


joins the lower segment at the abscissa of a break in 
the uncorrected curve. The corrected curve closely 
approximates the effect of monoergic neutrons. 


II. THE CROSS SECTION 


The corrected excitation curve in Fig. 5 gives the 
relative cross section for production of the 49-minute 
isomer by inelastic scattering. To get the actual cross 
section, we made a pair of exposures just after measur- 
ing the efficiencies of the long counter and the scin- 
tillation counter. 

The long counter was calibrated by putting a 50 mg 
Ra—Be source at the point normally occupied by the 
lithium target. The fast neutron flux from the source 
had previously been determined by comparison with 
the 1.03 g Ra—Be source standardized by Dacey, 
Paine, and Goodman.” With the Ra— Be source at the 
place where the proton beam hit the lithium target, 
the over-all efficiency was 1.9 10~°, with a probable 
error estimated at 10 percent. 

The efficiency of the scintillation counter was meas- 
ured by means of a standardized sample of Hg?®, whose 
279-kev y-rays were the nearest obtainable equivalent 
of the 246-kev y-rays from Cd'"™, Hg®*, in the form of 
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Fic. 5. The Cd™™ activity after correction for the spread 
in energy of the bombarding neutrons. 


* Dacey, Paine, and Goodman, Technical Report No. 23, 
Laboratory for Nuclear Science and Engineering, Massachusetts 
Institute of Technology, 1949 (unpublished). 
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Fic. 6, The cross section for excitation of Cd!" by 
inelastic scattering of neutrons. 


the oxide, was sealed in a layer between two Lucite 
disks to imitate the geometry of the Cd disks. The Lucite 
was thick enough to stop the §-rays. A mechanically 
similar source consisting of Co® on a filter-paper disk 
enveloped in Lucite was also prepared. The Co® was 
pipetted from a solution with a disintegration rate 
that had been checked against a radium standard at 
the M.LT. Radioactivity Center.” The method is that 
of Peacock.?® As a check, the disintegration rate of the 
Co® sample was also measured by the method of y—7¥ 
coincidences,”’ with the same result. Using the Co® as a 
standard, we determined the efficiency of a_brass- 
walled Geiger counter for the Co*® y-rays (average 
energy 1.25 Mev). From this efficiency and the work of 
Bradt et al.," the efficiency of the Geiger counter for 
279-kev y-rays was found, and the rate of y-emission 
from the Hg?” sample determined. The Hg*® sample 
then served to measure the efficiency of the scintillation 
counter for 279-kev y-rays. To avoid counts due to Hg 
x-rays, the gain of the amplifier was adjusted so that 
only pulses exceeding half the maximum height could 
pass the discriminator. The efficiency was 0.5+0.1 
percent.?* The run to fix the cross section was made in 
the same way as the earlier ones, the mean neutron 
energy being 1270 kev. The amplifier gain following the 
scintillation counter was raised by 10 percent in order 
to compensate for the difference in scintillation pulses 
from 279-kev and 247-kev gammas. No attempt was 
made to correct for the difference in absorption of these 
two radiations in the crystal. The problem of the 150- 
kev y-rays from Cd'" was alleviated by self-absorption 

% The standardizing and pipetting of the Co® solution were 
kindly performed by E. Backofen. 

2°W. C. Peacock, Ph.D. thesis, Massachusetts Institute of 
Technology, 1944 (unpublished) and Phys. Rev. 66, 160 (1944). 

#7 J. V. Dunworth, Rev. Sci. Instr. 11, 167 (1940). 

28 Because of the change in amplifier gain, this efficiency is not 
applicable to Fig. 2. 


McCUE 


AND GOODMAN 

in the cadmium (50 percent) and by the relatively large 
internal conversion coefficient (2.25). We have rather 
arbitrarily assumed that the efficiency of the counting 
apparatus was half as great for the 150-kev radiation 
as it was for 247 kev. If this estimate were wrong by 
100 percent, the resulting error in cross section would 
be only 10 percent. Self-absorption in the cadmium 
eliminated the conversion electrons, and the discrimina- 
tor stopped any pulses from x-rays. The over-all 
probability that a Cd'"™ disintegration registered a 
count was 0.37 percent, with a probable error of about 
30 percent. After the necessary corrections for isotopic 
constitution, unwanted activities, and Cd'"'™ decay, the 
cross section for creation of Cd!" by 1270-kev neutrons 
is 0.21+0.07 barn. Figure 6 shows the corrected curve 
of Fig. 5 plotted separately and scaled to fit the 1270 
kev cross section. 

The two upper segments of the curve are definitely 
concave downward. It is possible that the first segment 
should have the same sort of curvature, but here the 
data are equivocal. Re-examination of the half-life 
separations supports the idea that in Fig. 4 the Cd!" 
point at 506 kev is placed too high. There is no obvious 
defect, however, in the half-life separation at 592 kev 
(see Fig. 3). If the latter point is accepted, the cross 
section has a local maximum of 16 mb just below 600 
kev. Although such a maximum cannot be ruled out, 
it seems physically unlikely, and the apparent errors 
in the other points at 592 kev in Fig. 4 imply that the 
Cd'" curve should be drawn as we show it, with the 
understanding that the lowest segment may have some 
curvature not revealed by the experiment. 

It is of interest to compare the experimental cross 
section with that calculated by Hubscher and Margolis.” 
Unfortunately, such a comparison is meaningful only 
in the region below the first break in our curve, and in 
this region the large correction for unwanted activities 
subjects our cross section to considerable uncertainty. 
At 720 kev, the experiment gives 10 mb and the calcula- 
tion gives 8.5 mb for spin 11/2 and only 1.3 mb for spin 
13/2 (396-kev level). At 600 kev the experiment gives 
6 mb and the calculation 3.5 mb for spin 11/2 and 
only 0.5 mb for spin 13/2. In this energy range our 
cross section can easily be wrong by as much as 50 


percent. However, because of the strong dependence 


of cross section on spin change, the present agreement 
is quite good enough to serve as verification that the 
spin of the 396-kev level of Cd!" is 11/2. If separated 
Cd!" should become available in sufficient quantity, 
a more critical test of the theory would be possible. 
The comparison of measured and calculated cross 
sections may, therefore, be a practicable means of 
finding the spins of other metastable nuclides. 

The authors wish to express their appreciation to 
Professor E. Guth for suggesting this problem and to 
Professor H. Feshbach, Dr. B. Margolis, and L. Hub- 
scher for helpful discussions. 
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Measurements have been made of the fractions of a helium beam in the He®, Het, and He** charge states 
in the energy range of 100 kev to 480 kev for beams in hydrogen, helium, air, and argon. For the four gases, 
the He® and He* components are equal for helium energies of 148 kev, 145 kev, 98 kev, and 115 kev, re- 
spectively. The ratios of the electron loss to electron capture cross sections between Het and He** fitted 
a simple power dependence of (0;/a,) « V™, where V is the velocity of the helium in the beam and m equals 
6.1, 5.1, 5.2, and 6.3, respectively, for the four gases studied. For electron capture and electron loss between 
He® and Het the exponent m varies from 2.6, 2.0, 2.8, and 3.4 at 100 kev to 4.0, 4.0, 4.3, and 5.1 at 450 kev 


I. INTRODUCTION 


HEN a high energy ion beam passes through 

matter, it not only loses energy by exciting and 
ionizing the particles of the matter through which it 
traverses, but it also undergoes a process of charge 
exchange by capturing from, or losing electrons to, the 
matter being traversed. For singly charged ions such 
as protons and Het, charge exchange between the 
neutral and singly ionized states does not become sig- 
nificant until the ion has been slowed down to where 
its velocity is comparable to the velocity of the outer 
electrons in the matter being traversed. The velocities 
at which exchange between multiply charged states is 
significant are higher. This paper relates the work done 
in determining the fractions of a helium beam in its 
three charge states, He®, Het, and Het*, for energies 
varying from 100 kev to 480 kev when the beam passes 
through hydrogen, helium, air, and argon. 

The problem of the capture and loss of electrons by 
moving ions has been of interest since the discovery of 
canal rays. The earlier work has been reviewed by 
Riichardt.'! Singly charged alpha-particles were dis- 
covered by Henderson? in 1922. The experiments of 
Rutherford’ on charge exchange for helium covered 
energies from 0.65 Mev to 6.78 Mev, and a consider- 
able amount of work‘ on various ions for energies up 
to 100 kev has been reported, but no work has been 
done on helium in the interesting region of 100 kev to 
500 kev, where most of the helium is in the single 
charged state. Recently, experiments have been carried 
out to determine the capture and loss cross sections for 
protons of energies from 20 kev to 400 kev.*-® 


* This work was supported in part by a grant from the U. S. 
Atomic Energy Commission. 

1 E. Riichardt, Handbuch der Physik (J. Springer, Berlin, 1933), 
Vol. 22, No. 2, p. 103. 

2G. H. Henderson, Proc. Roy. Soc. (London) 102, 496 (1922). 

FE. Rutherford, Phil. Mag. 47, 277 (1924). 

A summary of the work done on protons, helium, and other 
ions is given in H. S. W. Massey and E. H. S. Burhop, Electronic 
and Ionic Impact Phenomena (Oxford University Press, London, 
1952), Chap. VIIT, Sec. 6. 

5 J. P. Keene, Phil. Mag. 40, 369 (1949). 

6 T. Hall, Phys. Rev. 79, 504 (1949). 

7 J. H. Montague, Phys. Rev. 81, 1026 (1951) 

8 F. L. Ribe, Phys. Rev. 83, 1217 (1951). 

°H. Kanner, Phys. Rev. 84, 1211 (1951) 


Besides the value in filling the gap for helium be 
tween Rutherford’s high energy experiments and the 
work done up to 100 kev,®!*-* this problem is also of 
interest on other accounts. Accurate information re- 
garding the fraction of a beam in a particular charge 
state is useful in experiments where the response of 
detectors and other apparatus is charge dependent. 
The process is important in the slowing down of fission 
fragments, for capture and loss of electrons is significant 
throughout the entire path of the fragment because of 
the large initial charge. The average charge of the ions 
in a beam affects the rate of energy loss by ionization 
and excitation of the medium, as indicated by the 
Bethe-Bloch formula. Also, the process of charge ex- 
change itself contributes to the slowing down of the 
ion, for a cycle of capture and loss of an electron re- 
sults in the creation of one ion pair. 


Il. DESCRIPTION OF APPARATUS 
A. General 


The singly ionized helium beam was produced by 
the University of Chicago 500 000-volt kevatron (Cock- 
croft-Walton generator). The beam was selected by a 
magnet /71;, which caused the accelerated Het ions to 
enter a port which made a 15° angle with the axis of 
the kevatron. The beam then entered the 74-cm long 
pipe A filled with the target gas. After passing through 
the pipe and undergoing charge exchange, the beam 
entered the evacuated magnetic deflection chamber B, 
where it was separated into its charged states. To 
maintain the gas pressure in the pipe without inter- 
fering either with the vacuum of the kevatron or the 
vacuum in the magnetic deflection chamber, one stage 
of differential pumping was used on either side of the 
pipe containing the gas. Differential pumping instead 
of a foil was used at the entrance to the pipe so as to 
make the apparatus durable and to avoid the difficulty 
of making and installing foils. Differential pumping 
had the additional advantage that it avoided difficulties 


10 P. Rudnick, Phys. Rev. 38, 1342 (1931). 

" R. A. Smith, Proc. Cambridge Phil. Soc. 30, 514 (1934). 
12 A. Rostagni, Nuovo cimento 12, 134 (1935). 

3 F, Wolf, Ann. Physik 30, 313 (1937). 

 H. Meyer, Ann. Physik 37, 69 (1940). 
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Fic. 1. Schematic drawing of the apparatus. 


associated with determining the exact amount of slow- 
ing down of the beam as a result of passing through a 
foil. Of course, a foil could not be used at the emergent 
end of the pipe for the foil itself would have produced 
charge exchange. Figure 1 is a schematic drawing of the 
apparatus. 

The energy of the beam particles was measured by 
the current drain through a resistor stack of 10!° ohms 
placed between the high voltage end of the kevatron 
and ground. 

The pressure in the pipe was measured by a McLeod 
gauge. Pressures up to 8X10~? mm of mercury were 
used in the pipe, but such a pressure did not cause the 
pressure in the magnetic deflection chamber to exceed 
10-4 mm of mercury. The differential pumping sections 
were one inch long with two short lengths of 3 in. i.d. 
tubing leading into the 2 in. i.d. tubing connecting to 
the vacuum pump. 

The diameters of the holes through which the beam 
passed in entering and leaving the pipe are indicated in 
Fig. 1. Diaphragm D2 was electrically insulated from 
the rest of the apparatus and connected to a galvanom- 
eter in order to use the current it collected as a monitor. 
Diaphragm Ds; was mounted behind another diaphragm 
with a }-in. hole and insulated from it. This arrange- 
ment greatly assisted alignment of the apparatus, for, 
when charge was collected on diaphragm D3, the beam 
was no more than } in. off from the center of D3. The 
distance from Dz to D3 was 74 cm. The holes in D;, Do, 
Ds, and D, were aligned to within 0.005 in. 

Except for one change, the magnetic deflection 
chamber and the magnet to provide its field were the 
same as used by Montague,’ Ribe, and Kanner, and as 
described in detail by Montague. The change consisted 
of installing another port at 30° with respect to the 
incident beam direction. The magnet was water cooled. 


A dc motor-generator set rated at 220 volts and 6 amps 
activated the magnet. The output of the motor-genera- 
tor set was controlled by a variable resistor in the self- 
excited shunt field of the generator. 


B. The Detectors 


The detectors each consisted of a thermistor Tha 
enclosed in a nickel foil. (Figure 2 is a sketch of one of 
the detectors.) When the beam struck the foil the re- 
sultant heating of the foil and thermistor was measured 
by the change in resistance of the thermistor. The 
thermistors used were the type 27A thermistors manu- 
factured by Western Electric.!® These thermistors are 
beads of about 4 mm in diameter with 0.001-in. nickel 
wire leads. The thermistor was enclosed in a cylindrical 
sheath of 0.001-in. thick nickel foil. The side of the 
cylindrical sheath facing the beam was flattened so 
that the entire beam struck the nickel surface per- 
pendicularly. The flattened side of the sheath facing 
the beam was 5 mm high and 3 mm wide. Knife edges 
placed 3'5 in. in front of the sheath stopped down the 
area exposed to the beam to 4 mmX2$ mm. In this 
way, all the beam that entered the detector could hit 
only the nickel foil. 

The nickel sheath was insulated from the thermistor 
by building up two globules G of glyptal paint on the 
wire leads on either side of the thermistor bead and 
having the nickel sheath rest on the hardened glyptal. 
The sheath was insulated from the thermistor so that 
the thermistor bead would not be electrically shorted 
out. Also, by this arrangement the sheath could be 
used to measure the charge collected, thus assisting in 
the alignment of the system by giving a rapid electrical 
response when the beam struck the detector. 

The thermistor and sheath were mounted by solder- 


4% Becker, Green, and Pearson, Elec. Eng. 65, 711 (1946). 
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ing the leads from the thermistor to 0.008-in. thick 
nickel wires that were screwed fast to a piece of Lucite 
enclosed in the brass housing of the detector. 

In addition to the detecting thermistor, another 
thermistor with approximately the same characteristics 
as the first was enclosed in the same housing in order to 
make possible the rapid and accurate reading of the 
ambient temperature. The additional thermistor Th 
was placed 3 in. from the sheath of the detector ther- 
mistor, and out of sight from it so that the sheath could 
not radiate heat directly to it. 

Leads from the thermistors and sheath were brought 
out through vacuum tight insulators at the base of the 
detector housing. 

The geometry of all three detectors was alike. The 
detector in the 0° port was placed in an adjustable 
mounting which made possible adjustment in the posi- 
tion of the detector with respect to the beam. The 30° 
and 60° ports did not have such adjustable mountings, 
since the positions of the Het and He** beams could 
easily be adjusted by the magnetic field. 


Ill. EXPERIMENTAL PROCEDURE 


The positioning of the beam so that it would pass 
through the differential pumping sections and enter the 
magnetic deflection chamber was facilitated by hori- 
zontal and vertical electrical deflecting plates placed 
at the exit end of the kevatron, the magnetic field H,, 
and adjustable pole pieces on the analyzer magnet which 
permitted changes in the height of the magnetic de- 
flection chamber B. The procedure followed was to 
first align the apparatus for a beam of given energy, 
then to admit gas to the pipe A. The helium, air, 
and argon were admitted through a needle valve, and 
the hydrogen via a palladium leak. 

After gas was admitted, the beam was magnetically 
separated into its charged states. A rough indication of 
the correct current in the magnet to deflect the charged 
beams into their ports was obtained by observing beam 
currents collected on the nickel sheaths of the detectors. 
The exact value of the magnetic current was deter- 
mined by taking a curve of the resistance change of the 
thermistor versus current in the magnet. In all cases 
the maximum heating occurred for the same magnet 
setting that gave the maximum charge collection. That 
being the case, in the later stages of the experiment the 
magnet settings were determined only by the maximum 
ion collection. Since the largest hole in the differential 
pumping system was 2 mm and the width of the de- 
tector entrances were 2} mm, the slight fluctuations in 
the current supply to the magnet could be tolerated. 
The beam currents were of the order of 10~* ampere, 
but no attempt was made to get precise values by elimi- 
nating effects due to secondary electrons. 

After allowing at least fifteen minutes for the tem- 
perature of the thermistors to come to equilibrium, their 
resistances were measured by a Wheatstone bridge. The 
resistances were measured several times with at least 
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five minutes elapsing between measurements. Also, as 
a check that the correct magnet current was being used, 
sets of readings were taken for the current displaced 
either side of the original value. After the data were 
obtained, the thermistors were allowed to cool by de- 
flecting the beam away from the apparatus and the 
resistance values of the thermistors at equilibrium with 
no heating were recorded. The above procedure was 
repeated for at least one more gas pressure to be sure 
that sufficient gas was admitted to the pipe for the 
beam to come to charge equilibrium. 

The currents collected by diaphragm D», and the 
sheath in the 30° port were observed while the data 
were being taken so as to give an indication of the 
variation of beam intensity of the kevatron. Small 
fluctuations of the beam intensity were averaged out 
by the long time constant of the detector thermistor 
and sheath. 


IV. ANALYSIS OF THE DATA 


In this experiment, it was necessary to compare the 
intensities of three different beams each composed of 
particles of differing charge. This led to the selection 
of detectors whose response depended on the kinetic 
energy of the particles, and thus the measurements of 
beam intensities were reduced to the measurement of 
temperature changes. 

Since the nickel sheath almost completely surrounded 
the thermistor, the assumption was made that the 
thermistor was at the same temperature as the sheath 
at equilibrium. Also, the small size of the thermistor 
and its leads as compared with the sheath further made 
this assumption justified. 

In comparing beam intensities, essentially two steps 
were necessary. First, the change in resistance had to 
be converted to a temperature change, and then the 
temperature change converted into some arbitrary 
measure of beam intensity. Since the measurements 
were made after the detectors reached equilibrium 
temperatures, the latter stage was necessary since heat 
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Fic. 2. Schematic drawing of the detector element, showing 
the beam-measuring thermistor Thy and the thermistor for re 
cording the ambient temperature Thg. 
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TaBLe. I. Temperature vs resistance characteristics for the 


thermistor in the neutral (0° port) detector.* 


R(ohms) T(°C) 





2175 15 
1795 
1495 
1255 
1060 
899 
768 
658 
506 
490 
425 
372 
326 75 
287 80 


Roexp[B(U1/T —1/To)); B=3183 (1/°K); R=the re 
the resistance at temperature 7. For tem 
the following is a good approximate 


* Notation: R 
sistance at temperature 7; Ro 
perature changes less than 10°C 


ieee TOR 1,1 To\ak 

lias B Ret! (+4 B Re |" 
was lost both by metallic conduction along the leads, 
and radiation from the nickel sheaths. The pressure in 
the deflection chamber was low enough so that gaseous 
conduction could be neglected. 

The 27A thermistor is a solid semiconductor with a 
resistance of approximately 2000 ohms at 25°C and 
with a temperature coefficient of resistance at 25°C of 
about —0.034 ohms/ohm °C. The temperature is re- 
lated to the resistance by the formula 


R= Ry exp[ B(T— TJ], (1) 


where RF is the resistance at temperature 7’, Ro the 
resistance at temperature 79, and B is a parameter de- 
pending on the materials from which the thermistor is 
made. For the limited temperature range of 0°C to 
150°C, for which the 27A thermistor is designed, B is 
a constant and equal to 3183. A calibration curve was 
obtained by a temperature bath for temperatures from 
13°C to 63°C. As would be expected from Eq. (1), when 
logR is plotted against 1/7’, the points fall on a straight 
line. The slope of this line was the same to within 2 
percent for all six thermistors used and the rated values 
given by Western Electric. The resistance values at 
25°C varied from 1450 to 1800 ohms as compared with 
the typical characteristics given by Western Electric of 
2000 ohms-+ 25 percent. 

In converting from resistance to temperature, tem- 
perature changes larger than 5°C were obtained from 
the calibration curves. For temperature changes AT, 
less than 5°C, R in Eq. (1) was expanded in powers of 
AT, and terms beyond (AT)? were dropped. This ap- 
proximate equation, when solved for AT, gives 


To’ AR 1 1 To AR 
(ole) 
B Ro 2 4B Ro 


Temperature 7) was obtained from the calibration 


AT= 


ELIAS SNITZER 


curve for the thermistor used to measure the ambient 
temperature. 

At equilibrium, the relation between beam intensity 
and temperature change is determined by the incoming 
heat being equal to the heat carried away by metallic 
conduction along the leads and radiation from the sur- 
face of the nickel sheath. At equilibrium, the incident 
power Q and the temperature change AT = 74—T,, are 
related by the formula Q=a(A7)+8(7.4— 7,4), or 


Q=(a+48T,* |JAT+ 6ST 2(AT)* 
+487 ,(AT)®+B(AT)‘, (2) 


where a(AT) is the heat lost by metallic conduction 
and B(74'—T7,*) the net heat lost by radiation. 74 and 
T, are the detector and ambient temperatures, re- 
spectively. Q is a nonlinear function of AT, which for 
small temperature changes can be approximated by 


Q=[a+48T7,? |(A7). (3) 


To compare the temperature changes of the three de- 
tectors in order to get the fractions of the total beam 
in each of the charge states, an equivalent temperature 
change AT, was obtained, which when substituted into 
Eq. (3) gave the same value for Q as would be obtained 
from substituting the measured temperature change 
AT into Eq. (2). By making the geometry of the de 
tectors the same, a and 8 had the same values for the 
three detectors. If then, as was the case, the three de. 
tectors had the same ambient temperature 74, the 
ratios of the beam intensities would be equal to the 
ratios of the AT,’s. If the two expressions for Q are 
equated and the resulting equation solved for AT,, 
AT, is expressed as a function of AT: 


1 
AT.=AT+ [67.2(AT)’ 
(a@ ‘B) +47 ;° 

+47 ,(AT)'+ (AT)! |. (3’) 
When the temperature change AT is small, A7,=AT 
is a good approximation. For large AT the term in 
brackets must also be considered. The only unknown 
quantity on the right-hand side of Eq. (3’) is a/8. To 
obtain a curve of AJ, versus AT for a given value of 
T,, sets of data were taken for large and for small 
temperature changes by varying the beam intensity 
from the kevatron for constant voltage In this way, 
the physical quantities which were to be determined 
served to calibrate the detectors. 

Table I gives the resistance-temperature characteris- 
tic of one of the thermistors used, and Table II gives 
the calibration for temperature change versus beam 
intensity for an ambient temperature of 300°K. Table 
III gives a typical set of data and results. 

V. DESCRIPTION OF CAPTURE AND LOSS IN TERMS 
OF CROSS SECTIONS 

Although the cross sections for electron capture and 

loss are functions of the velocity, the cross sections 
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are so large throughout the energy range of these experi- 
ments that gas pressures in the pipe sufficient to pro- 
duce charge equilibrium in the emergent beam were 
low enough so that no appreciable diminution in beam 
energy took place. Thus in setting up equations to 
describe the approach to equilibrium in the pipe, we 
can treat the cross sections as independent of the 
velocity. 

Let No, Vi, N2 be, respectively, the numbers of He’, 
Het, and He** ions in the beam. The cross sections o4; 
are defined by the first index referring to the initial 
charge state of the particle and the second to the charge 
state resulting from interaction with the medium, for 
example, oo; is the cross section for He° to lose an 
electron and become Het. The differential equations to 
be solved are 


dNo/dp= = (L/kT)((oo1+ 002) No— a10.V = o20V 2], 


dN ,/dp= —(L/kT)[—o0Vo 

+(¢wto12)Ni-oaNe), (4) 
dN2/dp=—(L /kT)[ —aorNo 

—o12V + (o20+ on)Nel, 


subject to the condition 
Not Ni+N2=N,=const, (5) 


where N, is the total number of particles in the beam, 
p is the pressure, Z the length of the pipe (74.0 cm), k 
the Boltzmann constant, and 7 the absolute tempera- 
ture. The cross sections oo2 and 29 refer to the capture 
or loss of two electrons in a single encounter. The equi- 
librium conditions may be found by setting the pressure 
derivatives equal to zero. Thus one obtains 


Nol F10F 21+ 02 (F 12+ 010) O10 
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Tae IT. Conversion of temperature change to 
beam intensity for 7,=300°K.* 
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*Notation: Ta=the temperature of the detector; Ts =the ambient 
temperature; AT =7Ta—Ta; Q=incident power in beam; at equilibrium 
QO =a(AT) +8(Ta —To*) [a +487 a4) AT +687 a(AT)? +48Te(AT 4 +B(AT )*; 
a(AT) =heat lost per second by metallic conduction along the leads; 
B(Ta4 —Ta*) =heat lost per second by radiation from the surface of the 
nickel sheath; AT. =temperature change such that 0 = [a +487,4] AT. 
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TABLE III. Typical set of data and results.* 
Beam energy = 400 kev. 





Port Ra Re Ta Te . Al. Fi 
15.4 


0° 871 1440 41.0 
30° 274 «#1311 806 64.9 
60° 1173 1560 39.0 11.3 


0.16% 
0.708 
0.123 


26.5 
28.9 
28.3 





* Notation: He® was detected in the 0° port; He* was detected in the 30° 
port; He** was detected in the 60° port; Ru =the resistance in ohms of the 
detector thermistor; Ra =the resistance of the thermistor used to measure 
the ambient temperature; Ta =the temperature in °C of the detector 
thermistor; 74 =the ambient temperature; AT =] 4¢—Ta; AJ, =the equiva 
lent temperature change such that the incident power is proportional to 
AT, (see Table I1); /s =the traction of the total beam in the various charge 
states (He®, He*, He**) 


in which the simpler expressions at the right assume 
that the double electron cross sections are small com- 
pared to the others. 

Although the primary purpose of this research was to 
obtain the equilibrium ratios, it was necessary to as- 
certain that sufficient gas had been admitted to the 
pipe to produce equilibrium, and in such tests a few 
measurements were made in which the change of the 
emergent beam from the pure Het from the kevatron 
to the final equilibrium mixture was followed as a func- 
tion of pressure. The expressions for the initial rates 
of change of the numbers No, Ni, and Nz may easily 
be found by imposing the conditions Ne=N2=0 and 
N,=N, on the original differential equations. Thus one 
obtains the initial pressure variations, 

No/Ni=(L/RT Joop, 
N\ /N.= 1— (L/kT) (010+ 712) p, (7) 
N2/N.= (L/RT )oyop. 


In the next section these equations will be used to 
obtain approximate values of the cross sections for two 
beam energies. 


VI. RESULTS AND ERRORS 


The results on the equilibrium distributions for the 
charge states of a helium beam after passing through 
hydrogen, helium, air, and argon are given in Figs. 3 
and 4. Table IV gives the fractions of the total beam 
in each of the charge states in 20-kev steps. The values 
were obtained from the smooth curves drawn through 
the experimentally determined points. Table V is a 
summary of some of the features which facilitate a 
comparison of the data taken on the four gases. 

The helium used was 99.8 percent pure with the re- 
maining 0.2 percent hydrogen; it was obtained from 
the National Cylinder Gas Company. The hydrogen 
was admitted through a palladium leak which served 
the double purpose of being a valve and purifying the 
hydrogen. The argon was 99.9 percent pure and pre- 
pared by the Matheson Company. The air was dried 
and freed of CO, by passing the air from the laboratory 
through KOH, “Dryerite,”’ and glass beads dusted 
with POs. 

The objective of this research was to obtain the 
equilibrium ratios, leaving the problem of finding the 
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3. Charge distribution as a function of energy for a 
helium beam in hydrogen and helium. 


individual eross sections for a later effort. However, 
some rough estimates of the cross sections can be made 
from the data. The distribution of the beam in its 
charge states as a function of pressure was measured 
at 131 kev and 340 kev for helium as the target gas. 
By using Eqs. (7) for the initial change in charge as a 
function of pressure, rough estimates of the cross sec- 
tions a4) and oy. can be obtained. Then, oo; and a2; can 
be determined by Eqs. (6) and the curves for helium. 
At 131 kev the values found are o9;=o0;9=1.72K10~" 
cm’+30 percent. Ny was small enough at this low 
energy so that it could be neglected. At 340 kev, the 
values of the cross sections found were o9;= 8.3X 107" 
cm’, g=3.1X 107" cm’, o12=1.4X10-" cm’, and on 
= 1.2 10~'® cm?. These values are correct to within 20 
percent. Figure 5 shows the pressure variation at 340 
kev. 

As a check that all of the He*+ beam was collected, 
the ratio of the intensities of the He**+ and He® beams 


sO 400 
KEVATRON ENERGY (KV) 


Fic. 4. Charge distribution of a helium beam as a function 
of energy in air and argon. 


was measured by deflecting the He** into the 30° port. 
The ratio so obtained agreed to within 2 percent of the 
value obtained in the usual way by having the Het 
beam enter the 60° port. This check was made for 
helium gas and at 460 kev, where the He** and He® 
beam intensities are comparable in magnitude. Also, for 
air at 130 kev the He* beam was detected by deflection 
into the 60° port. The He* to He® ratio was within 3 
percent of the value obtained by He* detection in the 
30° port. These checks also established that the 30 

and 60° detectors were, in fact, equal in their response 
to the same beam. 

The errors in this experiment result mainly from the 
fluctuations in the kevatron beam. The errors can best 
be estimated by seeing how closely the points fall on 
a smooth curve. Each point represents the average of 
at least four sets of data and gives the results of one 
run. In the energy range from 200 kev to 400 kev, the 
error in the fraction of He* probably did not exceed 2 
percent. Below 200 kev, the error in the Het beam was 
probably as high as 5 percent. This is due to the smaller 
beam intensities available at these lower energies. 
Above 400 kev, the beam fluctuations became more 
pronounced which probably resulted in an error in the 
He* beam of about 5 percent. 

The beam energy was measured correctly to within 
1 kev for energies up to 400 kev and to within 2 kev 
above 400 kev. The larger error at high energies was 
due to slight variations in the energy of the beam re- 
sulting from the beam fluctuations which affected the 
loading on the kevatron. The measurements of the re- 
sistances of the thermistors and their conversion into 
temperatures was correct to within 0.1°C for tempera- 
tures less than 10°C and for higher temperatures prob- 
ably did not exceed 0.3°C. 


VII. DISCUSSION 


By Eqs. (6) the ratios of the capture and loss cross 
sections between He® and He*, and between Het and 
He** can be obtained from the equilibrium beam in- 
tensities, provided the assumption is made that the 
double captures and losses are negligible. Since the 
various theoretical calculations of the cross sections 
are based on approximations which lead to a power 
dependence on the energy, in Fig. 6, log(Vi/No) and 
log(V2/N,) are plotted versus logE. Bohr'® indicates 
that the loss cross section o; should be proportional to 
1/V", where n is a function of the atomic number Z of 
the material being traversed and the velocity of the 
particle, and varies from 0 to 2. m decreases with in- 
creasing Z and decreases for V less than Vp=e?/h, the 
velocity of an electron in the first Bohr orbit. By the 
Born approximation, Brinkman and Kramers!’ found 


16 N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
18, No. 8 (1948). 

17H. C. Brinkman and H. A. Kramers, Pro« 
33, 973 (1930). 
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TABLE IV. Charge distribution for a helium beam in hydrogen, helium, dry air, and argon.* 








Helium 
Fy 


Hydrogen 
Fy 


Energy 


(kv) Fo Fo Fa 


Dry air 


Argon 
Fe Fy Fo Fy 





0.41 
0.45 
0.48 
0.52 


0.55 


0.59 
0.54 
0.51 
0.47 
0.43 


0.37 
0.43 
0.48 
0.53 
0.57 


100 
120 
140 
160 
180 


0.63 
0.57 
0.52 
0.47 
0.41 


0.01 
0.015 0.02 
0.02 
0.025 
0.03 
0.035 
0.05 


0.40 
0.38 
0.35 
0.32 
0.30 


0.57 
0.59 
0.61 
0.63 
0.65 


0 36 
0.32 
0.28 
0.25 
0.22 


0 62 
0.66 
0.69 
0.72 
0.73 


200 
220 
240 
260 
280 


0.03 


0.04 
0.05 


0.67 
0.68 
0.69 
0.70 
0.71 


0.28 
0.25 
0.23 
0.21 
0.19 


0.06 
0.07 


300 
320 
340 
360 
380 


0.19 
0.17 
0.15 
0.13 
0.12 


0.75 
0.75 
0.76 
0.75 
0.74 


0.06 
0.075 
0.095 
0.12 
0.14 0.11 
0.12 
0.13 
0.15 
0.17 
0.20 


0.71 
0.71 
0.71 
0.70 
0.68 


0.17 
0.16 
0.14 
0.13 
0.11 


0.16 
0.18 
0.20 
0.22 


400 
420 
440 
460 
480 


0.10 
0.095 
0.085 
0.08 


_Oocoeo 
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* Notation: Fo equals 
that the capture cross section o, was proportional to 
1/V", for V>>Vo. Bohr'® got a 1/V® dependence for o, 
when V>V, and for material of large Z, by statistical 
considerations based on the assumption that the elec- 
tron captured was one which in the substance had a 
velocity approximately equal to the velocity V of the 
particle. For velocities less than Vo it would be expected 
that o, would be less sensitive to velocity, for o, cannot 
become significantly greater than the geometrical cross 
section. The above considerations indicate that o;/¢- is 


TABLE V. 


Summary of data.* 


For 


0.13 
0.15 
0.13 
0.12 


(Ei)mes 


340 kev 
410 
300 
290 


I limes 
0.76 
0.72 
0.76 
0.77 


Hydrogen 
Helium 
Air 
Argon 


370 kev 
430 

98 340 
115 330 


148 kev | 
145 





* Notation: Fo =fraction of He® in the beam; Ff: =fraction of He* in the 
beam; /':=fraction of Het* in the beam; Eo: «energy at which Fo =F1; 
Eo. =energy at which Fo=F:2; (Fi)max =maximum value of Fi; (E1)mes 
=senergy at which 7; =(F1)mas; For =the value of Fe when Fo=F2 


TABLE VI. Values of the exponent m in the power 
dependence of o;/a- on V.* 








Charge exchange 


between He* 
and He** 


Charge exchange between He® and He* 


m m 
at 100 at 450 
kev kev Ex 

4.0 660 kev 
0 800 
650 
580 


Eo 


148 kev 
145 

98 
115 


Voi/Ve 


1.22 
1.21 ! 4. 

0.99 : 4.3 
1.08 31 





Hydrogen 
Helium 
Air 

Argon 








® Notation: Eo: =energy at which the He® and He* equilibrium beams 
are equal; Ei: =energy at which the He* and Het? equilibrium beams are 
equal; Voi =the velocity of helium at which it has the energy Eo:; Vo =e?/A, 
the velocity of an electron in the first Bohr orbit. For helium Vo corre- 
sponds to the energy Eo=99.2 kev; m=the exponent of the power de 
pendence of oi/oe on V(oi/ae% V™). 


0.015 


0.025 


0 035 


0.085 
0.095 


0.53 
0.48 
0.42 
0.37 
0.33 


0.50 
0.43 
0.38 
0.34 
0.28 


0.50 
0.57 
0.62 
0.66 tee 
0.69 0.025 
0.28 
0.24 
0.21 
0.18 
0.16 


0.02 
0.03 
0.04 
0.055 
0.07 


0.26 
0.23 
021 
0.19 
0.17 


0.71 
0.73 
074 
0.75 
0.75 


0.03 
0.035 
0.05 
0.065 
0.08 


0.15 
0.13 
0.11 
0.095 
0.085 


0.085 
0.11 
0.13 
0.16 
0.19 


0.76 
0.75 
0.74 
0.73 
0.72 


0.095 
0.11 
0.13 
0.15 
0.17 


0.15 
0.14 
0.13 
0.12 
0.11 


0.22 
0.25 
0.28 
0.30 
0.33 


0.07 
0.06 
0.055 
0.05 
0.045 


0.71 
0.70 
0.69 
0.68 
0.66 


0.19 
0.21 
0.24 
0.26 
0.29 


0.095 
0.08 
0.07 
0.065 
0.055 


0.66 
0.64 
0.62 


the fraction of He® in the beam; F, equals the fraction of He* in the beam; F: equals the fraction of He** in the beam 


proportional to /™, where m increases with increasing 
V, and increases with increasing atomic number for Z 
large enough to make Bohr’s statistical considerations 
valid (Z>5). 

Table VI gives the values of m for the gases studied. 

In the energy range considered, m is a constant for 
exchange between Het and Het. For exchange between 
He® and Het all the curves show the increase of m with 
velocity. The values of m for air and argon show the 
expected dependence on Z. Not very much can be said 
about the values of m for helium and hydrogen; the 
Bohr 1/V® dependence breaks down because of the low 
atomic number, and Brinkman and Kramers’ 1/V" 
dependence does not apply because of the low value 
of V/V». 

The energies at which No=N, and N,=N, are of 
interest because they represent the energies at which 
= and o12.=02. For proton beams the energy 
Eo;, at which the capture and loss cross sections are 
equal corresponds to a velocity Vo; of the proton, 
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Fic. 5. Charge distribution as a function of pressure for a 
340-kev helium beam emerging from a 74-cm long tube contain 
ing helium gas. The incident beam is all Het. 
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Fic. 6. The ratio of the loss to capture cross sections 
plotted as a function of beam energy. 
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Fic. 7. Equilibrium charge distribution from 100 kev to 6 Mev 
for a helium beam traversing air 


approximately equal to Vo. For hydrogen beams in 
metals Hall® found Vo,=0.95Vo, Montague and Ribe® 
got Vo,=1.44V> for protons in hydrogen, and Kanner*® 
got Vo:=1.0V> for protons in air. Table VI gives 
Voi1/Vo for the present work. The agreement between 
the values of Vo,/Vo for hydrogen and helium beams 
in air is striking. 

Table VI also gives the values of the energy Ej. at 
which the capture and loss cross sections between He* 
and Het** are equal. These values were obtained by 
extrapolation (indicated by dashed lines in Fig. 6). 
The work by Rutherford*® for a helium beam in air 
gave a value of E,,.=646 kev, as compared with the 
value here obtained of E\2= 650+ 20 kev. 

Figure 7 gives the charge distribution as a function 
of energy for the present work and the data obtained 
by Rutherford, for a helium beam in air. 

The author wishes to express his gratitude to Pro- 
fessor S. K. Allison who suggested the problem and ex- 
tended the facilities of his laboratory for its solution. 
Mr. Gordon DuFloth was of great assistance in main- 
taining the equipment and taking data. 
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Nuclear Magnetic Moment of Pr'*! from the Hyperfine Structure of Pr II 
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From the hyperfine structure of Pr II lines measured by White the magnetic interaction constant a6, 
=0.416+0.015 cm™ has been evaluated for the 6s electron in the configuration 4f*(‘7)6s. Application of the 
formula of Goudsmit and Fermi-Segré yields the nuclear magnetic moment y(Pr'') = +3.9+0.3 nuclear 


magnetons. 


N°? precise value, of the order of precision attain- 
4 able in the method of nuclear induction, has yet 
been found for the nuclear magnetic moment yu of Pr", 
A preliminary value 1= 3.8 nuclear magnetons has been 
derived' from the magnetic hyperfine structure (hfs) 
interaction constant dg, of the 6s electron in Pr IT. Re- 
cently Lew? measured the hfs due to the 4f* electrons 
in PrI and, independently, obtained the same result 
for uw from a4;. In view of the theoretical uncertainties 
involved in any calculation of nuclear moments from 
hfs data of complex spectra, the agreement is very re- 
markable. Praseodymium is the first element for which 
the hfs of electronic states as different as 6s and 4f can 
be thus compared. It, therefore, seems justifiable to 
give a brief report of the calculations for Pr II, espe- 
cially since the knowledge of a4; now makes possible a 
more complete presentation. 

The hfs of 170 lines of Pr I] were measured by White* 
in 1929. Rosen, Harrison, and McNally‘ later classified 
100 of these lines as transitions between 4f7(47)6s a *5/° 
and higher even levels which originate mainly from 
4/(‘7)6p. They used the hfs data as a check on the 
analysis of the spectrum, and made a rough estimate 
of ag,. Thus far, however, the large amount of informa- 
tion available from White’s measurements had not been 
fully utilized. 

The PrIlI lines show characteristic hfs “flag pat- 
terns” with six components (J = 5/2). Since in the classi- 
fied transitions the total quantum numbers F are high, 
only the strong components can be observed.® For each 
line the separations of the components are simply given 
by the differences of the hfs intervals of the two levels 
involved. The hfs of the levels can, therefore, be de- 
duced from White’s data except for an additive con- 
stant which is the same for all levels. It is convenient 
to introduce a quantity A which is equal to the total 
hfs splitting of a level plus the separation between the 
hfs states with F=J+J—1 and F=J+J—2. The con- 


* National Research Laboratories Postdoctorate Fellow; on 
leave from IT. Physikalisches Institut der Universitat Gottingen, 
Géttingen, Germany. 

'P. Brix, unpublished calculations, quoted by A. Steudel, 
Z. Physik 132, 429 (1952). 

2H. Lew, Phys. Rev. 89, 530 (1953). 

3H. E. White, Phys. Rev. 34, 1397 (1929). 

‘ Rosen, Harrison, and McNally, Phys. Rev. 60, 722 (1941). 

5 See, e.g., H. Kopfermann, Kernmomente (Akademische Verlags- 
gesellschaft, Leipzig, 1940). 


nection between A and the interval factor A is givenby 
A=A(2/J+21+J—1). 


This sum, A, can be shown to be nearly independent of 
nuclear quadrupole effects. One also has the advantage 
that the four best defined components out of each 
hfs pattern are used. 

As an example, Table I shows the difference between 
the A values of a°/,° and a*/J,° as obtained from com- 
binations with various upper levels. The agreement is 
even better than that shown in Table I for most of the 
other levels belonging to the terms a°/° and a*/°. Up 
to ten independent determinations are available in 
some cases. The possibility of frequent cross checks 
indicates an accuracy of better than +0.05 cm™, corre- 
sponding to about +0.001 cm™ for the A values. 

The g sums as observed in the study of the Zeeman 
effect* show that a*5/° and 2*°H/, 7, K originate from 
a 6s and 6p electron, respectively, coupled to 4/* ‘7° 
and that good Russell Saunders coupling holds for the 
47°. Under these assumptions the magnetic interaction 
constants of the 6s and 6 electrons can be evaluated in 
the usual way® from the experimental data. Since rela 
tivity corrections are negligible for the 4f electrons, 
Goudsmit’s® formula for the hfs of*a multiplet is ap- 
plicable to the parent term 4f* 47°. The contributions 
of the 4f* configuration to the hfs of the various levels 
considered turn out to be nearly the same in all cases 
(see Table II). Only the small variations in these con 
tributions enter into the evaluation of ag, and yw. The 
influence upon the final result is less than 2 percent, 
and can be taken into account using a4;= 0.02356 cm“ 


TaBLe I. Example of the evaluation of the hfs of Pr II levels 
from White’s measurements: A(a*/,°) — A(a*/¢°) as obtained from 
pairs of lines originating from various upper levels 


\(8J6) — Alle) 
em~! 


2.43 
2.44 
2.42 
2.46 
2.43 
2.37 
2.56 


2.44 


Upper level 


Mean 


*S. Goudsmit, Phys. Rev. 37, 663 (1931). 
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TaBLeE II: Calculated and observed values of A= (6J+4)A for 
the low odd levels of Pr II. The contributions due to the 4f? elec- 
trons (according to Lew’s value of a4) and to the 6s-electron (with 
d¢e™= 0.416 cm™) have been listed separately. All values in cm™'. 








Level Seale for (Jj) coupling Dobe Obs-calc 


from f# from 6s total 


—0,21 ‘ 0 





+0.951 - 1.165 


—0.16 
+0.24 


+2.36 
-0.26 


+0.945 +1 
+0.915 1 


414 
179 


— 0.09 
+0.06 


+-2.30 
-0.29 


+0.910 +1. 
+-0.902 1 


387 
189 
+-0.899 — 0.06 
+-0.901 


+ 1.367 +2. 
~ 1.196 — 0.3 


+0.898 +1.352 


+2.25 





as measured by Lew? for PrI 4/%6s?. No appreciable 
effect should arise from the slightly different screening 
of the 4f electrons in Pr I and Pr II. Assuming a ratio® 
46p;/a6py= 6.06, the following interaction constants 
have been obtained: 


dg,= 0.416+0.015 cm“, 
a6p,~0.010 cm“. 

For the odd levels the agreement between observed 
and calculated hfs is shown in Table II. The calculated 
A values are for (J7) coupling with °J4° and °/,° inde- 
pendent of coupling. For Aops the additive constant 
has been chosen to give agreement for 5J,°. As was 
already known from the atomic g values,‘ Table II 
shows that a slight deviation from (J7) coupling exists 
for the pairs of levels with equal J. For each of these 
pairs the differences o—c have the signs expected from 
a mutual perturbation, and the sum rule holds within 
the accuracy of the experimental data. 

For an evaluation of the nuclear magnetic moment 
from ag, the quantity 2,.?(dng/dn)/n,* is needed. Al- 
though neither m, nor dng/dn are directly known from 
the spectrum of Pr II, the quantity as a whole can be 


BRIX 


fairly accurately derived’:* from the position of the 
center of gravity of the 4/*(‘7)6p configuration with 
respect to the center of gravity of 4/%(47)6s. From the 
value 23 600 cm™ so obtained,* Fig. 7 of reference 8 
gives 

Z2(dng/dn)/n=0.37s 
This fits in well with the trend indicated by the directly 
known values for Ba II 4/°%6s (0.346) and Eu II 4f76s 
(0.406). The error for Pr IT is not expected to exceed 
5 percent. 

The formula of Goudsmit and Fermi-Segré, 


a,=0.008486[ Z,?(dna/dn)/n.* | 
X «(u/I)Z(1—6)(1—€) cm™, 


for 4f*(*7)6s. 


finally yields 
u(Pr'*) = +3.9+0.3 nuclear magnetons. 


The Rosenthal-Breit correction 6=0.05 has been taken 
from calculations of Crawford and Schawlow;’® the 
Bohr-Weisskopf correction € can be neglected; and the 
relativity correction is x= 1.472. 

Lew,’ using hydrogen like wave functions for the 
4f electrons, obtained y= +3.8+ ~10 percent from the 
magnetic interaction constant a4;. A comparison of the 
two results seems to indicate that the various formulas 
used are more reliable than could have been expected 
from the theoretical uncertainties involved. This is 
rather important with respect to the isotope shift con- 
stants of some rare earth elements (e.g., cerium’) 
which also rely upon the validity, in complex spectra, 
of the Goudsmit-Fermi-Segré formula and the deter- 
mination of Z,?(dn,/dn)/n,* mentioned above. 

I am very grateful to Dr. Lew for making available 
to me the results of his measurements in advance of 
publication. 

7P. Brix and H. Frank, Z. Physik 127, 289 (1950). 

8 P. Brix, Z. Physik 132, 579 (1952). 

® Only four even levels with low statistical weight are missing 
in the analysis of Rosen, Harrison, and McNally (reference 4). 
Their positions have been estimated. 

10M. F. Crawford and A. L. Schawlow, Phys. Rev. 76, 1310 
(1949). 
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The angular distribution of neutrons scattered by deuterons has been investigated by proportional! counter 
techniques in the energy range 0.1 to 1.0 Mev. The distribution shows a very marked anisotropy at the 
higher energies which is still appreciable at 135 kev. Values for the total scattering cross sections are in 
agreement with earlier data down to 446 kev but apparently increase above the accepted value for the un 


bound thermal cross section. 


I. INTRODUCTION 


N view of the large dimensions of the deuteron, it is 

expected that neutron scattering experiments at 
relatively low neutron energies will yield information 
concerning the nature of nuclear forces. Theoretical 
treatment of this three-body problem has been carried 
out by Buckingham and Massey,' and by Verde,’ and re- 
cently by Buckingham, Hubbard, and Massey.’ The 
treatment essentially yields isotropic scattering at neu- 
tron energies below 1 Mev. 

Most of the experimental work published relating to 
the differential scattering cross section has been carried 
out for neutrons of about 2.5-Mev energy (Coon and 
Barschall; Kruger, Shoupp, Watson, and Stallman ;° 
Darby and Swann;* Caplehorn and Rundle’). The ex- 
perimental results are somewhat conflicting, as pointed 
out by Caplehorn and Rundle. The later results favor 
ordinary or neutral type nuclear forces, while the earlier 
results are in better agreement with exchange or sym- 
metrical theory forces. Recent work by Hamonda and 
de Montmollin* and by Wantuch® at higher neutron 
energies suggests that the theory is not adequate. The 
total scattering cross-section measurements of Aoki,'° 
Nuckolls ef al.,!' Rainwater ef al.,” Fermi and Mar- 
shall,"* and Wollan, Schull, and Koehler" strongly 
favor the exchange type of force. Recent measure- 
ments of both the differential and total scattering 


* Now with Atomic Energy of Canada, Limited, Chalk River, 
Ontario, Canada. 

1R. A. Buckingham and H. S. W. Massey, Proc. Roy. Soc 
(London) A179, 123 (1941); Phys. Rev. 71, 558 (1948). 

2M. Verde, Helv. Phys. Acta 22, 339 (1949). 

3 Buckingham, Hubbard, and Massey, Proc. Roy. Soc. (London) 
A211, 183 (1952). 

4 J. H. Coon and H. H. Barschall, Phys. Rev. 70, 592 (1946). 

5 Kruger, Shoupp, Watson, and Stallman, Phys. Rev. 53, 1014 
(1938). 

6 J. F. Darby and J. B. Swan, Nature 161, 22 (1948). 

7W. F. Caplehorn and G. P. Rundle, Proc. Phys. Soc. (London) 
64, 546 (1951). 

81. Hamonda and G. de Montmollin, Phys. Rev. 83, 1277 
(1951). 

9 FE. Wantuch, Phys. Rev. 84, 169 (1951). 

10H. Aoki, Proc. Phys.-Math. Soc. Japan 21, 75 (1939). 

1! Nuckolls, Bailey, Bennett, Bergstralh, Richards, and Wil- 
liams, Phys. Rev. 70, 805 (1946). 

2 Rainwater, Havens, Dunning, and Wu, Phys. Rev. 73, 733 
(1948). 

13 E. Fermi and L. Marshall, Phys. Rev. 75, 578 (1949). 

4 Wollan, Schull, and Koehler, Phys. Rev. 83, 700 (1951). 


cross sections have been reported by Walt, Okazaki, 
and Adair.'® Their results support those of Coon and 
Barschall. 

The corresponding theoretical treatment of neutron- 
proton scattering does not expect any appreciable 
anisotropy in the scattering at neutron energies of less 
than 10 Mev, and this has been confirmed by a number 
of authors (i.e., Kruger, Shoupp, and Stallman,'® 
Bonner,!? Coon and Barschall,‘ Laughlin and Kruger,'* 
Barschall and Taschek,'* Caplehorn and Rundle’). This 
isotropic scattering has been used as a cross check of 
the present experimental work. 


Il. EXPERIMENTAL METHOD 


The measurements reported in this paper are based 
on a method described by Barschall and Kammer.’’ 
The pulse size distribution from a proportional counter 
containing deuterium gas is observed when the counter 
is irradiated with monoenergetic neutrons. The pulse 
size distribution is a direct measure of the distribution 
in energy of the recoiling deuterons, except for correc- 
tions for wall and end effects in the counters. We as 
sume that, in the scattering of neutrons by deuterons 
in the energy range reported, only S and P wave scat- 
tering terms need be taken into account. Parallel ob 
servations were taken with a hydrogen filled counter to 
ensure that the method yielded isotropic scattering by 
protons. 

The method of interpretation of the pulse distribu 
tions is outlined below. We use the notation £,,=neu- 
tron energy, E=recoil energy, £,,=maximum 
energy, ¢=angle of recoiling nucleus (laboratory sys- 
tem), 0=angle of scattering (center-of-mass system), 
o(0)=differential scattering cross section (center-of 
mass system), o,= total scattering cross section, and 
M=mass of recoiling nucleus relative to the neutron 
mass. Then, from the conservation of momentum, £,, 


16 Walt, Okazaki, and Adair, Phys. Rev. 87, 238 (1952). 

‘6 Kruger, Shoupp, and Stallman, Phys. Rev. 52, 678 (1937) 

17 T. W. Bonner, Phys. Rev. 52, 685 (1937). 

18 J. S. Laughlin and P. G. Kruger, Phys. Rev. 73, 197 (1948). 

‘9H. H. Barschall and R. F. Taschek, Phys. Rev. 75, 1819 
(1949). 

20H. H. Barschall and M. H. Kammer, Phys. Rev. 58, 590 
(1940). 
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=4ME,/(M+1)* and E=E,, cos’. Since 0+ 2¢=7, 


E= E,,(1—cos0)/2. (1) 


If p(£) is the probability per unit energy interval of 
a recoiling nucleus attaining energy B, 


p(E) =0(0)r(M +1)*/0, EM. (2) 


Relations (1) and (2) show that the pulse size dis- 
tribution is equivalent to a measurement of the differ- 
ential scattering cross section in terms of cos6. 

In the case of hydrogen o(6)/o,=1/4r= constant, 
and we obtain a uniform distribution. 

The proportional counters used in these measure- 
ments have a cylindrical sensitive volume whose ends 
are electrically well defined and have been described in 
detail by Skyrme, Tunnicliffe, and Ward.”! When neu- 
trons are directed axially, the method of allowing for 
wall and end effects (i.e., for recoil particles leaving or 
entering the ends or striking the walls before expending 
all their energy) has been detailed for hydrogen. The 
pulse distribution for hydrogen is of the form 


Ro dl, Ry dl» R? dl, 


+ ‘a , 
b dx ab dx 


where @y(x) is proportional to the number of pulses of 
size x per unit interval of size, Ro=maximum recoil 
proton range, a=radius, and b=length of sensitive 
volume of the counter, and where the normalization is 
1 is the maximum pulse size. The correc- 
tion functions /,, 72, and 7; have been computed.” 

If we assume that the differential cross section of the 
deuteron can be written 


such that x 


oy(C\+Cy, cosd+C3 cos?0)/4rC,, 


(3) 


it can be shown that the pulse distribution from the 
deuterium-filled counter is of the form 


a(f) 


bp(x) = Cipi(x)+Cob2(x)+Cada(x), (4) 
where 
Ry dl, 
d(x) =14 + 
a dx 6 dx 


Ro dl; Ro dls Re? dl, 
| ‘i 


Ro dls R,? dl. 


~* 
ab dx 


2(1—2x)+4 


adx 6b dx ab dx’ 


Ry dI io Ro dIy, Re’ dI 2 
o3(x) = (1—2x)?4 + acct pees 
a dx b 


The functions /4, /5:++Z,2 arise from end and wall 
effects. They have been computed by methods similar 
to those outlined earlier” but assuming a linear range- 
energy relation for deuterons in the energy range of 
interest. This assumption should not give rise to in- 
accuracies in these functions of more than a few percent 
and has been a considerable saving in computing effort. 


"Skyrme, Tunnicliffe, and Ward, Rev. Sci. Instr. 23, 204 (1952) 
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The observed pulse distributions for deuterium were 
interpreted as follows. The best values of the coeffi- 
cients C,, C2, C3, and their standard deviations were 
obtained by making a least squares fit of Eq. (4) to the 
observations. Frcm measurements with the hydrogen 
counter a value ® was obtained for the total number of 
neutrons incident on the sensitive volume of the deu- 
terium counter during the time taken to observe the 
pulse distribution. The value of oo was obtained using 
the relation C)=bpoo, which holds for the normaliza- 
tions used, where b= length of the sensitive volume of 
the counter and p=number of deuterium atoms/cc of 
the filling. Integration of Eq. (3) gives the total scatter- 
ing cross section, 

o,=00(14 C;/3C)). (5) 

Finally Eq. (3) was written in the more conventional 

form, 


o(8) =00(1+a cosd+£ cos*6) /4n, (6) 


where a=C2/C; and B=C;3/C}. 


III. EXPERIMENTAL APPARATUS 


Monoenergetic neutrons were obtained from the 
Li’(p, n)Be? reaction. An analyzed proton beam of 
energy up to 2.5 Mev from the Harwell electrostatic 
generator’ with beam currents of 4ya was _ used. 
Targets of evaporated lithium fluoride on silver back- 
ings of thickness between 5 and 30 kev were mounted 
at the end of a thin aluminum thimble six inches 
long. The energy spread of the proton beam was 
controlled to about +1 kev at the lower energies 
by an electron gun stabilizer and to about +5 kev at 
higher energies by a slit placed in front of the target. 
Machine voltages were measured with a generating 
voltmeter calibrated using the Li’(p, m)Be’ threshold 
and neutron energies calculated using the known pro- 
ton voltage. 

Two counters were suspended in a light aluminum 
framework in a vertical plane intersecting the target 
and containing the proton beam and were orientated 
at angles of 20° above and below the direction of the 
beam. The counters were each about two and a half 
feet from the target. Apart from the beam analyzing 
magnet the nearest substantial mass of material was 
about nine feet from the target and counters. 

One counter was filled with either pure deuterium at 
78.1-cm pressure of mercury (16.3°C) or 30.7 cm of 
deuterium, 50.1 cm of argon, and 1.8 cm of carbon di- 
oxide (20°C), and the other with either 79.6 cm of pure 
hydrogen (16.3°C) or 78.0 cm of pure methane (20°C). 
The fillings mentioned first were used for measurements 
below 450-kev neutron energy. The pure methane, 
hydrogen, and carbon dioxide were prepared by frac- 
tional distillation. The deuterium was prepared by 

.. Fortescue and P. D. Hall, Proc. Inst. Elec. Engrs. 
(London) 96, 77 (1949). 
% The author is indebted to Dr. London of the Atomic Energy 


Research Establishment for preparation of the pure methane and 
to the Clarendon Laboratory, Oxford for the pure hydrogen. 
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Fic. 1. Comparative pulse dis- 
tributions obtained at various neu- 
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allowing for end and wall effects. 
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TaBLe I. Experimental values of the constants of Eqs. (5) and (6). 


Ce 
barns 


4.8 +0.34 
3.79+0.22 
3.10+0.29 
3.14+0.20 
3.18+0.17 
3.29+0.20 


Es 

kev a 8 
0.1114-0.146 
0.075+-0.082 
0.055+0.224 
0.6024+0.125 
0.838+0.105 
1.17 +0.13 


em? x10 , 
4.6 +0.07 
3.70+0.06 
3.04+0.09 
2.62+0.04 
2.44+0.04 
2.37+0.04 


135 — 0.099 +0.039 
280 -0.47040.022 
446 0.4194-0.092 
58 0.496+0.014 
780 0.467 +0.036 
914 0.33340.052 


electrolysis of heavy water and purified by the method 
described by Wilson et al.* Mass spectrometer analyses” 
established the isotopic purity to be 98.25 percent Do, 
1.75 percent He. 

Pulses from the counters were amplified by A.E.R.E. 
type 1008 linear amplifiers using the high frequency 
head amplifiers and fed in turn to a 30-channel pulse 
analyzer. Runs with each counter at a given neutron 
energy were taken with and without a neutron ‘shadow 
cone’ inserted between the counter and target to allow 
a correction to be made for scattered neutrons. This 
shadow cone consisted of a thin-walled aluminum can 
six inches long filled with water. Runs were monitored 
by measuring the integrated proton current received by 
the target. 

The pulse distributions from the hydrogen containing 
counter were fitted to calculated curves immediately 
after they were obtained and showed that satisfactory 
experimental conditions had been established and were 
maintained during the series of measurements. They 
were used to determine the number of neutrons incident 
on the counter and hence on the deuterium counter 
during the corresponding run with the latter, after 
allowing for a small inverse square correction and using 
the integrated proton currents received by the target 
during the runs. 

Runs were taken below the neutron threshold of the 
Li’(p, n)Be’ reaction with each filling to assess the 
gamma-ray background and to assist in rejecting points 
at the lower end of the distributions which might be 
modified by this background. 


IV. RESULTS 


The pulse distribution of comparison runs for the 
hydrogen and deuterium-filled counters are shown in 
Fig. 1. These data have been corrected for variations 
in pulse analyzer channel widths, for hydrogen content 
of the deuterium counter, and for scattered neutron 
background. The errors shown are standard deviations 
of the number of counts per channel. The solid lines are 
the theoretical curves calculated by the methods out- 
lined in Sec. II. The maximum pulse size used in ad- 
justing the pulse size scale of Eq. (4), and therefore enter- 
ing into the value of C;, has been assessed by taking the 

* Wilson, Beghian, Collie, Halban, and Bishop, Rev. Sci 
Instr. 21, 699 (1950) 


* The author is indebted to the mass spectrometer group at 
the Atomic Energy Research Establishment for these analyses 
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value at which the actual distribution falls to half the 
extrapolated value of the distribution whidh might be 
expected but for resolution effects. From previous ex- 
perience”® this assessment should not be in error by 
greater than 1 percent. 

Correction for the hydrogen recoils in the deuterium 
counter was obtained in a straightforward manner using 
the hydrogen counter distribution at the corresponding 
neutron energy and allowing for the ratio of hydrogen 
in two counters and the lengths of the runs. Over the 
range of pulse sizes used, the scattered neutron back- 
ground never amounted to more than a few percent. 
In carrying out the least squares fit of Eq. (4) to the 
experimental results the distributions were inspected 
and points at the upper and lower end of the runs dis- 
carded before making the analysis. In general, it was 
necessary to discard the upper three or four points since 
the upper ends of the distributions were smeared out by 
resolution effects in the counter and by the finite width 
of the incident neutron spectrum. The lower ends of 
the distributions were discarded where contributions of 
more than a few percent might have been made by the 
gamma-ray background and where a contribution could 
arise from the second neutron group from the 
Li’(p, 2) Be? reaction.”” 

The values of the constants a, B, oo, and oa, obtained 
are listed as a function of neutron energy in Table I. 
The errors quoted for a, 8, and o» are standard devia- 
tions obtained from the analysis using the statistical 
accuracy of the experimental data. The restricted angu- 
lar range has been allowed for automatically. A further 
uncertainty of 5 percent, assessed somewhat arbitrarily, 
has been added to the error of a, to allow for uncer- 
tainties in the neutron flux determination. 

In treatment of the results it has been assumed that 
the ionization potential for the low energy recoil protons 
and deuterons used in this work is constant within the 
experimental accuracy and, therefore, that the pulse 
sizes were proportional to the recoil energies. This 
assumption is based on the work of Tunnicliffe and 
Ward.”* 


V. DISCUSSION AND CONCLUSIONS 


It is concluded that neutron-deuteron scattering is 
markedly anisotropic at neutron energies of about 1 
Mev. The anisotropy decreases with neutron energy but 
is still appreciable at 135-kev neutron energy. This 
magnitude of the anisotropy does not appear to be pre- 
dicted by existing theoretical treatments. However, 
Buckingham, Hubbard, and Massey* point out that 
their calculations cannot be relied upon for neutron 
energies less than 2 Mev and propose to extend their 
calculations in more detail at low neutron energies. If 
an extrapolation of the trend of the experimentally 
observed anisotropy is permissible, it may be concluded 

26 P. R. Tunnicliffe and A. G. Ward, Proc. Phys. Soc. (London) 


65, 233 (1952). 
27 B. Hammermesh and V. Hummel, Phys. Rev. 78, 73 (1950). 
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that these results tend to support those of Darby and 
Swan’ and of Caplehorn and Rundle.’ 

The total cross-section values are in agreement within 
the experimental errors with the results of Nuckolls 
et al." down to the lowest energies which they used 
(350 kev). The value 27.79 barns at 280 kev agrees 
within the experimental errors with the results of Walt, 
Okazaki, and Adair.'® Both this value and the value of 
4.8 barns at 135 kev are high in comparison with the 
unbound values of 3.3, 3.44, and 3.4 barns at very low 
neutron energies given, respectively, by Rainwater ef 
al." Fermi and Marshall,'® and by Wollan, Schull, 
and Koehler.'* Owing to pressure of circumstances, it 
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was not possible to repeat measurements and obtain 
adequate cross checks of these apparently anomalous 
cross sections in the time available. It would therefore 
seem desirable that the total cross section be investi- 
gated further below 500 kev. 

The author is indebted to Dr. T. H. R. Skyrme for 
development of the method of handling the wall cor- 
rections, to Miss P. Dyson for much of the extensive 
numerical work, and to Mr. A. E. Pyrah for efficient 
maintenance and operation of the electrostatic gen- 
erator. He wishes to thank the Director of the Atomic 
Energy Research Establishment for permission to 
publish this paper. 
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A New Rigorous Lower Bound on the Range of the Triplet 
Neutron-Proton Interaction* 


LesuigE L. Fotpy 
Case Institute of Technology, Cleveland, Ohio 


(Received December 1, 1952) 


The experimental values of the electric quadrupole moment and percentage D state in the deuteron to 
gether with the effective triplet range of the neutron-proton interaction are employed to determine a rigorous 
lower bound on the “cut-off” range of the neutron-proton interaction. The latter is defined to be the range 
beyond which the deuteron wave functions have effectively their asymptotic form. 


T was first pointed out by Schwinger! that the exist- 

ence of an electric quadrupole moment for the deu- 
teron requires that the neutron-proton interaction in 
the triplet state have a finite range. By the use of 
approximate expressions for the deuteron quadrupole 
moment and percentage D state in the deuteron, 
Schwinger was further able to make an estimate of a 
lower bound on this range of 2.5X10-" cm. More 
recently Broyles and Kivel? introduced an ingenious 
method for obtaining a rigorous lower bound on the 
triplet range. Before describing their approach it is 
necessary to give a more precise definition of the term 
“range” as it is used above. It is used here in the sense 
of the neutron-proton separation beyond which the 
deuteron S and D wave functions have effectively 
their asymptotic form. For an interaction which does 
not have a tail but cuts off sharply, it then represents 
the separation at which the cutoff occurs. For a long- 
tailed interaction, a precise definition is not so easy to 
formulate, and one must be satisfied with defining it as 
the neutron-proton separation beyond which the devia- 
tion of the actual deuteron wave function from its 


* This work was supported by the U. S. Atomic Energy Com- 
mission. Part of the work herein contained was carried out while 
the author was a summer visitor at Brookhaven National Labora- 
tory. The hospitality extended to the author by this laboratory is 
gratefully acknowledged. 

1 J. Schwinger, Phys. Rev. 60, 164 (1941). 

2 A. A. Broyles and B. Kivel, Phys. Rev. 77, 839 (1950). 


asymptotic form is sufficiently small to make no differ- 
ence within the accuracy desired in the calculation of 
such quantities as the quadrupole moment, percentage 
D state, effective range, etc. To distinguish this range 
from such quantities as the effective range and intrinsic 
range, we shall refer to the range here defined as the 
“cut-off” range of the potential. 

The method of Broyles and Kivel consists in com- 
pletely ignoring the form of the interaction in the deu- 
teron and concentrating attention on the deuteron wave 
function. Assuming then that these wave functions 
have their asymptotic form outside the cut-off range 
of the potential and an arbitrary form inside, they 
maximize the expression for the quadrupole moment of 
the deuteron by variation of the form of the wave func- 
tions inside the range of the interaction and the ampli- 
tude of the asymptotic forms outside the range of the 
interaction. This maximum quadrupole moment is 
then a monotonically increasing function of the range 
of the interaction, and the observed quadrupole moment 
then sets a lower bound on the range of the interaction. 
It is worth noting that the maximum quadrupole mo- 
ment for a fixed range is obtained by having the wave 
functions vanish inside the range of interaction. The 
lower bound which these authors find for the cut-off 
range turns out to be 1.1X10~-" cm which is consider- 
ably below that estimated by Schwinger. 

At least part of this last discrepancy can be at- 
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tributed to the fact that no condition is placed on the 
percentage of D state in the deuteron in the calculation 
of Broyles and Kivel. In fact, the lower bound on the 
range obtained by these authors turns out to corre- 
spond to a D state percentage of 35 percent which is 
much larger than is reasonable. To remedy this de- 
ficiency these authors and the present author’® inde- 
pendently revised the original calculation by imposing 
the condition that the D state percentage in the 
deuteron be less than 5 percent. One then obtains for 
the lower bound on the range a value of 1.75 10-8 cm 
which is a substantial improvement but still consider- 
ably below Schwinger’s value. 

Since even in the improved calculation the maximum 
quadruple moment is obtained when the deuteron wave 
functions vanish inside the range of interaction, any 
improvement of the calculation must stem from a re- 
quirement that prevents this vanishing. Such a condi- 
tion can be imposed by making use of the triplet 
effective range.*> This is a quantity which can be ex- 
pressed in terms of the deuteron wave functions in a 
manner which is relatively insensitive to the inter- 
action potential and, consequently, is fairly well estab- 
lished from scattering experiments to have a value of 
about 1.70% 10~" cm. Actually, the quantity which we 
require is that usually designated by*® p,(—e, —«) and 
defined in terms of the radial S and D wave functions 
of the deuteron, « and w, respectively, (normalized to 
u’+w~ve*er) by 


p=pi(—e, —e) of [ee tar— yt — w* |dr, 


where a=(Me/h’)' is the reciprocal of the deuteron 
radius. The quantity which is experimentally deter- 
mined is that designated as‘ p,(0, 0), but the difference 
between this and p:(—e, —e€) which depends on the 
shape dependence of the interaction potential is quite 
small, and the results we shall obtain are in any case 
not very sensitive to the exact value of the effective 
range. 

Before proceeding with the actual calculation in this 
case, it is worth noting that a finite effective range al- 
ready imposes of itself a lower bound on the range of the 
triplet neutron-proton interaction. For if we designate the 
range of the neutron-proton interaction by ro, we have 


x ro 
p= 2f [fe 2er—14?— w* |dr = 2f [e-2or— 4? — w? |dr 
“06 0 


l-—e? 


care 


ro x 


~2f [wba }ir+2 f [eter — 1? — w? |dr, 
0 ro 


3A. A. Broyles and B. Kivel, Phys. Rev. 70, 418 (1950); L. L. 
Foldy, Phys. Rev. 78, 636 (1950). 

‘J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949); 
H. A. Bethe, Phys. Rev. 76, 38 (1949). 

5H. Feshbach and J. "Schwinger, Phys. Rev. 84, 194 (1951). 
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whence, since the last integral may easily be shown to 
be negative by the use of the asymptotic forms of u 
and w, 

1 —<é 2ary 


and 


rp > —— In(1—ap) = 1.10% 10-8 cm. 
2a 


Because of this one might expect that the inclusion of 
the effective range as a condition on the maximization 
of the quadrupole moment would substantially raise 
the lower bound on the range obtained from the latter 
alone. We follow with the investigation of this problem. 


CALCULATION 


’ 


In what follows we shall use the “‘radius” of the deu- 
teron, (h?/Me)}, where ¢ is the binding energy of the 
deuteron, as the unit of length. Writing u/r for the 
radial S function and w/r as the radial D function for 
the deuteron, we shall normalize these functions so 
that « is asymptotic to (1— p*)!e~” while w is asymptotic 
to p(1+3/r+3/r)e~", where p is a constant. In terms 
of these functions the quadrupole moment of the deu- 


teron is given by 
wr | f [ 0+ we" 
0 


O= ldr, 


(1) 


1 we 
f rl uw 
- i 


the percentage D state by 


i~ f utdr | f [+ w* jdr, 
0 { 


and the effective range of the triplet neutron-proton 
interaction by 


a 
p=2f Ce? — uv? — uP |dr. 
f 


From (3) one has 


(2) 


(3) 


f (u?+w* |ldr=}3(1—p), 


0 


whence we may write (1) and (2) in the form 


1 x 


O= (5) 
10(1—p)4o 


rT uw—w* |dr, 


(6) 


Let ro be the cut-off range beyond which the poten- 
tial (effectively) vanishes so that « and w take their 
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asymptotic forms: 


u=(1—p’)te-", 


w= 


Also define 


WV? = f wdr. 


0 


Then using these forms in (6) we find 


5) 


- 


6=1—- 


-{U°+4(1-— pe 2ro 
—~ 


so that U?® is fixed once p, ro, 6, and p are given. : 
from (3) we may write 


p= 2{3—U?—W2—4(1— p)e2— } p*K(ro)}, 


ro 3S sf 
Kin=2f [14 + - |. 2rdr 
0 r 


Eliminating U* between (10) and (11) we obtain 


2 
5=1—-——{}—}p 
l—p 


where 


W?—3 pK (ro)}, 


so that WW” is fixed when p, 4, ro, and p are given. 
Finally we may write (5) in the form 


1 ru 
= f rl Shuw—w* jdr 
10(1—p)1¢ 


ro 
— ——— [ pL(ro) - p?M (ro) |, 
10(1—p) 


&! 7% . a 
Lin) =— f | 1+ +. | 2dr, 
red ry r 9 


1 ’ 3. 37 
M(r,.)= f “| 1+-+ | e "dr 
rod oy r r 


Our problem now is to maximize this last expression 
for Q holding the quantities 5, p, and 79 fixed, and vary- 
ing p and the values of the functions u and w in the 
range 0 <r Cro. We carry out this problem in two steps: 
first we maximize Q with respect to the functions u and 
w ia the stated interval for a fixed value of p; then we 
maximize the resultant expression by variation of p. 

By inspection one sees that we can maximize the ex- 
pression (14) with respect to u and w holding p fixed by 


where 


TRIPLET n-p 


INTERACTION 


ro 
[: rl Stuw—w* |dr, 
0 


subject to the conditions that U? and W? are held fixed. 
This is equivalent to the maximization of the quantity 


=f r{ Shuw—w* jdr/(L?+ W?), 


maximizing 


(17) 


subject to the condition that W® is held tixed. We em- 
ploy here the method of Broyles and Kivel combined 
with a Lagrange multiplier to take account of the 
subsidiary condition. To employ the method of Broyles 
and Kivel we write the integrations involved as sum- 
mations whence we must maximize 


g= {> r7[8!uwi,—w 2 lar 


-AY wPFAr}/S [u?+w?]dr, (18) 


where A is a Lagrange multiplier, with respect to varia 
tions of the u; and w,. As the above authors have shown, 
the maximum is obtained by setting «,; and w, equal to 
zero in all intervals except that one for which the 
quantity 


{7 ?[84u ws—w?]—dAw?}/(ue+we) (19) 


has its maximum value. Hence we first proceed to 
maximize this last expression with respect to the ratio 
t,=u,/w,. For this purpose let us write A,;=A/r,’, 
whence we must maximize 


rt (SIE, — E2—AE2)/(IFE2)} 


with respect to £,. On differentiating and setting the 
result equal to zero, we find for the value of &; maxi 
mizing (19), 


§=43{(9(1—As?+4]}'—2-4(1—A,)}, 


and for the corresponding maximum value of (19) 
I 


2 3(1—A,)°+4 1+ A,-1 

Since, once we have found the interval in which (19) 
has its maximum value, we shall set u; and w, equal to 
zero in all other intervals, the subsidiary condition on 
the variation will take the form 


é?=4{L4(1 


as an equation determining A,. Since this equation does 
not involve r,, the corresponding value of A, does not 
depend on r;. One then readily finds that so long as 
U>2'W (a condition which is satisfied in our case), 
the interval in which (19) takes its maximum value is 
that in which r? is a maximum, namely the interval 
for which r;=79. This essentially solves the first part 
of our problem for we now know that u and w must be 
made to vanish everywhere except in the last infinitesi- 


A,)?+4]}!—2-41-A)P=W2/U", (20) 
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mal interval in the range 0 <r <ro. With this condition 
the expression (14) for the quadruple moment Q 
becomes 
rg 
©) 


{Si WwW : Ww? + pL(ro)— p’M (ro)}, 
~p) 


(21) 
10(1 


where Ul” and W? are functions of p through the rela- 
tions (10), (13). The remainder of the problem now con- 
sists in maximizing this last expression with respect to 
p, for given 6, p, and ro. This has been carried out 
numerically, using experimental values for 6 and p, for 
a sequence of values of ro. The value of ro corresponding 
to the observed quadrupole moment of the deuteron 
then represents a lower bound on the range of the 
triplet neutron-proton interaction. The experimental 
value for p which has been used is 1.70X10-" cm. 
While there is some uncertainty in this value, the cor- 
responding uncertainty in (79)min is not of any signifi- 
cance. However, the percentage D state in the deuteron 
is not known very accurately, and hence the calcula- 
tions were carried out for several values of 6. The results 
obtained are: 


Yodmin 


2.44 1078 cm 
2.16 
1.97 


CONCLUSION 


We may note that another interpretation of the 
present result can be stated as follows: If it is desired 
to fit all of the available low energy data on the deu- 
teron by a potential which vanishes at the minimum 
possible separation between proton and neutron, then 
the required potential is one which is infinitely repulsive 
for distances less than (r9)min and finite only in an 
infinitesimal interval at this distance. It seems rather 
remarkable that a potential interaction of this char- 


acter, so at odds with our usual notions of inter- 


Bes 
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nucleonic potentials, is capable of explaining this data. 
Of course, we must remember that higher energy 
neutron-proton scattering data in all probability con- 
flict with this potential so we should not take it too 
seriously. 

A further conclusion that we may draw from our 
results is that for a more reasonable potential, one 
which is attractive over most its range, it is necessary 
that the potential be appreciable for neutron-proton 
separations considerably greater than 2X10~" cm. 
Unfortunately, the present calculation throws very 
little light on the question of exactly how long the tail 
of a long-tailed potential must be to be consistent with 
the experimental data, and it would seem that rela- 
tively detailed calculations with potentials of special 
shapes are required to answer this question. This is 
certainly a drawback for the practical application of 
the present results. 

A point worth discussion before closing is the ques- 
tion as to what further information about the deuteron 
would be required to appreciably extend the present 
rigorous lower bound on the cut-off range. The most 
unrealistic feature of the wave functions that we have 
found above is the rapid variation of the wave functions 
with radius. To eliminate these sharp variations, it is 
necessary to have some information which bears on 
this question, and the feature which immediately comes 
to mind is the average value of the kinetic energy of 
the deuteron. When information is forthcoming which 
allows one to place a reasonable upper bound on the 
kinetic energy of the deuteron, it should be possible 
(though perhaps requiring a rather difficult calculation) 
to increase considerably the lower bound on the range 
beyond the value computed here. 

We wish to express our thanks to Miss Jean Snover 
and participating members of her computation group 
at Brookhaven National Laboratory for the execution 
of the numerical calculations necessary to obtain the 
present results. 
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Effects of the Atmosphere on the Penetrating Cosmic Radiation 


Rospert L. Cuasson 
Department of Physics, University of Nebraska, Lincoln, Nebraska 
(Received November 10, 1952) 


A comparison is made of the results of three independent studies of upper-atmospheric influences on the 
penetrating cosmic radiation. The results of Cotton and Curtis are in disagreement with those of Duperier 
and the author, who agree very closely on the value of the upper-atmospheric temperature coefficient for 
the hard radiation observed at sea level. The work of Cotton and Curtis is examined with regard to method 
of data reduction, whereupon it is suggested that they are possibly in error because of statistical inadequacy 
of the cosmic-ray data and an improper mode of application of meteorological data 





| Retina and Curtis'* have reported calculations 
of the dependency of hard cosmic-ray intensity 
upon fluctuations of barometric pressure, the altitude 
of the 100-mb level of the atmosphere, and the mean 
temperature of the 100-mb region. Their results agree 
essentially with those of Duperier’ for the barometric 
and pressure-altitude coefficients, but they find no 
significant correlation with upper-atmospheric tempera- 
ture changes. The latter result contradicts the results 
of Duperier and those of the author.‘ 

The cause for disagreement is not obvious, but it is 
interesting to compare the conditions of the experiment 
of Cotton and Curtis with those of Duperier and the 
author. Table I presents a summary of the three in- 
dividual experiments. It is seen that the work of 
Duperier has roughly 5 times the statistical reliability 
of counting compared with Cotton and Curtis. The 
work of the author is almost 23 times as reliable in this 
respect. Furthermore, there is a question about the 
proper use of meteorological data in conjunction with 
the cosmic-ray data. Using four different pairs of daily 
radiosonde records, Duperier calculated daily average 
pressure-altitude and temperature for the 100-mb re- 
gion. He claimed that missing data for one station could 
be found with negligible error by interpolating data 
from nearest ascents for the one station and simul- 
taneous ascents for the other. He then proceeded to 
employ these daily averages in his calculation of re- 
gression coefficients. 

The present author had available only two daily 
radiosondes, at 0300 and 1500 GMT (Oakland Airport 


Weather Station; 12 km from Berkeley, California). 
Any attempt to interpolate missing data was doomed to 
failure because even known values of pressure-altitude 
and temperature could not be so reproduced, showing 
the impossibility of calculating meaningful daily aver- 
ages for these parameters. Because of this, only cosmic- 
ray data collected during the 3-hour period bracketing 
the time of the radiosonde flight were used for regression 
calculations. Furthermore, separate calculations were 
made for morning and afternoon flight periods. 

At first the author attempted to make daily average 
values for the atmospheric parameters, and these were 
compared with cosmic-ray intensity. He found agree- 
ment with Duperier, as did Cotton and Curtis, on all 
but the temperature coefficient. For the latter he ob- 
tained inconsistent results. Confinement of the data, as 
described above, yielded results that were substan- 
tially more significant over all, including agreement with 
Duperier on the temperature coefficient. 

Cotton and Curtis used the results of two independent 
but simultaneous radiosonde ascents made twice daily. 
In light of the Berkeley experience, there is reason to 
doubt the accuracy of their daily averages for upper- 
atmospheric parameters. Duperier indicated that useful 
averages could be calculated from four daily ascents, 
and his ability to correctly interpolate values indicates 
that his use of an averaging procedure is somewhat 
more valid, 

One is quite sure that there is an effect relating 
cosmic-ray intensity to atmospheric temperature, and 


TaBLeE I. Comparison of experiments. 


Angular aperture of 
telescope (to 
vertical) 


Authors Absorber 


Temperature 
coethcient 
(percent/°C) 


Approx. av 
Datum Total No. of counts per 
period datum periods datum period 





17°7’ (max) 12 in. concrete 
10 cm Pb 

25 cm Pb 

40 cm Pb 

20 cm Pb 


Cotton and Curtis 
18° 60° 
Ke a 9 og 
38°X 60° 


Duperier 
Duperier 
Chasson 


' FE. S. Cotton and H. O. Curtis, Phys. Rev. 84, 840 (1951). 
- H. O. Curtis and E. S. Cotton, Phys. Rev. 88, 173 (1952). 


24 hr 45 — (0.0234-0.027) 
24 hr 125 
24 hr 156 

3 hr 78 


— (0.124+-0.032) 
— (0.075+-0.010) 


7.3 104 — (0.068+0.018) 


A. Duperier, Proc. Phys. Soc. (London) A62, 684 (1949); Nature 167, 312 (1951); J. Atmos. Terr. Phys. 1, 296 (1951). 
*R. L. Chasson, Ph.D. thesis, University of California, 1951 (unpublished). This work was supported by the joint program of 


the U. S. Office of Naval Research and the U 


. S. Atomic Energy Commision. 
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it is obvious that the whole atmosphere must be con- 
sidered before a complete correlation is at all possible. 
But it is not unreasonable to believe that the upper- 
atmospheric temperature should exert an appreciably 
large influence in this respect. Duperier has shown that 
much better correlation and larger regression coeffi- 
cients are obtained by considering the region between 
50 and 200 mb instead of that between 100 and 200 mb. 
His results are in agreement with the known lifetime 
of charged pions and the value of the mean free path 
for primary radiation in the atmosphere. Furthermore, 
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if one believes the explanation of the cosine-squared 
zenithal dependence of the hard intensity at low alti- 
tude, he would expect to find that the temperature co- 
efficient would increase as telescope solid angle is de- 
creased. This result has been found by Duperier. The 
use of relatively small solid angle in the experiment of 
Cotton and Curtis should thus yield a value of the 
coefficient larger than those found by Duperier and the 
author, although the small-angle telescope should not 
yield as good statistics unless appreciably longer pe- 
riods of observation are used. 
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Moliére’s Theory of Multiple Scattering 


H. A. BretTuEe 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received November 28, 1952) 


Moliére’s theory of multiple scattering of electrons and other charged particles is here derived in a mathe 
matically simpler way. The differential scattering law enters the theory only through a single parameter, 
the screening angle xq’, Eq. (21). The angular distribution, except for the absolute scale of angles, depends 
again only on a single parameter b, Eq. (22). It is shown that 6 depends essentially only on the thickness of 
the scattering foil in g/cm?, and is nearly independent of Z. 

rhe transition to single scattering is re-investigated. An asymptotic formula is obtained which agrees 
essentially with that of Moliére, Snyder, and Scott, but which remains accurate down to smaller angles, 


Eq (38 


The theory of Goudsmit and Saunderson has a close quantitative relation to that of Moliére, and a good 
approximation to their distribution function can be obtained by multiplying Moliére’s function by (@/sin#@) 
This relation holds until the scattering angles become so large that only very few terms in the series of Goud 


smit and Saunderson need to be taken into account. 


I. INTRODUCTION 


A‘ least four different theories of the multiple 
scattering of electrons by atoms have been pub- 
lished which are mathematically closely related, and 
which can give exact results if carefully evaluated. 
They are the work of Moliére,' Snyder, and Scott,?# 
Goudsmit and Saunderson,‘ and Lewis.® Of these, the 
first two use immediately the approximation of small 
scattering angles and therefore an expansion in Bessel 
functions (see below) (or a Fourier integral for the dis- 
tribution of projected angles). Goudsmit and Saunder- 
son develop a theory valid for any angle by means of 
an expansion in Legendre polynomials. Lewis starts 
from the Legendre expansion and then goes over to the 
limit of small angles, thus establishing the connection 
between the first three methods. 

The theories of Moliére and of Goudsmit and Saunder- 
son share one important advantage, namely that they 
do not assume any special form for the differential 

1G. Moliére, Z. Naturforsch. 3a, 78 (1948). 

?H. Snyder and W. T. Scott, Phys. Rev. 76, 220 (1949). 

3W. T. Scott, Phys. Rev. 85, 245 (1952). 

‘S. A. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 and 


58, 36 (1940). 
5 H. W. Lewis, Phys. Rev. 78, 526 (1950) 


scattering cross section. In both theories it is shown 
that the scattering depends only on a single parameter 
describing the atomic screening, the critical angle xa, 
Eq. (16) of this paper. This angle can then be calcu- 
lated, for instance, for the Fermi-Thomas distribution 
of electrons in an atom, or for any more accurate elec- 
tron distribution if available. Moliére has even included 
the deviation of the differential scattering from the Born 
approximation, Eq. (21), and Hanson, Lanzl, Lyman, 
and Scott® have shown that this inclusion is important 
for explaining their own experimental results as well as 
those of Kulchitsky, Latyshev, and Andrievsky’ for 
heavy elements. Snyder and Scott, as well as Lewis, 
assume a special scattering law, viz., that derived from 
the exponentially screened potential, Ze’r—'e~"/*. Only 
a posteriori did Scott® state that the treatment of 
Snyder and Scott? is mathematically identical with 
Moliére’s and can therefore also be generalized to his 
differential scattering law. 

The theory of Goudsmit and Saunderson has, of 
course, the further advantage that it is valid for all 

6 Hanson, Lanzl, Lyman, and Scott, Phys. Rev. 84, 634 (1951). 

7L. A. Kulchitsky and G. D. Latyshev, Phys. Rev. 61, 
254 (1942); Andrievsky, Kulchitsky, and Latyshev, J. Phys 
(U.S.S.R.) 6, 279 (1943). 
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angles. On the other hand, the small-angle theories 
have the advantage of considerably greater trans- 
parency. This is particularly true of the theory of 
Moliére, which remains analytical to the end. 

To an accuracy of 1 percent or better, the angular 
distribution is given by the sum of 3 analytical terms, 
Eqs. (25) to (29), the first of which is the well-known 
Gaussian, while the second goes over into the single- 
scattering formula at large angles and the third is a 
correction. Both second and third terms are easily 
evaluated. 

It is possible to combine the advantages of both types 
of theories because, up to quite large foil thicknesses 
and scattering angles, the Goudsmit-Saunderson result 
can be expressed in terms of the simpler Moliére theory 
(Sec. 8). However, this is only possible if the total 
path length rather than the actual foil thickness, is 
used as the independent variable. 

Snyder and Scott have calculated the distribution of 
projected angle, Goudsmit and Saunderson that of total 
scattering angle, and Moliére both. We shall restrict 
ourselves to total scattering angle. 

The aim of this paper is to give a simpler derivation 
of Moliére’s equations, to show how one is led in a 
straightforward way to Moliére’s ‘“‘screening angle” Xa, 
and to derive a simple asymptotic formula for the cor- 
rection to single (Rutherford) scattering. In most 
places, the same notation as Moliére’s is used. His 
equations are quoted as M with the appropriate number. 


II. DERIVATION 


Moliére derives his fundamental equation (M 4.4) 
by considering successive collisions. Like Moliére, we 
assume that all scattering angles are small so that sin@ 
may be replaced by @, and the scattering problem is 
equivalent to diffusion in the plane of @. Now let o(x)xdx 
be the differential scattering cross section into the 
angular interval dx, and (0, /)6d@ the number of elec- 
trons in the angular interval dé after traversing a thick- 
ness !. Then the standard transport equation is 


-~Nf(8, df otxdxax 


EN f 100", Dolwdx, (1) 


Of(6, t)/dt= 


where .V is the number of scattering atoms per cm’, 
6’=6-—x is the vector in the plane representing the 
direction of the electron before the last scattering, and 
dx =xdxdo/2x, where ¢ denotes the azimuth of the 
vector x in the plane. 

Now we make the same Fourier (Bessel) transforma- 
tion as Moliére, expanding 


(2) 


f(8, p= f ndnJ (nO) g2(n, t) 
0 
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so that 


xz 


g(n, t)= Ad9T o(n8) f(8, t) 


(3) 


Then the Fourier transformation of (1) yields, using the 
folding theorem, 


£ 


Og(n, 1) Ot= 20 ON f a(x)xdx[1—Jo(nx) }. (4) 


This can be i ated over /, giving 
This can be integrated f, giving 


g(n t) = e8(»)—- 2 


in the notation of Moliére, where 


s 


(2(n) = vif a(x) xdxJo(nx), (6) 


and QQ) is the value of (6) for »=0, i.e., the total number 
of collisions. In (5) we have used the fact that g(n, 0)=1 
for all », which follows from the assumption that f(@, 0) 
is a two-dimensional 6-function 6(@), i.e., the incident 
beam is exactly in the direction 0=0. 

Equations (2) and (5) are Moliére’s fundamental 
equations (M 4.4, 4.5). It is convenient to treat 
Q(n) —Qo together, rather than splitting them up be- 
cause, aS Moliére himself has pointed out, the total 
number of collisions 2 is irrelevant, and Q¢—{Q(n) is 
much smaller than { for the values of » which are 
important; Qy— 2(n) may be called the “effective num- 
ber of collisions.”’ Inserting our results back into (2), 
we have 


f(8, b) -f ndnJ o(n0) 


xexp| —ve f a(x)xdx{1—Jo(nx)} }. (7) 


0 


This equation is exact for any scattering law,* pro- 
vided only the angles are small compared with a radian. 


Ill. TRANSFORMATION 


The scattering from atoms is characterized by the 
fact that o decreases rapidly and in simple manner, 
as x‘, for large x, and is complicated only for angles 
of the order of 


xo=A/a=XK/(0.885a9Z “t), (8) 


§ The derivation of Eq. (7) in essentially the same form as in 
this section was shown to the author by Henry Hurwitz, Jr. in 
1949, without knowledge of Molitre’s paper and before publica- 
tion of the paper by Snyder and Scott. The derivation by Lewis 
(see reference 5) which starts from finite angles and spherical har- 
monics, could be simplified by using small angles and Bessel 
functions from the beginning, and would then become essentially 
identical with that given in this section. Lewis’ result is equivalent 
with (7), but he uses a special scattering law before arriving at 
the formula corresponding to (7). Of course, Lewis’ proof estab- 
lishes at the same time the connection between the Goudsmit- 
Saunderson theory and that of Moliére. 
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where A is the de Broglie wavelength of the electron, 
dao the Bohr radius, and a the Fermi radius of the atom. 
For any reasonable foil thickness, the width of the 
multiple scattering distribution is very large compared 
with xo, and this is the reason for the essential sim- 
plic ity of Moliére’s theory. 

Following Moliére, we set 


Nto(x)xdx = 2x2xdxq(x)/x', (9) 


where q is the ratio of actual to Rutherford scattering, 
and 


v= 4 NletZ(Z+1)2?/(pr)?; (10) 


p is the momentum and 9 the velocity of the scattered 
particle of charge z. The factor Z+1 instead of Z is to 
take into account the scattering by the atomic elec- 
trons, as first suggested by Kulchitsky and Latyshev.’ 
The physical meaning of x, is that the total probability 
of single scattering through an angle greater than x, is 
exactly one. This angle was already used by Williams? 
in his theory of multiple scattering. The ratio q(x) is 1 
for large x and decreases to zero at x= 0, the main drop 
occurring in the neighborhood of xo. 
Inserting (9) into (6) and (5), we get 


{2() 


loge(n, t) = Q 


s 


[ ‘dy{ 1—Jo(xn) lg(x). (11) 


2x2 


The important values of » will be of order 1/x, or less.'° 
Since gq becomes appreciably different from 1 only for 
values of x of order xo, and since xo is much less than 
x- (of the order of 1/100), it is possible to split the 
integral at some angle & such that 


XoKRKI n™~Xe- (11a) 


Then, for the part of the integral from & to infinity, 
q(x) can be replaced by unity and the integral evalu- 
ated analytically. For the part from 0 to k, on the 
other hand, the argument of the Bessel function is 
small and we may write 


1 —Jo(xn)=4x°n"’, (12) 
which will make it possible to reduce the integral to a 
universal one, independently of 7. 

The analytical integral may be written: 


* 


f dyx4[.1—Jo(xn) | rf dit 1—Jo(t) } 


= 3971 (kn). 


® FE. J. Williams, Phys. Rev. 58, 306 (1940). 

‘0 This is most easily seen from Eq. (17) according to which 
e(n, 1) =exp[Q)—2(n)] becomes extremely small when x, >>1. 
Che use of (17) to justify (11a) may seem circular because (17) 
itself is based on the assumption (11a); but the only part of (11a) 
actually used in deriving (17) is that nxo1. Our method will 
therefore be in error if, and only if, nxo is of the order 1, in which 
case (17) gives ge~exp[ —4(x-/xo)?] which is exceedingly small 
(see the end of this section). 


(13) 
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The integral J,, defined by (13), can be integrated by 
parts and gives, since the lower limit x= kn is small: 


o dt 2 J,(x) 
1a)=4f —[1— Jo) J=—[1— Jo(x) J+ — 
t x? 


x 


z 


—Jo(t)=1—Inx+In2—C+O(x?), (14) 


where C=0.577-++ is Euler’s constant. 
The lower range of integration gives, using (12), 


7 k 


ff tex *4(x)L1— Jo(xn) I= tnt f q(x)dx/x 


1nTo(k). (15) 


Moliére now defines the characteristic screening angle 
xa by the equation" 


k : 
inxetin| f y(xddx/x+4—Ink (16) 
kms 


Then, taking together (11) and (13) to (16), we get 
§ —2(n) = 3 (xen)*L —In(van)+-34+1n2—C], (17) 

Putting then x.n=y, we get 
Q —2(n) = }*[b —In(4y*) J, (18) 


where 


b=In(x-/xa)?+1 —2C=In(x-/xa')?. (19) 


Then, setting 
6/xe=, (19a) 
we get Moliére’s transformed equation 


a 


f(0)0d0 = nan f ydyJ (Ay) expl 4 y?(— 6+ In} y") J, 


(20) 


which is very much simpler in form than (7). 

The derivation was based on the inequality (11a) 
and will, therefore, fail if 7 is of order 1/xo, or y of order 
x-/xo~e!®. Indeed, the exponent in (20) has a mini- 
mum when y= y;=2e!~); thereafter it increases and 
becomes in fact positive infinite as y goes to infinity. 
This increase is spurious and due to the approximation 
(11a); therefore, the integral should only be extended 
to y=¥,. How little difference this makes can be seen 
from the fact that the exponential, for y=y,, has the 
value exp(—}y,*)=exp(—e>"). Since e’~(x./xa)* is 
about the number of collisions Qo, the formula (20) is 
correct to the relative order e~®°/*, For foils of moderate 
thickness, the number of collisions is 1000 to 100 000 so 


'' The term 4 would not need to be in the definition. It is in- 
cluded by Moliére in order that xa be exactly A/a for an expo- 
nentially screened potential, V(r) = (Ze#/r)e~"/*. 
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that the error would be only e~* to e~ ™! Actually, 
the error in (17) for values of y of order 1 is more im- 
portant; it gives corrections to f(@) of order 1/Q with 
a small numerical factor.'* 


IV. THE SCREENING ANGLE 


Perhaps the most important result of Moliére’s 
theory is that the scattering is described by a single 
parameter, the screening angle xa’. The angular dis- 
tribution depends only on the ratio of the “unit proba- 
bility angle” x., Eq. (9), which describes the foil thick- 
ness, to the screening angle xq which describes the 
scattering atom. The distribution function f(@) is en- 
tirely independent of the shape of the differential cross 
section do provided only do goes over into the Ruther- 
ford law for large angles. In most other?*:> derivations 
of exact theories of multiple scattering, an explicit 
assumption was made about the differential cross sec- 
tion, namely the Born-approximation cross section 
for an exponentially screened potential. This potential 
is not a good approximation to the actual atomic poten- 
tial, and the only rigorous published proofs that the 
shape of the potential is immaterial for the multiple 
scattering, are those of Moliére and of Goudsmit and 
Saunderson. 

For the actual determination of the screening angle 
Xa, Moliére uses his own calculation" of the single scat- 
tering by a Thomas-Fermi potential which does not 
make use of the Born approximation, the solution being 
accomplished by means of the WKB method. An exact 
formula for the differential cross section in terms of an 
integral is given in Moliére’s paper,’ Eq. (4, 6), but 
his final evaluation of integrals over the Fermi func- 
tion is numerical and only approximate; it yields 
(21) 


Xa" = xo"(1.13+3.76a7), xq?=1.167x,?, 


with @ the usual parameter, 


a=2Ze/ho. (21a) 


9 


The term in a represents the deviation from the Born 
approximation. We now insert (21) and the definitions 
(8) and (10) of xo and x, into the definition of b, Eq. 


12 Exactly the same formulas as in this section were already 
obtained by Moliére. The only difference is that he used in the 
proof a rather complicated series of Hankel functions, whereas 
we used the simple Bessel function Jo so that every step in our 
derivation can be easily followed. This simplification made it 
possible to show in a more logical way why just the quantity xa, 
Eq. (16), enters the theory. Finally, it also makes possible a more 
precise estimate of the errors. 

* Note added in proof:—We have not taken into account any spin 
or relativity corrections, except for the use of the relativistically 
correct denominator (pv)? in (10). These corrections are appre- 
ciable only at numerically large single-scattering angles x, and 
therefore will not materially affect the small-angle multiple 
scattering treated in this section. In the region where single 
scattering predominates, it should still be a good approximation 
to consider the quantity R which will be calculated in Section VI, 
as the ratio of actual to correct single scattering. 

3G. Moliére, Z. Naturforsch. 2a, 133 (1947). 
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TaBLeE I. Last factor in Eq. (22) as a function of atomic number. 


2 Is 6 2 10 50 70 92 
(Z+1)2! 


a 0.70 
A(1l +3.34a*) 


1.00 1.05 1.27 1.20 1.00 0.90 


* Deuterium; for hydrogen the factor is 2.00 
(19); this gives 


Xe Xe 
eb= — 


Xa” 1.167x,? 

h\? (Z+ 1)Z'2°0.885" 
= inva ) 
me 8°A1.167(1.13+ 3.7607) 


6680t (Z7Z+1)Z'2" 
(22) 


B A(1+3.34a2) 


where / is measured in g/cm?, B=v/c, A is the atomic 
weight, and Vo= 6.02 10" is Avogadro’s number. The 
relations pA=h and ag=h?/me® have been used. It is 
interesting that the Z dependent last factor in (22 
never deviates much from 1; its values for z=1 and 
v=c are given in Table I. This means that the effective 
“number of collisions” per g/cm? is nearly the same 
for all elements. 

Hanson, Lanzl, Lyman, and Scott® have pointed out 
that the Thomas-Fermi potential is not suitable for 
substances of low atomic number, such as Be, and that 
in fact their experiments indicate a somewhat larger 
Xa for this substance than that required by the Thomas- 
Fermi atom. If the potential of the atom is known, it is 
easy to insert it in (16) and thus to derive xa. 


V. EVALUATION 
Moliére has given a satisfactory evaluation of (20) 
for all angles. He defines the new parameter B by the 
transcendental equation 
B-—\nB=6, (23) 
and the variable 3 by 
3=\B-t= 0/(x.B). 


It will also be useful to use 


(24) 


(24a) 


The value of B is usually between 5 and 20. The integra- 
tion variable is now changed to 


x= J. 


(24b) 
and the distribution function is expanded in a power 
series in 1/B, which gives 
f(0)0d0= ddd f (3)+ Bf (9) 
+B*fO(9)-4--- J, 


u= By, 


(25) 
where 


pon(ayant f uduJ o( du) 


0 


Xexp(—4u*)[ 4 In(iw’) |”. (26) 
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TaBLe II. Comparison of the asymptotic formulas for 
scattering with the exact theory. 





fa f@ sors) sorf 


2.4929 0 0 

2.0694 0.0006 0.0008 
1.0488 0.0044 0.0034 
0.0044 ~ 0.0050 0.0003 
0.60608 0.0815 -0.1246 


0.8456 
0.7038 
0.3437 
0.0777 
0.3981 


1.9216 
1.7214 
1.4094 
1.0546 


—0.318 
~().320 
0.101 
0.669 
1.251 


~0.2642 
— 0.4946 
—0.6113 
—0.4573 
— 0.0032 


0.6359 
0.3086 
0.0525 
0.2423 
0.2386 


0.5285 
0.4770 
0.3183 
0.1 396 
0.0006 


0.7338 
0.4738 
0.2817 
0.1546 
0.0783 


1.053 
0.475 
~—0.775 
— 1.483 
— 1.676 


0.6258 
1.2347 
1.6718 
1.8877 
1.9200 


0.1316 
0.0196 
—(0.0467 
0.0649 
—0.0546 


0.0782 
0.1054 
0.1008 
0.08262 
0.06247 


0.0366 

0.01581 
0.00630 
0.00232 
0.00079 


— 1.448 
— 1,008 
—0.566 
-0.222 

0.005 


1.8429 
1.7240 
1.6050 
1.5038 
1.4237 


0.03568 
0.01923 
— (0.00847 
— 0.00264 
0.00005 


0.04550 
0.03288 
0.02402 
0.01791 
0.01366 


0.000250 
7.31075 
1.9x 10-5 
4.7 10° 
1.1 10° 


1000 f 
2.3 1074 
3x 107° 


1000 f 
10.638 
6.140 


1000 f 
1.0741 
1.2294 


0.1375 
0.2521 


1.3617 
1.258 


1.1972 
1.1563 


0.2602 
0.2456 


0.8326 
0.5368 


3.831 
2.527 


2x10-° 
exic- 


5x10" 1.739 0.3495 t.agys 0.2264 


1x10°"" 0.9080 0.1584 1.0901 0.1901 


3$x10°* 0.5211 0.0783 1.0679 0.1604 


1x10” 0.3208 0.0417 1.0523 0.1369 


0.2084 0.0237 1.0419 0.1186 


lor the first two functions /'"’, he gives simple analy- 
tical formulas, 


f= 2e-*(x —1)[Ei(x) —Inx] —2(1 —2e~*), 
where 1 is defined in Jahnke-Emde." 

The next partial function /® is given by Moliére in 
terms of a definite integral, v7z. 


ber f(2) =P we(2)+W'(2) ](a $x-+- 2) 


+ f eran (1—2)— (2) [[(1—d%e"'-1 


(x— 2)t—(3x°—2x4+1)F ], (29) 
where V(n)=d InI'(m+1)/dn, as defined by Jahnke 
and Emde. We have not found any way to evaluate the 
integral analytically, but a power series was obtained 
by Dr. Max Goldstein of the Los Alamos Scientific 


“EF. Jahnke and F. Emde, Table of Functions (Dover Publi- 
cations, New York, 1945), pp. 1 and 2. 
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Laboratory, viz. 


re) 


Integral= >> 


n= n-+- | 


[W(n)+C—¥(2) ] 


+2 


ent 2x"t2 get 
x - + —|. (29a) 
(n+3)! (n+2)! (n+1)! 


Dr. Goldstein was able to use this series to evaluate 
f® for 3 up to 10, or x up to 100, Various transforma- 
tions of (29a) were found but none proved more prac- 
tical than the series itself. 

In Table II, we give the functions /, f", and f® 
more accurately and over a wider interval of # than 
Moliére.'"® We also give }0‘f", 1=1 and 2, because 
these functions determine the ratio to Rutherford scat- 
tering at large angles, Eq. (32), and are easier to in- 
terpolate than the f’s themselves. As will be shown, the 
functions {© to f® are sufficient to determine the dis- 
tribution function to about 1 percent or better for any 
angle. 

For small angles, i.e., & less than about 2, the 
Gaussian f° is the dominant term. In this region, f 
is in general less than f°’, so that the correction to the 
Gaussian is of order 1/B, i.e., of the order of 10 percent. 
Hanson et al.,® have pointed out that a better approxi- 
mation than f/f in this region is given by a Gaussian 
of slightly smaller width: The angle at which the in- 
tensity has dropped to 1/e of the maximum, is 


9.=x(B—1.2)! (30) 
rather than 6,,= x,', and a Gaussian of width (30) is 
the better approximation mentioned. 

The formula for the width of the multiple scattering 
peak can be understood simply as follows: The width 
can in principle be found by calculating the average of 
x? from the single-scattering law, but since o(x) is pro- 
portional to x~4, the integral /x’o(x)xdx diverges 
logarithmically at large x. Now a reasonable way to 
cut off this divergence is to extend the integral to 
x=96,, the width of the multiple scattering peak itself. 
This leads to the transcendental equation (23) for the 
width parameter, B. 

For larger angles, )>2, the function f“ in (28) be- 
comes larger than f°. Indeed, for very large J, (28) 
goes over into the single scattering law f“?=20-4, 
while { decreases exponentially. Now the fortunate 
point is that f° and the higher f‘" behave for large 3 
as J3-?"? and the series (25) therefore converges even 
faster at large 3 than at moderate ones. Therefore, 
f{+B-f™ will be a good approximate representation 
of the distribution at any angle. If an accuracy of 1 


'5Tn general, agreement with Moliétre is good, the maximum 
error being about 3 units of the last significant figure carried by 
him. The only major error in Moliére’s table is f(8) for 3 =3.5 
for which he gives +0.0052, while the correct value is —0.0051. 
This mistake had caused us considerable trouble in trying to 
obtain smooth distributions. 
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percent is desired, and if B is of order 10, the function 
f™ must be included. This is sufficient, even at large 
' is the dominant term, because f° 
in this region, as can be seen both 


angles where f is 
smaller than f" 
from Table II and from the asymptotic formula (34), 
and /‘® is presumably still smaller. 

VI. ASYMPTOTIC FORMULA 


In the limit of large angles, the distribution function 
tends toward the Rutherford single-scattering law. 
According to (9), (19a), and (24), this is 

f p(0)0d0 = 2dd/d3 = (2/B)dd/3*. 
Therefore the ratio of actual to Rutherford scattering 
is, using (25), 

R= f/fp=j{OfP+Bf+---), 
neglecting the Gaussian term Bf. The relative mag- 
nitude of this term can be seen from Table I. 

For f™, Moliére (M 9.3a) gives the asymptotic 
expression 


(31) 


(32) 


R,=3 016M = (1-53), (33) 


whose expansion in inverse powers of 3 agrees with that 
of the exact expression (28) up to and including the 
term of order J‘ and agrees reasonably well with it 
even in higher orders. Similarly, the asymptotic be- 
havior of f® is 


R, Soi 2) = R)-2(Ind +C —3$) 1—99-?—240-*. (34) 
In (34), C—} may be replaced by In0.4 which differs 
from it by only 0.0065. Equation (34) is about 6 per 
cent too high at J)=6, 1.2 percent high at dJ=8, and 
0.2 percent high at d= 10. The error of Eq. (33) is much 
smaller; in parts per thousand, it is 

lor 3 3 2 3.6 4 


3 6 Ss 10 
+40) s -] 9 


5 
Error —1.4 0.8 0.5 01 
The most obvious way to obtain an asymptotic 
formula for R is to expand (33) and (34) in inverse 
powers of J and neglect all terms of order J“ and higher. 
This procedure, however, is obviously very inaccurate 
since the higher terms in the series expansion of (33) 
have very large coefficients. A much better convergent 
series is obtained by taking the reciprocal, 


Ry = (1-592) 


1—40- meee, CB 


Because of the denominator occurring in its first term, 
(34) gives a simple result when combined with (33), 
namely (including order 3‘), 


R“=1—40-[142B" In(0.48) ] 


+29-(12B-—1). (36) 


Here R= R,+(R2/B) is the ratio of actual to Ruther- 
ford scattering, so that R- is the ratio of Rutherford 
to actual. A term of order B-*3~, arising from f®, has 
been neglected. 

A further simplification of (36) can be effected by 
noting that in most practical cases B is of the order of 
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10, so that the last term in (36) is very small. We may 
then write 
Ro=1 
Here we may re-insert the value of 3 and B from (23), 
(24), (19) and get for the ratio of Rutherford to actual 
scattering without further approximation, 
1/R=1—8(x.2/6?) In(20/5x.’). 


In Table III, we have compared the asymptotic 
formulas (36) and (37) with the exact value of R for 
two values of B and various values of J. The ratio of 
the first to the second term in Moliére’s series (25), 
Bf /f, is also listed: this ratio is small in the asymp- 
totic region. It is seen from the table that for B= 14, 
the simpler asymptotic expression (37) is excellent, 
down to J= 2.4, ie., right down to the point where the 
Gaussian begins to dominate. For B=7.3, the agree- 
ment is not quite so good, and the more complicated 
expression (36) is somewhat better than the simple 
(37), although a larger correction than the last term of 
(36) would improve the agreement. Anyway, also for 
B=7.3 the agreement is good down to J=3. The fact 
that f“? and f® combine in such a simple way to give 
the asymptotic formula (38) may seem somewhat 
mysterious from the derivation given here. A more 
natural derivation is given in Appendix A. 

The main difference between (38) and _ previous 
asymptotic formulas is that (38) gives 1/R rather than 
R, and that the asymptotic series for 1/R obviously 
converges much better than that for R. Otherwise, in 
agreement with the theories of Moliére and of Snyder 
and Scott, (38) has a logarithmic dependence of the 
correction term in addition to the 1/3 de- 
pendence. Other theories, e.g., that of Butler,'® failed 
to get the logarithmic dependence but had In(x-/xa) 


'|n(28/5) }. (37) 


19-[14+2B 


(38) 


on v, 


instead. 

As was pointed out before, x2/@ is the probability 
of having a single scattering through an angle greater 
than @ in the foil. The correction term in (38) is roughly 
50 times greater than this probability. This shows that 
the approach to single scattering is extremely slow as 
has been pointed out in the earlier papers. 

VII. COMPARISON WITH EXPERIMENT 

Hanson, Lanzl, Lyman, and Scott® have shown that 
Moliére’s theory is in almost perfect agreement with 
their experiments, up to angles 3 (Sec. 5) of about 2 or 


TABLE III. Comparison of asymptotic formulas with exact value 


2.14 
2.075 
0.18 


1.705 
1.68 
0.031 


1.373 1.492 
1.362 1.485 
0.0003 0.004 


1.875 
1.84 
0.077 


1.47 
2.016 
2.105 
009 


2.07 

2.29 
45 

0.20 


1.378 477 1.610 
1.384 45 1.68 
1.393 513 1.715 
0.0001 0.005 0.015 


1.7 
1.8 
1.87 


0.04 


sutler, Proc. Phys. Soc. (London) A63, 599 (1950) 
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Fic. 1. Comparison of the experiments of Hanson et al. with 

the theory. Abscissa is scattering angle; ordinate is the ratio of 

the scattering by two gold foils differing by a factor 2 in thickness 


3 (their Fig. 3). They showed that similarly good agree- 
ment exists with the earlier experiments of Andrievsky, 
Kulchitsky, and Latyshev.’ 

At larger angles, the analysis was made somewhat 
difficult by the absence of accurate tables of Moliére’s 
functions for these angles. Hanson ef al., interpolated 
between Moliére’s tables and his asymptotic formula, 
which do not fit accurately together. This is especially 
apparent in their Fig. 4 which gives the ratio of the 
scattering by two gold foils having a ratio 2 in thickness: 
Moliére’s asymptotic formula gives smaller scattering 
ratios than observed. 

In Fig. 1, we have compared the experiments with 
our more accurate Table II, which we have already 
shown to agree with our asymptotic formula (38) in 
Table Il]. The agreement is seen to be excellent. At 
large angles, our theoretical curve now lies slightly 
above the measurements, whereas Hanson’s lay below. 
The position of the maximum now agrees exactly with 
experiment was shifted somewhat 
toward larger angles. 

VIII. COMPARISON WITH THE THEORY OF 
30UDSMIT AND SAUNDERSON 

Goudsmit and Saunderson‘ have shown that for any 
angle, small or large, the angular distribution is given 
exactly by 


f(t, 0)=>-(1+- 3) P10) 


while Hanson’s 


xexp| ve fo) sixdxL1— Pid] , 39) 


BE THE 


where f(t, 8) sin#d@ is the number of electrons between 
6 and 6+d86. 

It should be noted that the quantity / means 
actually the distance travelled along the path of the 
electron. No attempt is being made in this paper to 
take into account the ‘‘detour factor,” i.e., the differ- 
ence between the distancs: travelled and the foil thick- 
ness, produced by the crooked path. This problem has 
been considered by Wang and Guth.” 

Lewis’ has pointed out that expression (39) goes 
over into the small-angle expression of Moliére, Snyder, 
and Scott if we replace siné by @ and P; by the well- 
known formula!’ 


P,(6) on Jo((l + 4 A), (40) 


which is valid for small @ regardless of whether / is 
small or large. To obtain (7), /+} is replaced by 9 
and the sum over / by an integral over yn. 

The approximation made by Moliére therefore con- 
sists of 3 parts, viz. (a) the replacement of the sum over 
l by an integral, (b) approximations made in the ex- 
ponential in (39), and (c) the use of the approximate 
formula (40) in the factor P)(@). Concerning (a), we 
may use the Euler summation formula, 


xr . 1 
> ge(l4 5) f g(n)dn-+ g'(O)+---. (41) 
l=() )4 


0 ~ 
Now in our case, according to (20), 


g(n) =nJo(n9) expl in? —b+ In} n*x.2) |, (42) 


and therefore 
g'(0)= (42a) 
from which 


fas(t, 0)= fut, 0)+1/24+---. (43) 


(GS=Goudsmit and Saunderson, M=Moliére). In 
the Gaussian region, fu~1/x.’ so that the correction 
term 1/24 is very small as long as the critical angle x, 
is small compared with a radian. In the single-scatter- 
ing region where @ is large, higher-order corrections in 
the Euler formula become important; the correction 
1/24 should certainly not be used when fx is of the 
order of 1/24 or less, and it should generally be re- 
garded as an estimate of error rather than as a useful 
correction. 

Now we investigate the errors introduced in the 
exponent of (39). First of all, it is now necessary to use 
the exact Rutherford formula, 

sinxdx 


Nto(x) sinxdy = 2x7qQ0) .) 
4(1—cosx)? 


(44) 


where x, is still given by (10). For angles x small 
compared with a radian, (44) goes over into our old 
17M. C. Wang and E. Guth, Phys. Rev. 84, 1092 (1951). 


'8 This formula is slightly more accurate than that given by 
Lewis, Eq. (19), in which /+-4 is replaced by 1. 
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formula (9). As in Sec. 3, we break the integral up into 
two parts, from 0 to k and from k to x, and, similarly 


to (11a) we choose & such that 


X0oKRKA/1. (44a) 


Then, in the region from 0 to k, we may use the formula 


1—P,(x)=4(I+1)x2 (45) 


and replace (44) by (9); then we get 


k 
f Nto(x) sinxdx{1— Pifx) ] 


0 
k 


=4y2h(l4 vf (dx/x)gbo, (46) 


0 


in complete analogy with (15). The screening angle Xa 
may then be introduced by (16), in analogy with 
Goudsmit and Saunderson. 

In the interval x>k, we replace g(x) by 1, as in (13). 
Then, for /=1, this part of the integral is elementary : 


* sinxdy hg 
xe f = 3x." In(1—cosx)} = 
k 1 - COSX k 


For other values of 1, Goudsmit and Saunderson have 
shown that 


x. In(2/k). (47) 


vef a(x) sinydx[1— Pi(x) | 


1 
= fy 2h(I4 pine k)- (1 14... “DI (48) 


GS have omitted the proof of this formula as too 
lengthy; Lewis has given a proof which is somewhat 
complicated. An elementary proof is given in Ap- 
pendix B. 

Adding (46) and (48), and using (16) and (19), we 
get for the GS exponent, 


Tr 


QO; [ Vio(x) sinydx{1- Pix) 


0 


by 1(l+4 if na Xa—3 (4 ‘4 


= 4y2U(141) 


x| Inxa’ +In2+C- (+H vet 


or, using the well-known formula’ 
1 
++ W(1)4 
l 


9 See reference 14, p. 19. 
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with W(x)=d InI'(x+1)/dx, we get 


Or= Ixel(l+ DE -In(hxe’) — ¥()). (51) 


This very simple formula is correct for all / which 
satisfy (44a). This limitation is the same as that of 
(11a) and, like the latter, introduces errors of the order 
of 1/Q at most, with Q) the number of collisions (see 
end of Sec. 3). 

We now use for ¥ the asymptotic formula,'® 


1 
(4+ Byte 
4 


wv (2) =In(1+3)+4 (52) 


Neglecting the second term, setting /+-}=» 
introducing 6 from (19), (51) becomes 


Or=4x2l(-+1)[b —In(hy*) J. (53) 


This differs from Moliére’s formula, (18), only by hav- 
ing the factor /(/+-1) instead of (/+ 4)? outside the 
bracket. 

The neglect of the second term in (52) is obviously 
justified for large 1. Indeed, for large 7 it must be ex- 
pected that the Goudsmit-Saunderson theory should 
give the same as Moliére’s because in this case the rapid 
oscillation of Pi{(x) destroys the contributions to the 
integral Q, from large angles x, while for small angles 
the approximations (9) and (40) are justified. However, 
this argument does not hold for small /, especially for 
/=1, and in this case 3 approximations are made in 
Moliére’s theory: the replacement of the Rutherford 
law (44) by (9), the replacement of the Legendre poly- 
nomial by the Bessel function (40), and that of the 
upper limit w of the angular integration by infinity. 
Equation (52) shows then that these approximations 
compensate almost exactly, the error being only 0.019 
for /=1. 

According to (53), the factor 7? in Moliére’s exponent, 
e.g., in Eq. (17), should be replaced by /(/+-1). In other 
words, the integrand in (20) should be multiplied by 


(54) 
Now, according to the beginning of Sec. 5, the most 
important values of y are of order B-+, making the 


parenthesis in (54) equal to B, according to (23). 
Therefore, 


y/Xe, and 


exp i6xe(b— Injy’) ]. 


fas~ fu exp(7ex<’B). (55) 


Finally, we consider the factor P,(8) in (39). Moliére 
[reference 13, Eq. (A.1)] has derived a formula con- 
siderably more accurate than (40), viz. 


P(0)=(0 /sinO)*J o((1+-3)8). (56) 


At an angle as large as 90°, this formula gives 1.067, 
0.032, and —0.502, respectively, for /=0, 1, and 2, as 
compared with the correct values 1, 0 and —0.5. For 
all except very low /, the expression remains good even 
up to values of @ close to 180°, and breaks down only 
in the immediate neighborhood of 180°. For small 
angles, the approximation is, of course, particularly good. 
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Combining the three corrections, we get the approxi- 
mate formula 


(57) 


fos= (0/sin8)! exp(y'¢x2B) fut 1/24. 


From its derivation, this formula should be good 
approximately for x,°8 <1, i.e., until the Gaussian has 
a width of about one radian. At this point, the ex- 
ponential in (57) gives a correction of only 6 percent 
so that it can in general be neglected. For larger values 
of x7B, ie., larger thickness of foil, only 2 or 3 terms 
in the Goudsmit-Saunderson formula (39) need to be 
taken into account so that this formula becomes very 
easy to handle directly. For smaller thickness, (57) 
may be used,{and since both the exponential and the 
1/24 are in general unimportant, the angular distribu- 
tion may simply be written 


fu (0)(@ sin) dé, (58) 


where fm is the Moliére distribution function as calcu- 
lated in this paper. : 

As pointed out in the beginning of this section, ¢ is 
the total length of path of the electron, rather than 
the foil thickness ¢’. The difference (—Ut’ gives effects 
of the same the difference between the 
Goudsmit-Saunderson and the Moliére distribution. 

Lewis® has shown how the energy loss can be taken 
into account and has calculated the lateral distribution 
in space. 

J am greatly indebted to Dr. Max Goldstein of the 
Los Alamos Scientific Laboratory for the calculation of 
Table II and the development of methods which made 
this calculation possible. I also wish to thank Dr. 
Hanson of the University of Illinois for drawing my 
attention to Moliére’s theory and for discussion of the 
experiments, to Stanley Cohen of Cornell University 
for help with Table I and the figure, and to Dr. Henry 
Hurwitz of the Knolls Atomic Power Laboratory for 
showing me the essentials of the proof of Sec. 2 in 1949. 
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APPENDIX A. ALTERNATIVE DERIVATION OF 
ASYMPTOTIC FORMULA 
We consider the region of large angles in which 
{, Eq. (28) dominates over all other contributions. 


According to Table II, f° becomes unimportant for 


3#>3. We shall neglect all terms which decrease ex 
ponentially with J, such as f“, but keep terms which 
decrease as inverse powers, 0~". We have shown at the 
end of Sec. 5 that f® can be neglected to an accuracy 
of 1 percent or better, so that we need consider only 
{ and f®. 

We shall now show that it is possible to combine 
these two terms, by re-arrangement of terms in the 
expansion (25). For this purpose, we start again from 
the exact formula (20) but introduce Ay=z, rather 
than uw, as the integration variable. We then write the 
exponent of the exponential as follows: 


by?(—b+ Inky’) 


= (22/4d")[ —b —2 In(2A/k)+2 In(z/k) ], (61) 


BETHE 


where & is a numerical constant which will be deter 
mined later to our convenience. We further introduce 
the abbreviations 


p=, [ b+ 2 In(2r ‘k) | rN. (62) 
Since } is in general large compared to the logarithm, 
the #,, defined in (62) is close to & of (24) but is not 
identical with it. In our asymptotic region, #, is large 
and 8 small. 

The distribution function (20) becomes now 


L 


{(8)Ad9 (dd yf 2dzJ 


exp(— 482") expl (2?/2d*) In(z/k) }. (63) 
Expanding the last exponential, the first term will, 
upon integration, give a function like f° which de- 
creases exponentially with angle A, and can therefore 
be neglected. The second term will give a funcion like 
f™ which will be our main contribution. The third 
term gives, except for a constant factor (8A‘)~?: 


x 


Fe f zdzJ (z) exp(— 4B2")z*(Inz/k)®. (64) 


Our simplification will now be achieved by making F®? 
equal to zero by appropriate choice of the free nu- 
merical constant k. Then the distribution function is 
reduced to fF alone. 
In the limit of small 8, the integral (64) can be evalu- 


ated analytically and gives 


lims: 128(3+In2—C— Ink). (05) 
p=0 


To make this zero, we have to choose 


k=5.0325 (65a) 


or nearly 5. The result (65) is closely related to 
Moliére’s asymptotic formula for f°’, Eq. (34). 

For somewhat larger 8, it is possible to estimate k 
by considering the integral (63) in the complex plane. 
We first substitute for Jo(s) the real part of the Hankel 
function H»"’(z). Then we replace the integral along 
the positive real axis of by one along the following 
contour: We follow the imaginary axis up to z= 27/8 
and then go parallel to the positive real axis. To evalu- 
ate the integral along the imaginary axis, we write 
s=ix, with x real, and get for the integral in (63): 


3 


Re f xdxHy (ixye8? 


Xexpl— (2° (66) 


2d*) {In(a/k)+ 11/2} |. 
Since most of the contribution comes from large x, see 
Eq. (70), we may replace the Hankel function by its 
asymptotic expression, 


Hy (ix) = —1(2/mrx)te-7. (67) 
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As in Eq. (25), it is now simplest to expand the last 
exponential in (66). The first term in this expansion, 1 
is purely real. The integral in (66) is then purely 
imaginary, which means that the integral along the 
imaginary axis gives no contribution at all. This leaves 
only the second part of the contour parallel to the real 
axis which obviously gives a contribution proportional 
to the value of the integrand at «= 2/8 which is about 
exp(—x+ 482°) = exp(—1/8)=exp(—v,’). This explains 
the exponential decrease of f°, Eq. (27). (For 8 moder- 
ate or large, this term is of course large.) 

The second term in the expansion of the exponential 
1S 


— (x?/2d?)[In(x/k)4+-2i/2 ]. (68) 


4 
Only the imaginary part matters, so that the integral 
becomes 
2/6 


(w/2)?(2X?) f x3 exp(—x+ [Bx")a dy, 


We now consider the integrand of (69), which we de- 


(609) 


fine as 


x’ exp(—x+ 482°"). (69a) 


The factor 2} is better included with dx as will be 
shown below, Eq. (72). This integrand has a maximum 
at 


x,=B"[1—(1—68)']. (70) 


In the*limit of small 8 which interests us particularly, 
x; has the value 3. This is large enough to use the 
asymptotic formula (67) but is very small compared 
with 2/8. The main contribution to the integral (69) 
comes then from the neighborhood of x; and the integral 
can be evaluated by a saddle point method. The result 
ing asymptotic formula is similar to (35). For larger £, 
x, increases; for B=, it reaches the value 1/B=6. Fer 
still larger 8, there is no longer any solution x,: The 
integrand (69a) then has no maximum for real x but 
increases monotonically to «= 2/8. Then the main con- 
tribution comes from the neighborhood of that point: 
We get into the region where the Gaussian dominates. 
Thus we should expect that our asymptotic theory will 
hold reasonably well for B&§ or J°>>6, J)>2.45. 
This is in agreement with Table III which shows that 
at about 3= 2.45, formula (37) breaks down and simul- 
taneously the Gaussian f°” becomes more important 
than f. 

We now turn to the third term in the expansion of 
the exponential in (66) which is 


(x?/2d*)*[ In(a/k) 4-2/2 P (71) 


The imaginary part of this which is the only part giving 
a contribution, yields the integral 


fe - fvesp r+ 40 (x/k)xv edn (72) 


If B is neglected, the integrand is x°e~* and has a maxi- 
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mum at x=5. Therefore the integral, evaluated by the 
method of steepest descent, will be zero if & is set equal 
to 5. It was shown in (65a) that this is very nearly cor- 
rect, the exact value of k& being 5.0325. This is the 
reason why we included x~! with dx; had we included 
it with the integrand, the maximum would occur at 
x2=4.5 which would give less accurate results. 

lor finite values of 8, the exponential has a maxi- 
mum at 


x2.=B'L1—(1—108)! ]. (73) 


The method of steepest descent will therefore fail for 
B> qo or 3,<10'=3.16; at this point, x2=10. For 
smaller 8, the method can be applied and shows that 
F® =(, if we set 


k=x2. (73a) 


Therefore, if we detine #, by (62) and insert for & the 
value (73), the distribution function is given by f“)(#;) 
alone, without any contribution f®?. 

According to (73), & depends on J; so that J, is de- 
fined by an implicit equation which is not convenient. 
However, in the region in which the method is useful 
at all, (73) may be expanded, giving”’ 


k=x2.=5/(1—58/2+---). (74) 


The useful range is somewhat better covered by putting 


k=5/(1—38). (74a) 


This is accurate within better than 1 percent for 3,>4, 
B<,';. Inserting into (62), we get then 

NWI, b+-2 In(2A/5)+2 In(1 —33,*), (75) 
which is still implicit but now very simple. 

The last term in (75) is small and can therefore be 
treated approximately. In particular, it will be shown 
presently that 3, is very nearly equal to J in the region 
dy~3.5, Le., where the asymptotic treatment just be- 
gins to be valid and where therefore In(1 
large as it can get. Therefore we replace J; by J in the 


30,°*) is as 


last term of (75), and we can then get a relation between 
# and J), using (24) and (23): 


3,= Bd| B42 In(28/5)4-2 Intl — 38 *) | 


(76) 
Bd B+2 In(0.4d —1.28-1) }-4. 


From this it follows that J, in the important region. 
Furthermore, this result provides a check on the theory 
of this Appendix: Moliére’s f® vanishes for J = 3.80 
(Table I1) so that his distribution function is given by 
Bf) alone for this particular value of J. On the 
other hand, our #; is so defined that the distribution 
function is B'f(ds;) for all (sufficiently large) 04. 
3 at the J for which 
vanishes. The agreement is reasonably 


Therefore we should have 0, 
Molire’s f 
satisfactory. 

20 This expansion in the denominator is somewhat more accurate 


than a direct expansion, and will actually be more convenient 
hq. (76). 
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The ratio to Rutherford scattering, (32), becomes 
now, using (63), (31), (62), (26): 


R J stcdu(s) expt 427/97) 42? In(z/k) 


SI fI)). (77) 
Since the value of k matters only for the part propor- 
tional to exp(—v,*), it is often convenient to use (77) 
directly with (76) and Table II. Alternatively, we may 
use the asymptotic formula (33), getting 
R=(1—5d,*)- (78) 

Inserting (76), expanding the reciprocal of R and drop- 
ping terms of relative order B-? or J~® leads directly 
to our old formula (36). 

Finally, we may write down our complex integra! 
(66) without expanding the exponential; it is 


(2 nt f was exp(—x+ 4 Bx") 


-exp| — }x°A* In(a/k) | sin(wx?/4d2). (79) 


The approximation used earlier in this Appendix, of 
considering only f“?, is equivalent to replacing the sine 
by its argument. Since the important x are around 3, 
and A is very large (greater than 10) in the single- 
scattering region, this is a good approximation. 
APPENDIX B. DERIVATION OF THE 
GOUDSMIT-SAUNDERSON FORMULA 


We shall here prove Eq. (48). Since & is chosen to 
satisfy (44a), we may neglect screening. Setting cosx = x, 
we thus have to calculate [ see (44) ] 


kK, 2f dx(1 v) 11 P(x) |, 
I 


where e~ 5k? and the factor 2 is inserted for convenience 
in the following. Because of (44a), P, at x= satisfies 
(45), or, since we now use x as the argument: 


1—P,(1—e)=M(l4+-1e. 


(81) 


(82) 


We first integrate (81) by parts: 


ie 2dx 
+ f Pi(a }. 
1 1-—x 


The integrated part gives, according to (82) 


+1) -1+ Pi(—1). 


l Pi{x)\'-* 
K, 2 


i—2 


In the integral, we write 
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Then the term with 1 can be integrated, giving 
1—P,(-1), (83c) 


which cancels the last two terms of (83a) (a term of 
order € has been neglected). In the other term, we 
perform another integration by parts, giving 


1 l—e 
K,=I(1+-1)+ (1—2°)P, 


1-2 
f «dx d 
1 ~i dx 


Using (82) one finds that the second term cancels the 
first. In the last term, we use the differential equation 
for the Legendre polynomials and get 


K,=I(l+1)A, 


l—e 
A= f dxP, (1—x), 
1 


which is a considerable simplification. 
In order to be able to extend the integral to 1 rather 
we take the difference 


[(1—2?)P/']. (84) 


(85) 


(85a) 


than 1—e, 


Avy - A;= ff ance, 1 P,) (1—x). 
l 


Here we use the relation between spherical harmonics,’ 


rP)) 


(86) 


1 


UP (1—x)P/. (87) 


Phen (86) becomes 


l 
A, l 1, l fava t x)P, ff Pav. (88) 
1 l 


Integrating the first integral once more by parts, and 


using the fact that 


ras == () 


for any /+0 (orthogonality), we get 


Ay 1 Ay l l+nx)P, 1! 2 l 


Inserting back into (&5), we find then 


1 
K,=U(l4 far 2( 14 tet) (91) 


and inserting 4;=}A, from (47), we have proved Eq. 


(48). 


2! See reference 14, p 115 
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Short-Lived Cerium Isotopes from Uranium Fissiont 
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It was demonstrated that the previously reported 1.8-hr Ce'® and 4.5-hr Pr'® do not occur among the 
uranium fission products. Ce® and Pr'® were briefly reinvestigated: the former decays with a half-life of 
13.9+0.6 minutes and emits 8-rays of 0.9-Mev maximum energy followed by soft y-rays; the latter decays 
with a half-life of 24.4+0.5 minutes and its maximum §-ray energy is 3.8 Mev. In addition, it was shown 
that any undiscovered short-lived Ce fission products must decay with half-lives shorter than 6 minutes 


STUDY was made of short-lived cerium isotopes, 
produced by fission of uranium to confirm, or 
disprove, the existence of 1.8-hr Ce! and 4.5-hr Pr'°.'- 
The chemical procedure used was a modification of 
the method of Boldridge and Hume,‘ which is based on 
the fact that ceric iodate is insoluble in 6 .V nitric acid 
while all trivalent rare earth iodates remain in solution. 
The following changes were found necessary in order to 
obtain sufficient radiochemical purity: (1) Two rare 
earth fluoride precipitations were made instead of one, 
and rhodium was used as hold-back carrier; (2) the 
cerium was passed through six precipitation cycles as 
Ce(IO3)4 instead of three, and barium was used as 
hold-back carrier twice; (3) three zirconium iodate 
precipitations were made instead of one. When the 
praseodymium daughters were isolated from cerium, 
ceric iodate was precipitated at least six times. 

Seven irradiations of uranyl nitrate followed by 
separation of cerium yielded decay curves showing the 
14.6-min Ce'*®-24.6-min Pr'® chain and 33-hour Ce™. 
In no case was any 1.8-hr Ce observed or any other 
half-time between 24.6-min and 33-hrs. Also, on four 
irradiations a Pr fraction was isolated from pure cerium 
which had decayed for times between 30 minutes and 
2.5 hours. The Pr decay curves showed the 24.6-min 
Pr and the 13.8-day Pr'®, but no 4.5-hr Pr or any other 
intermediate half-time. These experiments show con- 
clusively that the previously reported Ce'—Pr' chain 
does not occur among the uranium fission products. If 
it did occur with a fission yield greater than 0.1 percent, 
it would have been easily observed in these decay curves ; 
the yield expected for mass 145 is about 4 percent. The 
previously reported Ce'®—Pr'® chain was probably due 
to contamination, perhaps by 2.0-hr Nd'® and 3.7-hr 


La, Only one or two Ce(IO;)4 precipitations were 

t Work performed under the auspices of the U. S. Atomic 
Energy Commision. 

* Present address: Department of Chemistry, University of 
Rochester, Rochester, New York. 

'N. E. Ballou, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1951), Paper 
No. 173, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV. 

2S. Katcoff, Paper No. 174 of reference 1. 

4 Dillard, Adams, Finston, and Turkevich, Paper No. 68 of 
reference 1. 

‘W. F. Boldridge and D. N. Hume, Paper No. 294 of refer- 
ence 1. 


done formerly, while in the present work far greater 
purity was achieved. The report of 0.8-sec Xe"? is 
also based on insufficiently purified cerium and _ is 
therefore probably in error. 

The Ce™Pr'6 chain, previously reported by Gétte,° 
and Schuman,® was observed and investigated further. 
Pure cerium and praseodymium fission products were 
quickly isolated and their activities followed with an 
end-window Geiger tube through a series of aluminum 
absorbers. The half-life of Pr'® was found to be 24.4 
+0.5 minutes as determined from twelve decay curves, 
each followed for four to nine half-lives. The maximum 
beta-energy was found to be 3.8 Mev from the absorp- 
tion curves which gave a Feather plot range of 1900 
mg/cm*. Schuman® reported 24.6+-0.3 minutes for the 
half-life, about 3 Mev for the maximum §-ray energy, 
and 1.4 Mev for the y-ray energy. 

A growth of activity was observed in the cerium frac- 
tions when measured through absorbers thicker than 
50 mg/cm?. This resulted from the fact that the beta- 
rays of the Ce™® are soft and easily absorbed relative 
to the energetic Pr' betas. The four growth-decay 
curves obtained with enough absorber to completely 
remove the Ce'* beta-rays were analyzed to determine 
the half-life of Ce'"*, as follows. The observed activity 
at various times was subtracted from the asymptote 
(corresponding to the 24.4-min half-life of the daughter) 
which the curves approach after about three hours. The 
resulting difference curves were exponential and corre- 
sponded to the decay of the Ce'*® through a factor of 
about 20 with a half-life of 13.9+0.6 minutes. Schu- 
nran’s value® was 14.6+0.8 minutes determined by 
counting a series of cerium aliquots that were peri- 
odically cleaned of Pr daughter activity. The maximum 
B-ray energy of the Ce'® was found by analyzing ab- 
sorption curves obtained for the Ce'*-Pr'® mixture. 
The observed half-thickness value in aluminum for 
the Ce'® B-rays was 31 mg/cm’, which corresponds’ to 
about 0.9-Mev maximum energy. It was also found 
that 13.9-min Ce emits soft y-rays, probably between 

5H. Gétte, Z. Naturforsch. 1, 377 (1946). 

®R. P. Schuman, Metallurgical Laboratory Reports CN-2799, 
March, 1945 and CN-2929, April, 1945 (unpublished). 


'D. W. Engelkemeir, Figs. I-7 of “Introduction to Part I,” 
Radiochemical Studies: The Fission Products, p. 18, reference 1. 
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0.2 and 0.3 Mev. This is based on an analysis of two 
runs in which the cerium fractions were measured 
through three lead absorbers (2, 3, and 4 g/cm?). A 
more thorough investigation of these radiations is 
planned by means of a scintillation spectrometer. 

In the above cerium runs counting was begun as 
soon as 28 minutes after the irradiation and 3.5 minutes 
after the final separation from Pr. Since no component 
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shorter than 13.9-min was seen, it is concluded that 
any other short-lived Ce fission products must have 
half-times shorter than 6 minutes. 

One of the authors (A.A.C.) wishes to express his 
appreciation to Dr. R. W. Dodson and the staff of the 
Chemistry Department for the opportunity to carry 
out this work at the Brookhaven National Laboratory 
during the past summer. 
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Gamma-Radiation from Interaction of 14-Mev Neutrons with Iron 
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Experiments have been performed to observe gamma-rays produced by the interaction of 14-Mev neutrons 
with iron, Although the gamma-spectrum appears to be continuous below 3.0 Mev, there may be discrete 
gamma-rays at 3.3, 4.4, 5.8, 7.1, and 8.75 Mev. The total cross section for gamma-ray production is 4.6+0.5 


barns 


I. INTRODUCTION 


OME observations'® of the gamma-radiation pro- 

duced by interaction of fast neutrons with matter 
have been carried out primarily by absorption tech- 
niques. To obtain better resolution, we have made 
measurements with a spectrometer consisting of a 
single crystal of NalI(Tl) in conjunction with an 
eighteen-channel pulse-height analyzer. The spectra 
examined so far appear to consist of a low energy 
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Fic. 1. Schematic representation of the experimental arrange 
ment showing accelerator target, alpha-monitor, iron converter, 
and crystal detector, 

1D. F. Lea, Proc. Roy. Soc. (London) 150, 637 (1935) 

2 J. H. Coon, private communication. 


continuum overlaid by a series of discrete lines or 
bands at higher energies. 


II. DESCRIPTION OF THE EXPERIMENT 

A 250-kilovolt Cockcroft-Walton accelerator? em- 
ploying the T(d,n)He‘ reaction was used as a source' of 
14-Mev neutrons, which were allowed to fall upon an 
iron converter arranged as shown in Fig. 1. 

The converter and the accelerator monitor were so 
placed that’ whenever an alpha-particle entered the 
monitor a corresponding neutron entered the converter. 
The iron converter, approximately 0.75 inelastic neu- 
tron mean free paths long, was just wide enough to 
cover the “coincidence neutron beam.” On the average 
a gamma-ray traveled about 0.25 mean free paths 
before leaving the converter and reaching the detector. 

A block diagram of the electronic arrangement is 
shown in Fig. 2. A single crystal of NaI(T]) and a 5819 
photomultiplier in conjunction with an eighteen-channel 
pulse-height analyzer detected the gamma-rays pro- 
duced in the converter. The multichannel analyzer was 
gated only by coincidences between the alpha-monitor 
and the spectrometer, thereby eliminating background 
counts from direct neutrons on the crystal as well as 
radiation scattered off the walls of the room. The 
amplifier discriminator in the alpha-channel was set to 
eliminate counts from the D(d,n)He® reaction, from 
electrons and low level noise. Scalers were placed at all 
points in the system that gave useful information, 

Figure 3 shows typical calibration curves with the 
4.45-Mev line of Po-Be and the two gamma-lines of 

Bergstralh, Dunning, Durand, Ellison, Howerton, and Slavin 


(to be published). 
4 Graves, Rodrigues, Goldblatt, and Meyer, Rev. Sci. Instr. 
20, 579 (1949). 
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Fic. 2. Block diagram of electronic equipment used in 
the experiment. 


Co®. These curves, after correction for the statistics of 
the 5819 photomultiplier tube and the finite channel 
width of the discriminator, resemble the theoretical 
response due to scattering and absorption of the 
gamma-rays in the crystal. 


III. SPECTROMETER RESPONSE 


The pulse-height distribution produced by an arbi- 
trary spectrum of gamma-rays falling upon a crystal 
spectrometer can always be expressed in terms of the 
incident spectrum and various system parameters. The 
resulting integral equation may be inverted to obtain 
thereby the energy spectrum of the incident radiation. 
To formulate an expression for the spectrometer pulse- 
height distribution, let do(E’)/dE’ represent the differ- 
ential cross section (in barns/Mev) for gamma-ray 
production of energy E’, and K(E’, £) the relative 
probability of finding a pulse whose height lies in the 
interval between E and E+dE whenever a gamma-ray 
of energy E£’ interacts with the crystal. It can then be 
shown that the pulse-height distribution M(E) is 
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Fic. 3. Calibration curves of the spectrometer, obtained for Co™ 
and Po-Be gamma-rays. 
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NEUTRONS WITH Fe 1269 
Here, V, represents the number of neutrons falling on 
the iron converter which are in coincidence with the 
alpha-monitor. The converter to detector solid angle is 
Q, and the quantities /;, ¢z, and D refer to converter and 
crystal dimensions as indicated in Fig. 4. Ay is the 
width of the coincidence neutron beam falling on the 
converter. The y;, “2 are gamma-ray absorption coefti- 
cients for converter and crystal, respectively, and are 
functions of the integration variable E’. Attenuation 
of the direct neutron beam in the converter is repre- 
sented by A and was computed from the transport cross 
section and atomic density » for iron. 

A possible method of analyzing the spectrum is to 
first subtract out apparent lines or bands which appear 
as maxima in the pulse-height distribution. This can 
be done if the relative pulse-height distribution A (E’, E£) 
is known for each line energy. A (E’, £) can be obtained 
from calibration curves or estimated theoretically. The 
cross section oo for gamma-ray production at the 
energy Eo, is obtained from the integral equation 
for the pulse-height distribution by setting do/dE’ 
= 0)5(E’— Eo). After all apparent lines have been sub- 
tracted, the remaining portion of the pulse-height 
distribution is treated as a continuum and an approxi- 
mate solution of the integral equation for do/dE is 


Vv 


obtained by use of a simple form of K(E’, £). 


IV. RESULTS 


Coincidence counting data was taken on a multi- 
channel analyzer for a given number of neutrons (or 
alpha-monitor counts) with the converter both in and 
out of the ‘‘coincidence neutron beam.” The machine 
rate was held constant during both runs so that the 
accidental rate was the same. The ratio of converter 
in to converter out counting rate was between 5 and 
10, so generally the “background” was small. True 
counting data was obtained by subtraction of results 
obtained with the converter and out of the beam. 
Figure 5 is a plot of a representative set of data in 
counts per neutron per Mev. Probable errors in the 
counting data are indicated by the length of the vertical 
lines. Peaks occurring at electron energies of 2.5, 3.4, 
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Fic. 4. Arrangement of iron converter and detector 
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Fic. 5. Pulse-height distribution owing to iron gamma-rays. Ordinate is in counts per Mev per neutron 
and is the difference between converter-in and converter-out data. 


4.80, 6.1, and 7.75 Mev were attributed to lines or 
bands in the gamma-ray spectrum at energies of 3.3, 
4.4, 5.8, 7.1, and 8.75 Mev, respectively, and were 
subtracted from the data as described previously. An 
approximate solution of the integral equation was 
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Fic. 6. Computed spectral distribution of iron gamma-rays 
Ordinate is in barns per Mev for the “continuous portion” of the 
spectrum. Total cross sections are given for the line spectra. 


applied to the remaining portion of the distribution, 
which resulted in a continuous spectral distribution. 
Figure 6 shows the line or band spectra with their total 
production cross section, the estimated total cross 
section for all gamma-rays above 9.0 Mev and the 
part of the spectrum which appears continuous. No 
great significance should be placed on the shape of the 
continuum; however, the total cross section for this 
region is correct even though its distribution may be in 
error. The total cross section for the production of 
gamma-rays of all energies is 4+.6+0.5 barns. The error 
indicated in the cross section arises mainly upon 
uncertainties in the analysis and not from counting 
statistics. Error in energy assignment is of the order 
of 0.2 Mev. 

In conclusion the authors wish to thank Dr. E. H. 
Krause and Dr. M. H. Johnson for their active interest 
and support. The authors also wish to express their 
indebtedness to Mr. A. P. Flanick for aid in performing 
the experiments. 
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Total Fast Neutron Cross Sections of Co, Ga, Se, Cd, Te, Pt, Au, Hg, and Tht 


M. Wa trt,* R. L. BecKer,f A. OKAZAKI, AND R. E. FIeLps 
University of Wisconsin, Madison, Wisconsin 
(Received December 8, 1952) 


The total neutron cross sections of Co, Ga, Se, Cd, Te, Pt, Au, Hg, and Th were measured as a functon 
of neutron energy from 0.1 to 3 Mev. An estimate of the error caused by neutrons scattered into the detector 
was made by measuring the apparent cross section as a function of sample diameter. The results give addi 
tional evidence that, neglecting resonance structure, total neutron cross-section curves have characteristic 


shapes which change slowly with atomic weight. 


T has been pointed out! that if total neutron cross 

sections divided by the nuclear geometrical area are 
plotted as a function of the neutron energy and of the 
atomic weight, the result is a smooth surface containing 
broad maxima and minima. This regular behavior of the 
total neutron cross sections of various elements has 
created interest in measuring the cross sections of 
hitherto uninvestigated elements to see if they conform 
to these regularities. The present experiment was 
undertaken to supplement existing data. 

Total cross sections were measured by transmission 
experiments as described by Miller e/ al.? Fast neutrons 
for energies above about 1 Mev were produced by 
bombarding a zirconium-tritium target with protons 
from an electrostatic generator. Below 1 Mev a lithium 
target was used. Cylindrical samples about one inch 
in diameter of the elements studied were placed midway 
between the neutron source and the detector; the dis- 
tance from source to detector was fourteen inches. With 
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Fic. 1. Variation of the apparent total neutron cross section of 
Sn and Bi as a function of the solid angle subtended by the sample 
at the source and at the detector. 


t Work supported by the U. S. Atomic Energy Commission and 
the Wisconsin Alumni Research Foundation. 

* U.S. Atomic Energy Commission predoctoral fellow 

t National Science Foundation predoctoral fellow. 

' H. H. Barschall, Phys. Rev. 86, 431 (1952). 

2 Miller, Adair, Bockelman, and Darden, Phys 
1952). 


Rev. 88, 83 


the exception of the measurements on Te, Au, and Se 
above 1.5 Mev, neutrons were detected by a hydrogen 
recoil (pulse) ionization chamber. The high energy Te, 
Au, and Se data were taken with a scintillation detector 
using a stilbene phosphor mounted on an RCA 5819 


on 





O, IN BARNS 











> 





0, IN BARNS 
° La) 


ad 





' 2 
E, IN MEV 


Fic. 2. Total neutron cross sections of Co, Ga, Se, Cd, and ‘Te 
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photomultiplier tube. Background, which was measured 
by shielding the detector from the source by a paraffin 
cone, was less than 2 percent with the recoil counter and 
less than 10 percent with the scintillation detector. The 
recoil counter background was produced by neutrons 
reflected from the floor and walls of the room while the 
background of the scintillation counter was due pri- 
marily to x-rays from the electrostatic generator. The 
data for neutron energies below 200 kev were taken at 
115° with respect to the incident proton beam. All 
other measurements were made with neutrons pro- 
duced at 0° to the incident protons. 

Before cross sections could be determined, it was 
necessary to correct the measured transmissions for the 
effect of neutrons scattered into the detector by the 
sample. The correction was made assuming that the 
neutrons were scattered isotropically. However, angular 
distributions® of scattered neutrons calculated from the 
continuum model show a strong forward maximum 
which becomes more pronounced with increasing energy 
and increasing atomic weight. Therefore, the isotropic 
correction was expected to be too small, and an experi- 
ment was undertaken to determine the magnitude of the 
resultant error. The experiment consisted of measuring 
the apparent transmission of samples of Sn and Bi as a 
function of the solid angle subtended by the sample at 
the source and detector. The apparent transmission 
increased with sample size because of the increase in the 
number of neutrons scattered into the detector. Figure 


3 Final Report of the Fast Neutron Data Project, January 31, 
1951, Atomic Energy Commission Report NYO-636 (unpublished) 


Fic. 3. Total neutron cross sec- 
tions of Pt, Au, Hg, and Th. 





1 gives the apparent cross sections of Sn and of Bi for 
three different samples of the same thickness but dif- 
ferent diameters. Assuming that the theoretical angular 
distributions of reference 3 are valid, the calculated 
apparent cross sections are very nearly a linear function 
of the solid angle subtended by the sample at the source 
and detector for the range of sample sizes used. Hence 
it is reasonable to assume that a straight line extra- 
polation of the data of Fig. 1 to 0 steradians will give 
the true cross sections. 

As Sn and Bi are typical of medium and heavy 
elements, the in-scattering error for the elements meas- 
ured can be estimated from the Sn and Bi data. At 3 
Mev for 1-in. samples and a source-to-detector distance 
of 14 in., the measured cross section would be 4 percent 
low for the case of Bi and about 2 percent low for Sn. 
The isotropic correction was about } percent so the data 
shown in Figs. 2 and 3 are probably low as much as 
3 percent for the heavy elements at the highest energy. 

Figures 2 and 3 give the total cross section of Co, 
Ga, Se, Cd, Te, Pt, Au, Hg, and Th as a function of 
neutron energy. No effort was made to resolve indi- 
vidual resonances. The resolution was determined by 
the target thickness and was about 25 kev for the data 
taken with tritium targets and 50 kev for the Li target 
work. 

The measured cross sections fit smoothly on the 
surface giving cross section as a function of atomic 
weight and neutron energy shown in reference 1. 

We wish to thank Dr. J. H. Coon and Dr. C. W. 
Zabel of the Los Alamos Scientific Laboratory for the 
loan of most of the samples used in the experiments. 
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Direct Comparison of m/e for the Positron and the Electron* 


L. A. Pace, P. STEHLE, AND S. B. GuNsT 
University of Pittsburgh, Pittsburgh, Pennsylvania 
(Received December 1, 1952) 


A relativistic, double-focusing mass spectrometer has been built to operate with 55-kev electrons. It has 
reversible electric field and fixed magnetic field. Positrons from Na® and electrons from a hot filament 
alternately follow identical trajectories in opposing directions. The magnitude of the electric field required 
to focus is used as the measure of m/e. Seventeen positron runs were made intermediate in time between 
twelve electron runs. The rms deviation of the data lies within the standard deviation associated with 


positron counting. The result is 
(m/e) 


m/e 


where the uncertainty is the standard deviation. 


I. INTRODUCTION 


ARLY experimental comparisons between m/e for 
the positron and the electron! indicated equality 
within 15 percent and, later,’ within 2 percent. Because 
many atomic constants are known to much greater 
precision,’ and because of the possibility of a difference 
between (m/e)~ and (m/e)*, a number of investigators 
have recently suggested the need for a direct precision 
comparison.‘:®> A mass spectrometer built for this pur- 
pose is described, as are the results of the experimental 
comparison. 
Il. METHOD 
If a particle with a mass-charge ratio m/e follows a 
certain trajectory from point 1 to point 2 under the 
influence of fields E, H, then a particle with a mass- 
charge ratio — m/e will follow the same trajectory from 
point 2 to point 1 under the influence of fields — E, H. 
In the present experiment a family of trajectories 
between points 1 and 2 is furnished representing the 
focusing in angle and energy of a source at 1 on a 
detector at 2 or vice versa. If, however, the particles 
have slightly different magnitudes of m/e, correspond- 
ingly different magnitudes of E will be needed to 
achieve focus. One has 


6(m/e) 
m/e 


for the case where the particle speed v is constant along 
the central trajectory. 


III. DESCRIPTION OF APPARATUS 

A simplified plan view of the mass spectrometer is 
shown in Fig. 1. An electromagnet, with rectangular 

* Work supported in part by the U. S. Office of Naval Research, 
and done in the Sarah Mellon Scaife Radiation Laboratory. 

1 J. Thibaud, Phys. Rev. 45, 781 (1934). 

2 A. H. Spees and C. T. Zahn, Phys. Rev. 58, 861 (1940) 

3 Jesse W. M. DuMond and E. Richard Cohen, Phys. Rev. 82, 
5 (1951); Muller, Hoyt, Klein, and Du Mond, Phys. Rev. 88, 
5 (1952). We are indebted to Professor DuMond for communi- 
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’ Arne Hedgran and David A. Lind, Phys. Rev. 82, 126 (1951). 
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poles between which the rectangular part of the vacuum 
chamber is clamped, provides a nearly uniform vertical 
magnetic field over the volume of the chamber. Electro- 
static deflector plates CC (stainless steel with adjacent 
planes lapped flat and parallel) have a potential differ- 
ence between them, the average potential being near 
ground. These act as a velocity selector. The purely 
magnetic deflection between D and E defines the 
momentum. It will be shown below that by suitable 
choice of A, p, and @ the apparatus is made double- 
focusing. The controls for varying p and @ are not 
shown. 

At A there is a line source of positive 8-rays (0.5 mC 
Na”). A portion of the positron spectrum entering the 
mass spectrometer through slit B is brought to a focus 
on slit & by adjusting the electric field between plates 
CC. This selects a velocity to match the momentum 
defined by the magnetic field, which is held fixed. In 
terms of the fractional change in voltage across the 
velocity selector, the beam has a width at half-maxi- 
mum approximately equal to the defining slit width 
divided by p (~0.009 in./3 in.=0.003). The horizontal 
angle range and the fractional energy range accepted 
are of the order of magnitude of the velocity-selector 
plate spacing divided by p (~0.115 in./3 in.=0.038). 
Vertical angles are limited by the height of aperture # 
and of slit B, and are the same for electrons and for 
positrons. 

The situation for a positron run is indicated in Fig. 1. 
A bundle of positron trajectories from slit B to slit E 
is schematically represented. The trajectories emerging 
from the spectrometer at £ are stopped down at aperture 
H, pass through the housing 7, and terminate at the 
end-window Geiger-Mueller counter GMC. Aperture 
H limits the width of the beam to the usable width of 
the counter window. 

For an electron run the velocity-selector voltage is 
reversed. The injector housing / is held at a negative 
potential so that electrons from the hot tungsten fila- 
ment J are accelerated toward the aperture //. An 
aluminum scattering foil G (0.2 mg/cm?), retracted 
during positron runs, is now placed across 7. The foil 
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Fic. 1. Plan view of double-focusing mass spectrometer. 
Spacing between plates CC and the widths of slits B, FE, and 
rough-slit D are grossly exaggerated in order to show a bundle of 
particle trajectories. The magnetic field is uniform over the 
rectangular part of the vacuum chamber and is out of the paper. 
The vacuum chamber height between magnet pole faces is 1} in. 


is bombarded uniformly by electrons from the injector 
and thus, through multiple scattering, provides tra- 
jectories of acceptable angles at each point of the 
aperture. All acceptable energies are provided by modu- 
lating the injector voltage at an audiofrequency, the 
amplitude being large compared with the range of 
acceptable "energies. The current provided by the 
injector is monitored by measuring the current collected 
at rough-slit FP. During electron injection the counter 
window is protected by closing the nonmagnetic gate K. 

Electrons arrive at slit B twice during each modula- 
tion cycle and are collected on the positron source- 
holder A. The signal is amplified and detected on a 
heterodyne analyzer. The average injector voltage is 
adjusted to give a null first-harmonic response. This 
means that the modulation voltage is centered about 
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Fic, 2. Velocity-selector voltage V to focus electrons as a 
function of scanning-slit position x for three different values of 
momentum-selector angle @. (The aperture H has unit width in 
x on this plot.) 
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AND GUNST 
the mean acceptable energy. The second-harmonic 
signal is then taken as a measure of the electron beam. 

The magnet is excited by current from an electroni- 
cally regulated 300-volt supply.® Fluctuations in current 
are detected by balancing the potential difference across 
a precision resistor against a standard cell and are 
compensated by hand adjustment. To allow the magnet 
yoke to reach equilibrium it is found necessary to 
permit magnet-coil current to flow continuously for 
several days. The field in the spectrometer is approxi- 
mately 100 gauss. . 

Fluctuating magnetic fields due to dc machinery in 
the city (streetcars, etc.) were so large relative to the 
field in the spectrometer that final adjustment and 
runs had to be made in a magnetically quiet location 
outside the city. The improvement in magnetic-field 
stability was a hundredfold. 

The velocity-selector voltage is provided by a 4-kv 
regulated rf power supply immersed in oil.? The output 
appears across an 8-meg chain whose center point is 
grounded. The regulating signal is obtained by com- 
parison of the potential at a point on this chain with 
that across a type 5651 voltage regulating tube. For 
measuring the velocity-selector voltage, an independent 
16-meg potential divider is connected across the output 
terminals. The center of this chain is also grounded. 
A precision potentiometer measures the potential differ- 
ence between ground and either the plus or minus 1-volt 
(nominal) points on the potential divider. The measured 
potential differences are designated by a symbol V 
(with or without a subscript) in the remainder of the 
paper. These readings are a measure of both the 
potential difference between the velocity-selector plates 
and the average potential of the plates with respect to 
ground. This latter voltage acts longitudinally and 
therefore enters only relative to the beam energy and 
not to the velocity-selector voltage, thus being reduced 
in effect by a factor of about fifteen. 

The electron-injector voltage is provided by an rf 
voltage quadrupler immersed in oil. The maximum 
output is 60 kv dc. Because the injector potential is 
modulated, no regulation is necessary. The audio- 
frequency modulation (75 cps) is impressed by a trans- 
former whose output is 10 kv peak. The injector 
power supply is not operated during positron runs, but 
it is so arranged that the same direct current flows in 
the primary of the rf transformer during electron and 
positron runs. This circuit is the only one in the im- 
mediate vicinity of the spectrometer whose operation 
is different for electron and positron runs. 


IV. FOCUSING PROCEDURE 


Elementary considerations show that a_ linear, 
crossed-field velocity selector in series with a magnetic 
momentum selector, operating in a common magnetic 


~ Hausman, Bender, and Reilley, Phys. Rev. 82, 773 (1951). 
7 We are indebted to Professor R. S. Bender for the design of 
this circuit. 





m/e FOR THE 
field, focuses a nonrelativistic particle to first order in 
initial angle when the total transit time is half a 
cyclotron period. The combination also focuses to first 
order in initial energy provided the path lengths in the 
two selectors are equal. Thus, in Fig. 1 one would have 
$= $m and p=2)/rz nonrelativistically. 

Because of the paucity of low energy positrons it was 
necessary to run at slightly relativistic energies (~55 
kev). Under these circumstances the focusing conditions 
are altered. For example, time-dilation during velocity 
selection necessitates lengthening the velocity selector. 
In addition the angle @ must be decreased from }m. 
These effects are of order v*/c’. 

The values of the parameters for best focus are 
determined experimentally using the electron beam. 
Criteria for good focus are: (a) The line width should 
be consistent with the geometry; (b) if the width of 
aperture H is subdivided, the focusing potential of the 
velocity-selector should be the same for all subdivisions. 
When these criteria are satisfied, besides having a 
narrow line, the location in voltage V of the line does 
not depend on the details of the electron energy spec- 
trum. 

To find the best focus, the following procedure was 
used, 

(a) For given p and ¢ the electron-injector assembly 
is moved until the central trajectory enters D in a 
direction parallel to the plates CC. 

(b) For the same p and ¢ the focusing potential V 
is determined as a function of the position x of a 
scanning slit, one-fourth the width of /] and temporarily 
installed at H. 

For suitable p, V(x) is an essentially linear function, 
the slope depending on ¢. The value of ¢ can then be 
adjusted to make this slope vanish. Figure 2 shows V(x) 
for three values of ¢ in the neighborhood of a good 
focus. A check on the focus so obtained is afforded by 
offsetting the injector voltage from the usual value 
which gives a null first-harmonic response. Offsets of 
+3.5 kv induce no significant change in V(x). 

After achieving a focus as described, the scanning slit 
at H is removed from the apparatus. With this slit 
removed, a check on the state of the focus is made 
from time to time by running electrons with the foil G 
retracted. This alters the spectrum of energies provided. 
No change in location in V of the electron line, or in 
its width, has ever been observed for the two positions 
of foil G. 

The curve of zero slope in Fig. 2 indicates the state 
of focus used in taking the final data. 


V. EXPERIMENTAL PROCEDURE 


Using the electron beam, the resolution function, 
beam versus velocity-selector voltage V, was found to 
be a gaussian. Positron counts were then taken at 
various values of V. Figure 3(a) shows the results of 
these runs superimposed on the electron line-shape. It 
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Fic. 3(a). Comparison between observed electron and positron 
line-shapes. The curve (Gaussian) is for electrons. The points are 
positron counting rates with standard counting errors attached. 
(b). Preliminary sequence of runs showing electron points as 
circles (V~ versus time) and positron points as dots (V* versus 
time). The errors attached to the latter are standard deviations 
due to counting Nr—N_. Straight line segments connect electron 
points. 


is concluded that the positron line-shape is the same 
as that for electrons. Secular drifting of the line position 
in V was allowed for by frequent locations of the half- 
beam points with electrons. This drift is a smooth 
function of time and can be largely attributed to the 
temperature dependence of the 16-meg potential 
divider. 

After showing that the electron and positron line- 
shapes are identical, the procedure is to sandwich pairs 
of positron runs between electron runs. During a 
sequence of runs, the magnetic-field current is continu- 
ously monitored as described previously, and the bal- 
ance is held within three parts per million. 


Electron Runs 


Gate K (Fig. 1) is closed to protect the counter. 
Scattering foil G is inserted across aperture 7. The 
average injector voltage is adjusted to give a null 
first-harmonic signal from the electron collector; then 
the second-harmonic signal is detected. Values V;, and 
Vr of the velocity-selector voltage are found which 
pass half the peak electron beam. During this process 
the current from the injector to rough-slit F is moni- 
tored. If it fluctuates more than 1 percent, the reading 
of V is discarded. Each half-beam point is located once 
or twice. The total elapsed time during the readings is 
about one minute. The location V~ of the electron line 
is then (Vit+ Vr)/2. 

The ratio of peak beam current to noise was 80:1. 
The dc beam current was ~107~'° amp. 


Positron Runs 


Gate K is opened, scattering foil G is retracted from 
aperture H. The leads from the velocity-selector plates 
CC are disconnected from the ends of the resistor 
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TABLE I. Results for two sequences of positron and electron runs 


Volts 


to tocus 


Counts 
in 800 sec 
Ni Nr V 


Potentiometer 


volts 


Elapsed 
time 
kilosec 


Parti 
cle* 


VL VR y* 


First sequence of runs 
2.3 0.9301 

+ 3.6 0.9301 

’ §.2 0.9301 
64 0.93055 
10.8 0.93113 
12.1 0.9315 
13.8 0.9315 
15.0 0.93195 
16.3 0.9325 
18.5 0.9330 
19.8 0.9330 
21.0 0.9334 
22.6 0.9334 
23.8 0.93405 
26.0 0.9345 
27.1 0.93478 


0.9334 
0.9333 
0.9333 
0.93395 
0.93463 
0.9347 
0.9347 
0.93545 
0.9350 
0.9362 
0.93658 
0.9366 
0.9366 
0.93746 
0.9377 
0.93832 


0.93175 tee 
. 0.93181 
0.93242 


0.00009 
+-0.00032 


£92 
559 
ore 0.93225 
0.93288 oe 

see 0.00000 
0.00013 


0.93313 
0.93333 


619 
625 as 
oe 0.93370 ° 
. +0.00028 
0.00016 


0.93427 


632 2 
0.93433 


677 ; 

.° 0.93479 Je 
+0.00015 
+0.0001 2 


0.93523 
0.93560 


602 
559 , 
ee 0.93576 oe 
646 0.93627 0.00007 
0.93655 se 
sequence of runs 
2.6 0.92543 0.9288 
3.8 0.9254 0.9286 
§.6 0.9257 0.9289 
6.9 0.9262 0.9295 
8.6 0.9264 0.9296 
10.7 0.9266 0.9298 
12.0 0.92705 0.93048 
13.2) 0.9273 0.9305 
14.8 0.9278 0.9310 
15.8 0.9278 0.9313 
16.9 0.9284 0.9316 
18.6 O.9284 0.9316 
19.6 0.9285 0.93193 
208 0.9290 0.9322 
22.5 0.9290 0.9322 
23.6 0.92875 0.93205 
24.9 0.9288 0.9320 
26.6 0.9284 0.9316 
27.6 0.92883 0.93227 
28.1 0.9288 0.9323 


0.92717 
oe 0.00007 
0.000271 


0.92724 
0.92741 


598 
567 


6045 
589 os 
* 0.92785 

° 0.92830 
0.92854 


+-O0.00015 
+0.00002 


659 
049 


600 
582 ere 
0.92876 

tee +-0.00027 
0.00012 


0.92922 
0.92922 


O81 
598 


618 
633 eee 
0.92955 
tee +0.0000/ 
0.00010 


0.92975 
0.92994 


625 


662 


674 
674 vs* 
: 0.93021 gles 
° 0.93039 
0.93045 


607 
628 


648 
657 socks 
0.93040 
0.93014 
0.93074 


659 
711 


710 
563 

ee 0.93055 
0.93055 


* Electron runs are designated by the symbol . positron runs by + 


chains and are reconnected with reversed polarity. The 
direct current in the primary of the rf transformer of 
the injector power-supply is set at the value observed 
during the previous electron run. V is set at a value 
well off the curve and the background counting rate is 
checked. 

Counts are then taken for 400 sec, at, say, voltage 
V, as determined from the previous electron run, or at 
a value slightly displaced in anticipation of a drift. 
Then counts are taken for 800 sec at Ve=V,+0.0032 
volt and again for 400 sec at V,. The total number of 
counts at V, is recorded as N,, that at Vr as Ne. In 
this way effects of the slope, the curvature, and the 
rate of change of curvature of the focusing potential as 
a function of time are eliminated. This procedure is 
called a “run” and, as will be shown, yields the value 
of positron focusing voltage V* at the center of gravity 
of the counting time for that run. If, for a given pair 
of positron runs, Vz is set up first, then for the next 
pair, one sets up Vp first, and vice versa. 

For the final data, two sequences of runs were made. 
Between these sequences the leads from the velocity- 
selector power-supply to the resistor chains were 
reversed, so as to average out any effect of leakage 
currents and any asymmetry of the velocity-selector 
voltage about ground. Measured leakage currents never 
exceeded 10-5 of the current in the 8-meg chain. 


AND GUNST 


VI. RESULTS 


Table I shows, in the first six columns, the raw data 
obtained for the final sequences of runs. The values for 
V-, the location of the electron peak as obtained 
directly from columns three and four, are tabulated in 
column seven and shown in Figs. 4 and 5. 

The totai number of counts obtained during a run, 
NVi+..Npr, should remain constant. In general, however, 
Nr is not equal to .V,;, indicating that the positron 
focusing potential V+ differs from the mean potential 
(Vi+Ve)/2 by an amount AV. The magnitude of AV 
is derived from the known beam height and width as 
follows. 

If (B) is the average number of background counts 
in 800 sec, then 3(V;+Npr)—(B) is the height of the 
Gaussian 0.0016 volt from its center. The width of the 
Gaussian curve is taken to be the average of the electron 
widths, and is 0.00343 volt. The peak height of the 
Gaussian is then 1.828[ 3(V +N r)—(B) |= 239.8counts 
800 sec. The slope of the Gaussian at the +0.0016-volt 
points is 9.908 counts/(800 secX0.0001 volt). Thus, 
since 

AV=3(Nr—N1)dV/dN, 
we have 
AV=(Nr—N_z)/19.82. 


The uncertainty in AV arises from the uncertainty 
in Ne—N, and also from that in the quantity 19.82, 
while the uncertainty in the latter arises from that in 
the electron line width, that in (Vr+.._), and that in 
(B). The rms deviation of the line width is 2.6 percent. 
The standard deviation of }(Nr+N1)—(B) is 17.1 
percent, so that the uncertainty in the quantity 19.82 
is 17.3. percent. The uncertainty in (Ve—.Nz) is 
(Nrt+N1)!=35.6 counts/800 sec, or 0.00018 volt in 
each V+ 

The values of V* so obtained (with only the 0.00018- 
volt error attached), together with the values of V 
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Fic. 4. Final data, first sequence of runs. Electron points are 
shown as circles, and are joined by straight line segments. Positron 
points are shown as dots with standard deviations arising from 
the counting errors in Ne—N,. Also shown is Ni_+Ne for each 
positron run (here expressed as counts per 100 sec) with a standard 
statistical error 
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Fic. 5. Final data, second sequence of runs. Same notation as 
in Fig. 4. Data beyond 20 ksec is not used for final result (see 
Table I). 


are plotted in Figs. 4 and 5 for the final sequences of 
runs. The sum Ne+NV, is plotted on the same time 
scale. The results of a preliminary sequence, observed 
when V~ and V+ varied rapidly with time, are plotted 
in Fig. 3(b). These preliminary results are not used in 
subsequent computations and are shown only to indi- 
cate the validity of the method used to locate the 
positron points in time. Results shown in Fig. 5 for 
times exceeding 20 ksec also are not used in subsequent 
computations since a heat source was removed and 
returned to the laboratory during this period. 

The value of V~ corresponding to the time of each 
positron point is found by linear interpolation between 
adjacent electron points. The difference 6V between 
V+ and the interpolated value of V~ is tabulated in 
the last column of Table I. The average 6V is 53 107° 
volt for the first sequence and —14X10~* volt for 
the second sequence. These in turn are averaged with 
equal weights. 

Attached to this final average is a standard deviation 


POSITRON 


AND THE ELECTRON 

compounded from the statistical uncertainties of the 
individual points and the uncertainty in the average of 
AV stemming from the quantity 19.82. 

The seventeen values of 6V have an rms deviation of 
0.00015 volt which compares favorably with the 
standard deviation associated with counting (Vr— Nz), 
namely 0.00018 volt. 

The difference of fhe mass-charge ratios is connected 
with the difference in focusing potentials 6V through 
the factor (1—v*/c?)-'. This is evaluated from the 
magnitude of voltage V, the known ratio of the po- 
tential divider used to measure the velocity-selector 
voltage, and the geometric parameters. The factor is 
1.23. 

The final result is 


(m/e)~— (m/e)* 


= (26+71)X10-*. 


m/e 
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The Schwinger variational principle is reduced to a convenient form by using trial solutions of the form 
2; ciuj(x). The reliability of the formalism for polynomial trial solutions is studied for several fields, and 


wherever possible comparisons are made with phase 


shifts determined from other variational principles 


The forward scattering amplitude is determined variationally for scattering in the static field of the 
hydrogen atom, and it is demonstrated that the undisturbed wave as trial solution provides more accurate 
results for all incident energies than second Born approximation. The improved variational estimate of the 
total cross section for this field approaches that of Born at the higher energies. 





I. INTRODUCTION 


VARIATIONAL formulation of the collision 
problem equivalent to the Schrédinger statement 
(Schrédinger equation and appropriate boundary con- 
ditions) means that the latter must be obtained as a 
necessary and sufficient condition for the stationary 
property of a suitable quantity. Schwinger'? has shown 
that the transition probability amplitude can be ex- 
hibited in stationary form. Using the notation of linear 
operator algebra, the stationary functional for the 
transition amplitude is given by 
(yr’, V Ga) (0, V Wa) 
(Yr, Va) — (fo’, VGV ya) 
Here, the transition amplitude describes the transition 
from ¢a to ¢», the ¢’s being unperturbed states. It is 
easy to show that the stationary property of Ts. with 
respect to independent arbitrary variations of yo’ and 
Wz. leads to the integral equation describing the collision 
as well as the associated adjoint integral equation, 
namely, 


(1) 


ba* 


Wa = Yat G Va, (2) 

y,/= Pb +GtVty,’, (3) 

where the superscript dagger indicates Hermitian 

adjoint. In all collisions conserving the total energy, V 

is real and symmetric. G is symmetric because the 

Hamiltonian is Hermitian. It should be observed that 
Eq. (1) is an identity for exact solutions since 


Tra= (yn, Va) = (Yo’, [V- VGV Wa) = (Yo', V ga). 


This result follows directly if Eqs. (2) and (3) are 
employed. If Hartree units are used, the exact relation 


2 


k tando=— 


J 


(f u(x 

0 

w(V(a)de— f f 
0 9 


between the scattering amplitude and the transition 
amplitude is given by 
f(b—a) = — (1/494) T oa. (4) 
It is to be pointed out that the Schwinger principle, 
Eq. (1), is the only available variational principle which 
treats inelastic as well as elastic collisions on the same 
footing. However, chiefly because of analytical diffi- 
culties involved in evaluating the matrix element con- 
taining the Green’s function, there has as yet been no 
application of this procedure to atomic collision problems 
involving more than two particles. In fact, this matrix 
element is exactly the same as the integral in second 
Born approximation when ¢q and ¢» are used as trial 
solutions. Equation (1) then becomes 


. 


(go, V ga) 
ba = 7 a — ee — ~ = (¢b, J Ya) 

(1—(goVGV ¢2)/(¢s, V ¢a)} 
+ (gn, VGV ga)+:--. 


‘Thus, the use of unperturbed wave functions furnishes 
‘more information than the second Born approximation. 
However, since the variational principle is only mean- 
ingful for trial wave functions which are good approxi- 
mations to the true solutions, it cannot be said a priori 
that the presence of the extra terms in Eq. (5) produces 
a more accurate answer than the second Born approxi- 
mation. Nevertheless, example 4 in the section on 
applications indicates that such is indeed the case for 
all incident energies. 

For the purpose of computing phase shifts in the case 
of spherically symmetric fields, it is easy to show from 
Eq. (1) that the stationary functional for k tandy is 
given by 


(5) 


ay 


sinkxV (de ) 


u(x) V (x)G(x, x’) V(x’) u(x’)dxdx’ 


* The research reported in this paper has been sponsored by the Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command under Contract AF 19(122)-469. This material comprises part of 
a dissertation presented to the University of Southern California Graduate School in partial fulfilment of the requirements for the 


degree of Doctor of Philosophy in the Department of Physics. 


1 J. Schwinger, Lectures in Nuclear Physics, Harvard University, 1947 (unpublished). 
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where u(x) is defined by 


u’’(x)+ ku(x)+ V (x)u(x) =0, 
and 
G(x, x’)=1/k sinkxecoskx>, 


x>= greater of x, x’. x-=lesser of x, x’. 
Similarly expressions may be written for the higher 
order phase shifts. 

Hulthén® has derived a variational principle for, the 
phase shifts which differs from the Schwinger principle 
in that the Schrédinger differential equation, rather 
than the integral equation, is derived as a necessary 
and sufficient condition for the stationary character of 
a suitable functional. Applications of this principle were 
made by Hulthén*4 and by Massey and Moiseiwitsch.® 
The structure of the Hulthén principle is such that the 
trial solutions must be normalized the correct 
asymptotic form. Inspection of Eq. (1) indicates that 
this is not necessary when employing the Schwinger 
principle. Kohn® derived a modification of the Hulthén 
principle which allows the use of trial solutions not 
having the correct asymptotic form in cases where the 
interaction range is finite. The Kohn modification also 
affords a further improvement in that a unique deter- 
mination of the phase is possible; this is not the case 
with the Hulthén principle, whieh is quadratic in the 


to 


phase. 

The reliability of the Schwinger formalism, Eq. (6), 
for simple trial solutions of the form >¢jc,x' has been 
investigated for several fields. Wherever possible, the 
phase shift estimates are compared to values obtained 
numerically, by exact calculations, or to values from 
the application of the Hulthén principle by other 
workers. 

Even for the two-particle problems it is desirable to 
calculate the scattering amplitude of the entire plane 
wave without having to determine separately the phase 
shifts of each partial wave. Such an investigation has 
been carried out for the field —(1+1/r)e~?’, the static 
field of the hydrogen atom, by means of Eq. (5). This 
field is arrived at by averaging the potential energy of 
an electron in the presence of the hydrogen atom over 
the ground state of the hydrogenic electron. The scat- 
tering of an electron from this field represents the solu- 
tion of the problem of electron scattering from hydrogen 


2 Seminar on Recent Developments in the Theory of Wave Propaga 
tion, Institute for Mathematics and Mechanics, New York Uni 
versity, (notes prepared by H. FE. Moses) 1949-1950 (unpub 
lished). 

3L. Hulthén, Kgl. Fysiograf. Sallskap. Lund, Forh. 14, No. 21 
(1944) 

4L Hulthén, Die Xieme Congres des Mathematiciens Scan 
danaves, Copenhagen, 1946 

‘H S. W. Massey and B. L 
(London) 205A, 483 (1951). 

*W. Kohn, Phys. Rev. 74, 1763 (1948). 
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atoms, if exchange and polarization effects are ignored. 
It is demonstrated that the forward scattering ampli- 
tude following from Eq. (5) is better than second Born 
approximation for all incident energies. 


II. APPLICATIONS 


We first show that for trial solutions of the form 
> ca,(x), u,(0)=0, & tanéd can be reduced to a form 
quite convenient for calculation and, incidently, that 
tané is uniquely determined. Substituting the trial 
solution 


. 
z. Cu, (x) 


i=} 


directly into Eq. (6) leads to 


< alpAaBs 
k tanéd= 
(¢ al 8) (Das 


a, 8=1,2--- 


Fas) 


Here we use the summation convention, and we have set 


A, -f sinkxV (x)u,(x)dx= B,;, 
nf 


D;;= 


fu v)uj(x)V(x)dx=D,,, 


Ey= 


ff u(x) V(x)G(a, x’) V(x") uj (x")dxdx’ = E;, 


The symmetry of the £,,; follows from the symmetry 
of G(x, x’). Multiplying and transposing, let us define 


QV = ((k tand)M as— A gBg \caca=0, 
where we have put 
M ap= Das— Eas. 


Now, employing the stationary property, 00/dc,;=0, 
yields the V linear equations: 


[(k tand)M g— A, Bg |eg=0. 
The compatibility condition for this system then leads 
to the Nth order determinant, 


| (k tand)M ,;— A,B;| =0. (8) 
Examination of the matrix (A,B,) shows it is of rank 
one. It is then easy to show that, of the V possible roots 
for k tand, only one is nonzero.® That is, tané is uniquely 
determined. Defining A,B;=.\V,,, the solution for & tané 
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from Eq. (8) may be reduced to the final form 
Niu Nie Nin 
|My M:::Man 


Mi 
Na 


| 
| 
| 
} 
| 
| 
| 
} 
| 


M3, 


Mini Mao: -+Man| 


k tané 


Square Well 
The first application of the Schwinger principle is to 
the square well defined in dimensionless units by 


=) f(x); 0, x>1. 


Simple wave functions of the form x, ¢:x+ cox? were used. 
A parallel calculation with the same trial wave functions 
was carried out using Kohn’s modification of Hulthén’s 
variational principle, which is referred to here as the 
Kohn-Hulthén method. Briefly, the Kohn-Hulthén 
principle asserts that the logarithmic derivative, 
L=u'(a)/u(a), appearing in the following expression, is 
stationary, where a is some point in the asymptotic 


f(x)=1, 0<x<1; 


region: 


f {—u'?+ ku? 
0 


The results of the calculation using both variation 
principles appear in Fig. 1, which portrays the zero- 
energy scattering amplitude Y in terms of which the 


)u}dx+ Lu*(a)=0 


é 


(1) EXACT SOLUTION 


4 
§ 


(2) TRIAL WAVE FUNCTION®C ,X¢Cox® 
(SCHWINGER METHOD) 
(3) TRIAL WAVE FUNCTION®C,x+C,x? 
(KOHN-HULTHEN METHOD) 
(4) TRIAL WAVE FUNCTION®X 
(SCHWINGER METHOD) 
(5S) TRIAL WAVE FUNCTION+ CX 
( KOHWN- HULTHEN METHOD) —{ 
| 
| 


SCATTERING AMPLITUDE 


: 





2400 
a ee a 

<a Sanaunven 
Fic. 1. Square-well scattering amplitude as a function of 


A= QV ore?/ h? 


[Mar 


ni t+eic. (to N determinants) 


IM,; 
total scattering cross section is 44X?. Thi 


tanéd 
=lim 


k—0 k 


X is plotted as a function of \ so that the effect of dif- 
ferent binding strengths may be observed. For com- 
parison the exact solution is included in the figure. It 
is apparent from Fig. 1 that the Schwinger principle 
furnishes more accurate results than the Kohn-Hulthén 
method for a given trial solution. (The value \=4.014 
gives the correct binding energy for the deuteron.) 


2. Static Field of the Hydrogen Atom 
(One Dimension) 


In Hartree units the static field of the hydrogen atom 
is given by 


V(r) = L1/rye 


have calculated the zero- 


Massey and Moisewitsch® 
The trial 


order phase shift using the Hulthén method. 
solution which they utilized was 


sinkr+ (a+ be~’)(1—e 


This problem was treated by the Schwinger procedure 
using Eq. (9). Trial solutions cyw+ cox? and cx+ cx" 
+c ;x* were used. Since the Schwinger expression, Eq. 
(6), is independent of a normalization constant, these 
trial solutions are essentially one and two parameter 
functions, respectively. The results of this calculation 
appear in Table I along with the Massey-Moisewitsch 
estimates. A few exact phases obtained numerically’ 
are listed for comparison. 


3. The Yukawa Field 


) coskr. 


The first variational estimate of the zero-order phase 
shift for scattering in the field be~*/x was made by 
Hulthén® using his original variation principle. The best 
trial solution used is given by 


u(x)= f(x) cosé sinkx+ g(x) siné coskx, 


with f(x)=1+cae*+oe%, g(x)=(1—e7)(1+he-). 
Here, ¢), ¢2, # are the variation aegrnire For 6= 2.64, 


corresponding to the 8S field and k?=0.225, the result 


7S.C *handrasekhar and F. Breen, Astrophys. J. 103, 41 (1946) 
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arrived at by Hulthén was 
5= 2.03367. 


Reference to this work indicates that considerable labor 
was involved. Again employing the Schwinger method, 
in the convenient form of Eq. (9), the phase shift 
estimate for this problem was carried out’ with simple 
trial solutions 


4 


> cx*. 


i=! 


2 3 
> cx’, > cx', and 


i=] i=] 


The results were 6= 1.736, 1.937, 1.939, respectively. 
The lack of significant improvement in the last case is 
not surprising since, in the interaction region which is 
most effective in determining the scattering, x‘ is 
negligible. 

Clearly, excellent estimates of zero-order phase shift 
can be made in a very convenient manner even with 
simple trial solutions of a polynomial type. Other trial 
solutions of the form ><; c,#;(x) would undoubtedly 
furnish better results although some of the £;, integrals 
could possibly become so difficult that resort to nu- 
merical methods might prove necessary. It is a simple 
matter to generalize Eq. (9) for the higher order phases ; 
the form of Eq. (9) is exactly the same and only the 
individual matrix elements would differ. 


4. Static Field of the Hydrogen Atom 
(3 Dimensions) 


This problem is concerned with the solution of 


(V?+ ko’?)y= Vy, (10) 


where V= —2(1+1/r)e~*”. The solution was obtained 
using Eq. (5) by calculation the forward transition 
amplitude and invoking the cross-section theorem® in 
order to find the total cross section. If Taq is the forward 
transition amplitude, then the total transition prob- 
ability, 


w=2r > «| Taa|?5(Ea— Ea), (11) 


provides the total cross section o by means of the 
cross-section theorem, 


—Im(Tae/ko) = w/ko=ce. (12) 


Here, the units are defined by Eq. (10). The total cross 
section, after using Eq. (4), is then 


o= (42/ko) Im f(Ko—ko). (13) 


Since Eq. (13) is true exactly, the question arises as 
to its meaning when approximate forward scattering 
amplitudes are employed. By introducing a coefficient 
\ as a measure of the perturbation strength to label the 


8B. A. Lippman and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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TABLE I. Comparative zero-order phase shifts as a function of 
incident wave number & in Hartree units. Column A gives the 
Hulthén method used by Massey and Moisewitsch. Column B 
gives the Schwinger method with trial solution ¢)x+¢x*. Column 
C gives the Schwinger method using ¢.x%+c.x+¢;2°. Column D 
gives the exact phase shift. 


k 5 ( D 
0.1 
0.2 
0.4 
0.6 


0.730 
0.9731 
1.0458 


0.095 
0.950 
1.045 
1.017 
0.901 
0.767 
0.636 


0.9057 
1.5 
2.0 


0 694 


orders of approximation, it is not difficult to establish 
by using Eqs. (11) and (12), that the accuracy for the 
total cross section is diminished by one order in \ when, 
in applying the cross-section theorem, approximate 
values of the forward scattering amplitude are used. In 
particular, the forward amplitude when evaluated to 
within the second Born approximation can only provide 
the total cross section in first Born approximation. It 
follows that there is no point in applying the cross- 
section theorem unless a higher approximation for the 
forward transition amplitude than that of a second 
Born can be determined. Although the restriction to 
the forward direction provides a significant simplifica- 
tion to the task of evaluating the amplitude in second 
Born approximation, it is a far more difficult problem 
than that of determining the first-order total cross 
section directly, i.e., angular integration of Born am- 
plitudes. This difficulty is due to the presence of the 
Green’s function in the second Born matrix element. 
But the utility of the cross-section theorem is restored 
if one calculates the forward transition amplitude by 
means of the variation principle. Alternatively, the 
cross-section theorem can be used to test the accuracy 
of the variation principle, for if a better total cross 
section than first Born is obtained from a variational 
evaluation of the forward transition amplitude, then it 
follows that the forward amplitude is determined to an 
accuracy greater than that given by the second Born 
approximation. This was the basis for testing the 


kor in con- 


Schwinger principle for the trial solution é 
nection with scattering in the static field of the hydrogen 
atom. As pointed out in Sec. I, [Eq. (5) ] the matrix 
element containing the Green’s function is exactly the 
integral which arises in the second Born approximation 
and, as we shall see, the variational principle with 
unperturbed wave function as trial solution is capable 
of producing better results for the forward amplitude, 
for all incident energies, than that of the second Born 
approximation. 

Accordingly, we write the Schwinger principle, [Eq. 
(1) ], explicitly for the trial solutions, 


Ya= e'ko a Y= e* . 





(fare 2s 'V(r}e%* ) 


T a= T (ke—ko) : 


We ignore normalization constants since the Schwinger 
principle is indifferent to the normalization of trial 
solutions. The integral containing the Green’s function 
is most conveniently evaluated in momentum repre 
sentation. This integral may then be written 


dk’ (k| V'k’)(k’| V | ko) 
lim f - 
70 (2)? ky? —k?+ ei 
where the matrices (k! V'k’) are the first Born transi- 


tion amplitudes. For the static field of hydrogen (Eq. 
(10) |, this quantity by a straight forward integration is 


(k| V|k’) = —8x(8+-K2)/(44 K2), (16) 


e>0, (15) 


where K=k—k’. Since we are concerned with the 
forward transition amplitude, the integral in Eq. (15) 


may be evaluated by standard contour methods with 


C V (r)et* s—r’ 
fare SAV ign fara tk -¢____ 
J ~—4dnrir—r 


V(r')eteo-r 
the result 


|? tor ( bi+ A) 
lim f = 
a (2x)? kyp?—k?+ei 96(14+k,7)3 


B= 56k o+ 144,3+ V6ko. 


(17) 


where 
A = 39ko'+ 106k?+-75, 


On using Eq. (4), the variational result for the forward 
scattering amplitude is 
96(1-+ ky?) 
fvar( Kye ky) = . (18) 
96(1+ ky?)'’— (A+ Br) 

On applying the cross-section theorem, Eq. (13), the 
total cross section in units of mao? (a9=first Bohr 
radius) is given by 


3072(1+ Ro?) *(7Rot+ 18k 5?+- 12) 


(96k)°+ 249ko4+ 182k,?+ 


To find the total cross section in Born approximation it 
is only required to perform the integration over solid 
angle of the differential cross section obtained from the 
Born amplitudes in Eq. (16). That is 


oR f f a (ke ko) | 2dQ, 


TABLE IT. Comparative total cross sections in units of wag for 
electron scattering in the static field of the hydrogen atom. 


ko (Hartree 


units) Phase shiits 


Eq. (19) Eq. (20) 


0 83.59 
0.2 35.54 


4 any 

3 68.34 
0.4 12.99 3. 

) 

1 

7 

1 


19.05 
8.12 
4.27 

; 2.62 

04 1.40 

0.885* 

0.410" 


0.6 6.28 
O.8 3.63 
1.0 2.34 
1.323 1.34 
1.5 1.05 
2.0 0.587 
3.0 0.260 
5.0 0.0935 
8.0 0.0365 
0.0233 


Sumnmn~ 


7) 
- ont 


0.854 
0.522 
0.247 
0.0917 
0.0362 
0.0232 


7/3)ko? (7/3)ko? 


® These are calculated from zero-order phase shift alone, obtained vari 


ationally in reference $ 


21)2+ 64 2(7Rot+ 18k92-+ 12)? 


where 

1 1 | 
T nl ke ky) = 

tor iat 


82(8-4 K*)) 
fin (Ke k,) 
(44+. K?)? | 


The integral is an elementary one, and the result’ is 


7Rot+ 18ky?+ 12 
(20) 
3(1 + k,?)8 


in units of mao’. On using the integral in Eq. (17), the 
forward scattering amplitude in the Born 
approximation is given by 


second 


fond Born (Kye k,,) 


4a(A+ B12) 
(21) 
96(1+ ky?) 
[The first term, (—47), in curly brackets is the forward 
Born amplitude which follows from Eq. (16).} On 
applying the cross-section theorem using Eq. (21), we 
obtain precisely og as given in Eq. (20). This is the 
result to be expected by virtue of the previous discus- 
sion. 


* This result may also be found in N. F. Mott and H. S. W 
Massey, Theory of Atomic Collisions (Clarendon Press, Oxford, 
1949), second edition, p. 185. 





VARIATIONAI 


That the variational determination of o, Eq. (19), 
is actually superior to ag can be seen by reference to 
Table II. This table includes a few values calculated 
from zero- and first-order phase shifts obtained numeri- 
cally by Chandrasekhar and Breen.’ It is also interesting 
to observe that ovar—o pcm AS ko > %. We may therefore 
conclude on the basis of the discussion of the cross- 
section theorem that the forward amplitude as obtained 
variationally with the undisturbed wave as the trial 
solution is indeed better than that determined from the 
second Born approximation for all incident energies. 


SUMMARY 


(a) Good estimates of the of the phase shift may be 
conveniently made variationally with polynomial type 
wave functions. 
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(b) For a given trial solution the Schwinger formalism 
appears to furnish estimates of the phase shift superior 
to the Hulthén-Kohn method. 

(c) Of particular advantage, in comparison with the 
Hulthén method, is the fact that in the Schwinger 
principle the trial wave functions need not be normalized 
to the correct asymptotic form. 

(d) For the undisturbed wave as trial solution, the 
forward scattering amplitude is determined more 
accurately variationally for all incident energies than 
by use of the second Born approximation. 

(e) The improved estimate of the total cross section, 
Ovar, Still underestimates the correct value at the low 
incident energies and approaches the Born approxima- 
tion for the higher energies in a continuous manner. 

The author wishes to thank Dr. J. F. Carlson for 
his kind interest and helpful discussions. 
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The Absolute Determination of Resonant Energies for the Radiative Capture of Protons 
by Boron, Carbon, Fluorine, Magnesium, and Aluminum in the Energy Range 
below 500 kev 


S. E. Hunt anp W. M. Jones 
Research Laboratory, Associated Electrical Industries, Ltd., Aldermaston, Berkshire, England 
(Received November 26, 1952) 


An absolute electrostatic analyzer of deflecting angle x/2v2 radians has been used to measure and stabilize 
the energy of the proton beam from an air insulated electrostic generator. The following resonant energies 
for proton capture by some of the light elements have been measured: 


163.8+0.3 kev. 
456.8+0.5 kev 
224.4+0.4 kev 


B'(p,7)C# 
C8(p,7)N3 
F!9( py) Ne?o* 
Mg?8(p,y) Al? 
Mg" (p,y)APS* 
Al??(p,y)Si% 


418.0+0.5 kev. 


314.8+0.5, 338.540.5, 389.4+0.5, 436.5+0.4, 454.2+0.3, 484.04+1.0 kev. 


226.3+1.5, 294.1+0.5, 325.64-0.4, 404.7+0.4, 438.5+0.5, 504.0+0.6 kev 


The high energy resolution of one thousand obtained has made accurate determination of the half-widths 


of these resonances possible 


INTRODUCTION 


HE construction of the 63.6° electrostatic analyzer 
and its use to measure absolutely and stabilize 
the energy of the beam from an electrostatic generator 
have been described in a previous paper.! 
The uncertainty of the measurements is about one 
part in a thousand except for the very weak resonances. 
The agreement of the absolute values obtained for the 
strong lithium resonance at 441.5 kev and the fluorine 
resonances at 340.4 and 483.1 kev! with recent precise 
determinations by other workers?“ confirms the claim 
for high absolute accuracy. 
The resonances investigated in the present work have 
not, in general, been measured to this accuracy pre- 
1S. E. Hunt Proc. Phys. Soc. (London) A65, 982 (1952). 
2. L. Hudspeth and C. P. Swann, Phys. Rev. 75, 1272 (1949). 


3 W. A. Fowler and C. C. Lauritsen, Phys. Rev. 76, 314 (1949). 
4A. H. Morrish, Phys. Rev. 76, 1651 (1949). 


viously, and it is hoped that precise determinations of 
nuclear resonances, and hence of nuclear energy level 
spacing, will be of use in testing theories on nuclear 
structure, whilst for closely spaced levels precise energy 
determinations are necessary in order to provide definite 
identification. 

Because of the high energy resolution and stability of 
the beam, it has been possible to measure the natural 
half-widths of many resonances to an accuracy not 
previously obtained. 


EXPERIMENTAL DETAILS 


The energy of the beam could be varied continuously 
and target currents up to 25 microamperes were ob- 
tained. These were fed into a beam current integrator 
and timing unit which stopped the y-ray counts when 
the target had received a predetermined charge. 
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1c. 1. Diagrammatic representation of the electrostatic 
analyzer and deflector magnet. 


In normal operation the target was placed a short 
distance from the exit slit of the electrostatic analyzer 
to allow the finely focused beam to diverge and prevent 
damage resulting from iocal overheating of the target 
surface. When there was any uncertainty as to which 
mass component of the beam produced an observed 
resonance, mass separation was effected by placing a 
smal! triangular magnet after the electrostatic analyzer. 
The first focal point of the magnet was made to coincide 
with the exit slit of the analyzer so that the two formed 
a telescopic system, and the deflecting angle of the 
magnet was complementary to that of the analyzer to 
produce a horizontal emergent beam. A Mu metal 
shield was fitted over the analyzer for these exposures 
to reduce the stray magnetic field from the magnet. 

The system is illustrated diagrammatically in Fig. 1. 

It was possible to observe the 224.4-kev fluorine 
resonance using the mass 1 and mass 2 components of 
the beam and the 163.8-kev boron resonance using 
mass 1, mass 2, and mass 3 components. 


ABSOLUTE ACCURACY 


The errors associated with the determinations have 
been discussed in detail elsewhere.’ It has been esti- 
mated that systematic errors associated with geomet- 
rical measurements on the electrostatic analyzer and the 
measurement of the voltages applied to the deflector 
plates are less than five parts in ten thousand. The main 
source of random error was the uncertainty in esti- 
mating exactly the point of maximum yield from a curve 
drawn through the experimental points. This varied 
considerably, being about 5 parts in 10* for the single 
determination of a fairly strong, sharp resonance to 
about 3 parts in 10° for that of a weak, broad resonance. 
The errors were approximately half this when scintil- 
lation counters were used for detection. They were 
further reduced by making between five and ten inde- 
pendent determinations of each resonance. This had the 
advantage that other small random errors associated 
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with the estimation of target thickness and the measure- 
ment of deflector voltages also tended to be minimized. 
The results quoted are the mean values of these several 
determinations and the uncertainties were obtained by 
adding the standard deviation of this mean value to 
the estimated systematic error. 


TARGETS 


The target materials were deposited on carefully 
cleaned and polished copper backings. These were 
heated to a temperature of between 200 and 250°C 
during irradiation and were situated close to a liquid 
nitrogen cooled baffle. This has been found to be effec- 
tive in stopping the contamination of the target surface 
by condensed oil from the diffusion pumps.! 

Boron and separated magnesium isotope targets were 
deposited by the Isotope Division A.E.R.E., Harwell, 
using a mass spectrograph. Natural magnesium and 
aluminum were deposited by vacuum evaporation of 
the metal from molybdenum boats and tungsten fila- 
ments, respectively. 

Some boron targets were also prepared by evapora- 
tion from graphite boats. The target thickness was 
estimated from the total amount of boron plus boron 
carbides evaporated.® 

Fluorine targets were prepared by evaporating cal- 
cium, lithium, and magnesium fluorides from molyb- 
denum boats. 

In all evaporations the target thickness in micro- 
grams per square centimeter was estimated from the 
total weight of material evaporated and the geometry 
of the evaporation. The accuracy of this method was 
tested by evaporating aluminum on to a larger surface 
and estimating the thickness of the deposit by direct 
weighing of the backing using a microbalance. The two 
estimates of target thickness agreed to within two 
percent. 

It was not found possible to evaporate carbon, and it 
was considered undesirable to dilute the target by 
evaporating a carbon compound. Carbon targets were, 
therefore, prepared by depositing soot from a Calor gas 
flame on to a copper backing, on which a very thin 
(~100 ev) calcium fluoride target had been previously 
deposited. It was then possible to estimate the thickness 
of the carbon targets in energy units directly from the 
observed displacements of the fluorine resonances. 

The thickness of other targets in energy units was 
estimated from published stopping power curves, when 
available, and from Bethe’s formula.® 

Tangen’ and Morrish* have shown that the true 
resonant energy is given by ko= E—AE/2, where E is 
the observed energy of maximum yield and AE is the 
thickness of the target in energy units. In order to 


§N. V. Sidgwick, Chemical Elements and Their Compounds 
(Clarendon Press, Oxford, 1950), Vol. 1, p. 368. 

*M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 263 
(1937). 

7™R. Tangen, Kgl. Norske Videnskab. Selskabs. Skrifter No. 1 
(1946). 
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minimize the uncertainty in AE targets were kept as 
thin as possible, so far as this was consistent with ob- 
taining measurable yields. Thicknesses between 100 ev 
and 2 kev were used for most of the determinations in 
the present work, except in the case of carbon, for which 
uncertainties in the stopping power of the target 
material were not relevant. 

The thickness of the targets in energy units was 
further checked by rotating them through an angle of 
60° with respect to the proton beam. This effectively 
doubled the target thickness and the resonance peak 
was displaced by a further energy of AF/2. 

Tangen’ has shown that if I’ is the experimentally 
observed half-width of a resonance, then Ip, the true 
half-width, is given by p= (I?’— AE*)!. This correction 
applies only when AE is small compared with To. 
Estimates of half-width were therefore made only when 
this condition obtained. When the observed half-width 
did not greatly exceed the thickness of the thinnest 
target on which it was observed, this was given as an 
upper limit of the possible natural half-width. 

Resonances were also observed using thick targets in 
the case of carbon and aluminium. The resonant energy 
was taken as the point of inflection in the experimental 
curve. The values were in good agreement with those 
obtained from the thin target yield curves, although the 
points of inflection could not be located with the same 
accuracy as could the peaks of thin target yield curves. 
Since thick target yield curves represent the integral 
of thin target yield curves they were, however, useful 
in confirming that no measurable resonance had been 
omitted. 


DETECTION 


Initially the y-rays were detected by using an end 
window type Geiger-Miiller counter with a lead radi- 
ator. The solid angle subtended by the counter at the 
target was arranged to be as large as possible. 

In order to rotate the target through 60° with 
respect to the incident beam, a brass tube with flanges 
inclined at an angle of 60° was interposed between the 
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2. The boron resonance observed using mass 1, mass 2, and 
mass 3 components of the beam. 
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Fic. 3. The carbon resonance observed using a carbon target 
deposited on a 100-ev thick calcium fluoride target 


analyzer and target flange. This rotated both target and 
detector without affecting the geometrical efficiency of 
detection. 

In later exposures the sensitivity of detection was 
improved by using a scintillation counter consisting of 
a thallium activated sodium iodide crystal and an 
E.M.I. type 5311 photomultiplier. 

When using both Geiger counters and scintillation 
counters, background counts were reduced as far as 
possible by using thick lead shielding. The background 
was estimated by placing a clean brass surface in front 
of the target and repeating the exposures. The estimated 
background has been subtracted from all experimental 
points shown in the figures. 


DISCUSSION OF RESULTS 
Boron. B''(p,7)C!** 


The mean value of ten independent determinations 
of the energy of the boron resonance was 163.8 kev 
with a standard deviation of 0.2 kev. The total uncer- 
tainty after allowing for possible systematic errors is 
+0.3 kev. A mean value of 7.3+0.5 kev was obtained 
for the natural half-width of the resonance. Typical 
curves obtained using mass 1, 2, and 3 components of 
the beam are shown in Fig. 2. 

Another precise determination of this resonance has 
been made by Morrish‘ using an electrostatic analyzer 
calibrated by deflecting a low energy electron beam. He 
quotes a value of 162.8 kev with an uncertainty of 
+0.2 kev, though it appears that this latter figure 
refers to the internal consistency of this results, as the 
probable errors associated with the calibration of the 
apparatus are quoted as 0.3 percent.‘'* His value for 
the natural half-width was 4.5+1.5 kev. The disagree- 
ment of both these measurements with those obtained 
in the present work is somewhat greater than the com- 
bined errors. 

Earlier and less precise determinations made by 
other workers have been listed by Morrish. 


§ Allison, Frankel, Hall, Montague, Morrish, and Warshaw, 
Rev. Sci. Instr. 20, 735 (1949). 
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Fic. 4. The weak fluorine resonance at 224.4 kev observed on a 
calcium fluoride target of thickness 250 ev. 


Carbon. C'*(p,y)N'* 


The mean value of five determinations, using targets 
of thickness in energy units between 5 and 15 kev 
deposited over thin calcium fluoride targets, was 456.8 
kev, the total uncertainty was +0.5 kev, and the mean 
half-width was 39.5+1.0 kev. A typical curve is shown 
in Fig. 3. It will be seen that the fluorine resonance at 
340.4 kev was displaced by 13.1 kev and the peak at 
483.1 kev by 12.4 kev. The thickness of the carbon 
target at the energy of the carbon resonance was there- 
fore taken as 12.6 kev. This represents a mean value 
for the thickness since it is seen from the broadening of 
the fluorine lines that the carbon deposition was not 
uniformly thick. 

One of the thin calcium fluoride targets was irradiated 
before the deposition of the soot target, and the yield 
from the two fluorine resonance was found to be neg- 
ligible between 400 and 475 kev. It was, therefore, 
reasonable to assume that the yield from these reso- 
nances did not affect the position of the carbon peak 
observed in the composite targets. Some uncertainty 
was introduced in the half-width measurements since 
the yield from the upper fluorine resonance started to 
be appreciable at about 480 kev. It was possible, how- 
ever, to analyze the combined curve with a fair degree 
of accuracy by assuming that the upper fluorine reso- 
nance was broadened by the same amount as the lower 
one. Additional irradiations were also made of carbon 
targets deposited directly on the copper backings. The 
exact shape of the carbon resonance could then be fol- 
lowed in the absence of the fluorine lines. An estimate 
of the target thickness was necessary to obtain the 
natural half-width from the experimentally observed 
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half-width. This was taken as twice the displacement of 
the carbon peak itself from the mean corrected value of 
the resonance previously determined. 

The values of the half-width so obtained were in 
good agreement with those obtained from the com- 
posite targets. 

Previous determinations of this resonance have been 
summarized by Hornyak, Lauritsen, Morrison, and 
Fowler.’ The highest precision previously quoted being 
for a determination by Fowler and Lauritsen’ of 456+ 2 
kev with a half-width of 35 kev; this measurement was 
made relative to the 441.5-kev-lithium resonance. 


Fluorine. F'*(p,7) Ne?** 


The measurement of the strong resonances at 340.4 
+0.5 and 483.1+0.5 kev has been reported previously.' 
A resonance of approximately one three-hundredth of 
the yield of the 340.4 line has been observed. The mean 
of ten determinations was 224.4+0.4 kev, and the 
half-width of the resonance, observed on a target of 
thickness in energy units 0.25 kev, was 1.1 kev. The 
natural half-width of the resonance is therefore esti- 
mated to be 1.0+0.3 kev. 

A typical resonance curve is shown in Fig. 4. This 
resonance has been observed previously by Tangen’ 
who measured the resonant energy as 222+2 kev and 
gave the half-width as less than 2 kev, which was the 
thickness in energy units of the target used. 


Magnesium 
Magnesium occurs in three isotopic forms Mg™, Mg”, 
and Mg®®. The compound nuclei Al®* and Al** produced 
on proton capture by the two lower isotopes decay by 
positron emission, while Mg*® produces the stable 
isotope Al’’. 
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Fic. 5. The magnesium resonances observed on a target of 
thickness 1.1 kev. 
® Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern 


Phys. 22, 291 (1950). 
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On bombarding metallic magnesium targets, (p,y) 
resonance were observed at the following energies: 
314.8+0.5, 338.54+0.5, 389.4+0.5, 418.0+0.5, 436.5 
+0.4, 454.2+0.3, and 484.0+1.C kev, with respective 
half-widths of: 4.0+1.0, 2.5+1.0, 4.04+1.0, 4.0+0.5, 
4.0+1.0, <1.0, and 10+2 kev. A typical experimental 
curve is shown in Fig. 5. 

It was thought that the formation of oxide films on 
the metallic target surfaces might increase their effective 
thicknesses considerably and thus produce errors in the 
target correction. The displacement of the strong 454.2- 
kev line on rotating the targets through 60° indicated 
that any oxide layers were of negligible thickness. This 
was also confirmed by observing this resonance on mag- 
nesium fluoride targets, when the absolute determina- 
tions and measurements relative to the fluorine lines 
were in excellent agreement with those obtained using 
metallic targets. 

‘Tangen has observed all the above resonances to an 
accuracy of about 1 percent,’ and the present observa- 
tions are mainly within the limits of experimental error 
which he quoted, or sufficiently near to his values to 
allow positive identification, except for the weak broad 
resonance at 484+ 1.0 kev. The discrepancy between the 
present determination and Tangen’s value of 494+5 kev 
was thought to be sufficiently serious to produce doubts 
on the identification of this resonance, but no other 
resonance was observed up to 510 kv so that it seems 
probable that the two measurements refer to the same 
resonance. 

From the absence of positron emission Tangen 
ascribed all but the 418.0-kev resonance to the Mg’® 
isotope. This he originally ascribed to Mg’, although 
Grotdal"® later ascribed it to the Mg” isotope. The reso- 
nance has been observed using separated Mg” in the 
present work, thus confirming Grotdal’s result. 


Aluminum. Al’’(p,y)Si*° 


Aluminum resonances have been observed at the fol- 
lowing energies using thin targets: 294.1+-0.5, 325.6 
+0.4, 404.7+0.4, 438.5+0.5, and 504.0+0.6, and 
using a thick aluminum disk as a target a further weak 
resonance has been detected at 226.3+1.5 kev. 

The half-widths of the resonances observed on a 
1.0-kev thick target were only slightly greater than the 
thickness of the target. From thick target yield curves 
the width of the stronger 504.0- and 404.7-kev lines 
were both estimated to be 0.7-+0.3 kev, while the weaker 
resonances all had a half-width of about or slightly less 

 Grotdal, Lénjé, Tangen, and Bergstrém, Phys. Rev. 77, 296 
(1950). 
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Fic. 6. Thick and thin target resonance curves for aluminum 
than 1 kev. ‘Typical resonance curves are shown in 
Fig. 6. 

The aluminum resonances in this energy range have 
been investigated previously by Gentner' who reported 
a sharp resonance at 425 kev and by Tangen who re 
ported resonances at 225+3, 295+3, 32543, 404+3, 
443+ 5, and 50345 kev. The present results are in good 
agreement with those of Tangen. However, it is inter 
esting to note that from Tangen’s results the levels of 
Si** can be arranged into a system of doublets of sepa 
ration 34.0 kev, the spacing between the doublets being 
twice this. The errors associated with the fit are within 
the experimental errors quoted by Tangen. It was 
hoped that more precise determinations would demon 
strate the regularity more convincingly, but the errors 
associated with the fitting of a regular doublet system 
to the present results are far greater than the experi 
mental errors. 

rhe only half-width measurement quoted previously 
is Tangen’s value of less than 0.5 kev for the strong 
404.7-kev line. 
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J. Rotblat for his constructive criticism, and Mr. D. R. 
Chick and Mr. D. P. R. Petrie for their continued 
interest in the program of research. 
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work, and members of the workshop staff for the pro 
duction of apparatus. 
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Fission Neutron Spectrum of U**° 


Davin B. Nicopemus* AND Hans H. Staust 
University of California, Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received November 26, 1952) 


\ high pressure ionization chamber has been used to measure the exergy distribution of proton recoils 
from the neutrons which are emitted during the thermal neutron fission of U®, The energy spectrum of the 
fission neutrons is obtained by applying suitable wall corrections and by using 2.5-Mev d—d neutrons for 
an energy calibration. Measurements were made in the range from 1 to 4 Mev, and within the experimental 
errors, the resulting fission spectrum follows Watt’s [B. E. Watt, Phys. Rev. 87, 1037 (1952) ] semi-empirical] 


relation, N(E) =e sinhy (2B) 


I. INTRODUCTION 


HE energy spectrum of neutrons arising from the 

fission of U*® induced by thermal neutrons was 
investigated by Bloch and Staub! in 1943 at Stanford 
University. The slow neutrons used to induce fission in 
2.93 kg of normal uranium were produced by first 
modulating a cyclotron beam of 2.6-Mev deuterons and 
then admitting the Be—d neutrons into a large, graphite 
lined box in which the slow neutrons had a lifetime of 
about 2 milliseconds. Approximately centered in the box 
were the uranium sample and a high pressure ioniza- 
tion chamber filled with a mixture of hydrogen and 
argon. The ion pulses from the chamber were fed 
through an amplifier which was modulated so as to 
register counts only after the burst of fast cyclotron 
neutrons had decayed. These measurements extended 
over a range of neutron energies from 0.7 to 3.3 Mev, 
and showed a maximum in the fission spectrum at 0.8 
Mev and a half maximum value at about 2 Mev. It was 
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Fic. 1. Experimental arrangement. The target of the Van de 
Graaff accelerator is surrounded by a spherical paraffin moderator 
and lead shield. Thermal neutrons to irradiate the uranium sample 
originate from a 1}-in. diameter howitzer in the moderator. 


* Now at Oregon State College, Corvallis, Oregon. 
t Now at the Physikalisches Institut, University of Ziirich, 


Ziirich, Switzerland. : 
1 F, Bloch and H. Staub, Los Alamos Declassified Report No. 


934, 1943 (unpublished). 


found, however, that these results were affected by 
some inelastic scattering in the rather heavy iron walls 
of the ionization chamber and possibly in the walls 
of the box. In addition, the accuracy of the measure- 
ments was greatly limited by the low intensity of pri- 
mary slow neutrons that resulted from the modulation 
scheme needed to eliminate the background of fast 
neutrons. The present measurements (carried on during 
the early part of 1944) were undertaken as an attempt 
to obtain a more accurate fission spectrum. The results, 
although not in strong disagreement with the Stanford 
measurements, did indeed show a larger abundance of 
higher energy neutrons. Since the results of the present 
measurements have not previously been available in 
a complete form, they are reported here and compared 
briefly with subsequent data. 
II. APPARATUS AND EXPERIMENTAL ARRANGEMENT 
Three sets of measurements were made using dif- 

ferent amounts of fissionable material and also slightly 
different experimental arrangements. They will be 
referred to as runs A, B, and C, respectively. 

Run A: using 2.93 kg normal uranium. 

Run B: using 243 g normal uranium. 

Run C: using 2 g of material enriched in U**, 


In all three runs, the thermal neutrons to induce 
fission were obtained by moderating neutrons from the 
Li(p, m) reaction produced in a Van de Graaff generator. 
The accelerating voltage was chosen so that the energies 
of the neutrons from the reaction would not exceed a 
few hundred kilovolts. The lithium target in each run 
was surrounded by a suitable paraffin moderator and 
lead shield, chosen so as to provide both an adequate 
flux of thermal neutrons and a low background of fast 
neutrons and gamma-rays. A typical arrangement is 
shown in Fig. 1, which is the geometry used during 
run C, The neutron beam was monitored both by a 
fission chamber placed near the target assembly and by 
means of a current integrator for the accelerated beam. 
The uranium sample was placed approximately midway 
between the target and the chamber, the distances being 
chosen to insure a reasonable collimation of the fission 
neutrons which entered the chamber directly, without 
allowing too large a possibility of other fission neutrons 
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FISSION NEUTRON SPECTRUM 


being inelastically scattered in the moderator and sub- 
sequently being detected. Perfect collimation of the 
fission neutrons was assumed in the calculation of the 
wall effects. 

The ionization chamber used in these measurements 
was the same one used at Stanford.' A complete de- 
scription of this chamber is also given by Rossi and 
Staub.” Since lower gas pressures were used here than 
in the earlier Stanford measurements, it was possible 
to use a thinner }-in. steel chamber housing. Although 
the steel back plate of the chamber was ,¢ in. in thick- 
ness, estimates of the inelastic scattering in the chamber 
walls indicated that its effect on the spectrum was small 
compared to the random statistical errors in the meas- 
urements. The chamber was filled with a mixture of 
purified hydrogen and argon to a total absolute pres- 
sure of 220 lb/in.’ giving a stopping power of 5.68. The 
gas mixture also contained a trace of oxygen, because it 
was essential that the ions be collected without gas 
multiplication which might otherwise occur near the 
wire grids of the chamber electrodes. The chamber was 
operated at 8700 volts. The ion pulses were fed through 
a single 1603 tube preamplifier into a linear amplifier 
whose time constants were a few milliseconds. Appreci- 
able microphonics resulted from the use of these rela- 
tively long time constants needed for ion collection. 
The microphonics, which were induced largely in the 
woven grid structure of the collecting electrodes, were 
greatly reduced in the present measurements by the 
construction of a sound shield consisting of a thin- 
walled evacuated metal shell. The chamber and pre- 
amplifier were suspended by rubber within the sound 
shield, and the entire arrangement likewise suspended 
by suitably loaded springs. In spite of the sound shield, 
the noise level in the vicinity of the electrostatic genera- 
tor, together with the radiation background, prohibited 
the measurements to extend below 1 Mev. 

During run A, the energy distribution of the proton 
recoils was measured by feeding the amplified pulses 
into an electronic differential pulse-height analyzer, 
similar to the one used in the Stanford measurements.' 
Photographic recording’ of the pulses was used for runs 
B and C. Repeated background measurements were 
taken during all runs with the uranium sample removed. 
Linearity and reproducibility of the amplifying and re- 
cording system were checked during each run by means 
of artificial pulses fed directly to the collecting system 
of the chamber. An energy calibration of the recorded 
pulse heights was obtained between runs by separate 
measurements with 2.5-Mev d—d neutrons. In addition, 
the d—d measurements provided a check on the ac- 
curacy of the entire experimental method and the wall 
effect calculations. A typical recoil pulse-height dis- 

?B. Rossi and H. Staub, Jonization Chambers and Counters 
(McGraw-Hill Book Company, Inc., New York, 1949), National 
Nuclear Energy Series, Div. V, Vol. 2, Sec. 7.11. 

’ The authors are indebted to N. Nereson for the use of his 
photographic recording apparatus. 
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Fic. 2. Measured energy distribution of proton recoils. The 
data are corrected for background and interval width. The solid 
points at 4.5 Mev are calculated points. 


tribution and calculated neutron spectrum from such a 
calibration run is given by Rossi and Staub.” 


III. MEASUREMENTS AND RESULTS 


The semilogarithmic plot in Fig. 2 shows the number 
of proton recoil pulses per unit energy interval as a 
function of the pulse height in Mev. The three sets of 
data plotted for the runs A, B, and C have been arbi- 
trarily normalized at 1.6 Mev. No pronounced departure 
from linearity is indicated by the data, and therefore 
since the assumption of a simple exponential recoil 
distribution greatly simplifies the calculations of the 
wall effects, a straight line fit has been made for each 
of the three sets of data by the method of least squares. 
Although a linear fit could be made in each case with 
reasonably good accuracy, there is admittedly no theo- 
retical justification for this simplifying procedure. The 
calculated magnitudes of the slopes of the three fitted 
curves together with their standard probable errors are: 


Slope A =0.686+0.029, 
Slope B=0.718+0.01 iP 
Slope C=0.643+0.024. 


The overlapping of these values is shown in Fig. 2 by 
the calculated points and their errors at 4.5 Mev. 
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Fic. 3. Energy spectrum of U* fission neutrons. 


The fact that the slope for the fitted curve C is less 
than those of the other two runs probably has only 
slight significance, although it suggests the possible 
effect of inelastic scattering in the larger samples of 
normal uranium used in runs A and B. However, the 
Stanford measurements had shown no appreciable dis- 
tortion of the d—d spectrum measured with and with- 
out the 2.93-kg disk of uranium placed between the 
d—d neutron source and the chamber. 

Since the differences between the three values of the 
slopes given above are of the same order as their errors, 
and especially in view of the rather large wall effects, 
we have taken 0.692, the weighted average value of the 
three slopes, to represent our most reliable estimate of 
the proper recoil distribution and this is shown by curve 
D (ig. 2). Furthermore, we have assumed the distribu- 
tions given by curves B and C to represent the approxi- 
mate limits of accuracy of the mean distribution. 

The energy spectrum of the fission neutrons can 
readily be calculated from a given proton recoil dis- 
tribution. If the wall effects are negligible, then V(E) 
the number of neutrons per unit energy interval is 
given by 

V(E) ; 
n-a(k):-d dE 


where R(£) is the observed number of recoils per unit 
energy interval, » the number of hydrogen nuclei per 
cm’, d the depth of the chamber, and o(£) the cross 
section for scattering which is assumed to be isotropic 
in the center-of-mass system. However, when the range 
of the proton recoils becomes comparable with the 
dimensions of the collecting volume, the neutron dis- 
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wheré a(£) and f(£) are functions which depend essen 
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tially on the geometry and the stopping power. The 
evaluation of these functions is discussed in detail 
elsewhere.! The calculation of the wall effects for this 
chamber was done at Stanford by Bloch, Hamermesh, 
and Weinstock. In the present measurements the cham- 
ber geometry was not altered, and thus only the appro- 
priate corrections for the different stopping power had 
to be made in the analysis of the data. Values of the 
neutron-proton scattering cross sections used were 
taken from Bohm and Richman.‘ 

The calculated fission spectra for each of the three 
recoil distributions B, C, and D are shown by the 
correspondingly labeled curves in Fig. 3 which give the 
number of fission neutrons on an arbitrary scale as a 
function of their energy in Mev. The three spectra are 
normalized at 2 Mev which is fairly close to the esti- 
mated average energy of the fission neutrons. The pres- 
ent measurements do not extend below 1 Mev, and 
hence do not quite reach the maximum in the fission 
spectrum at about 0.8 Mev indicated by the Stanford 
results which are shown by curve S (Fig. 3). The trend 
of the curves B, C, and D, however, suggests rather 
strongly the presence of a maximum in the region 
slightly below 1 Mev. Some additional evidence for 
such a maximum was obtained by the present authors 
from other measurements of the fission spectrum taken 
with a parallel-plate chamber with a thin paraffin radia- 
tor and using electron collection. These latter measure- 
ments extended between 0.5 and 1.5 Mev. Because of 
large wall effect corrections and rather high backgrounds 
in the lower energy region, no great reliability could be 
attributed to the results obtained below 1 Mev. The 
spectrum obtained showed a maximum near 1 Mev, and 
coincided with the present results in the region be- 
tween 1 and 1.5 Mev. 

Subsequent investigations®~* of the fission spectrum 
of U** have shown good agreement with Watt’s® semi- 
empirical relation N(Z)=e~* sinhy (2E), where E is 
the neutron energy in Mev. This relation is given by 
curve E in Fig. 3 for comparison with the present re- 
sults. Curve £ is likewise normalized at 2 Mev, and 
falls between our mean spectrum shown by curve D 
and that obtained from run C over the entire range 
of measurement from 1 to 4 Mev. 

The neutron spectrum from the fission of Pu? was 
measured at the same time as run C for U*® and under 
the same geometry. Samples of the two materials were 
periodically interchanged during the measurement. 
The slopes of the proton recoil distributions as plotted 
in Fig. 2 differed by only one percent, showing that the 
neutron spectra from the fission of the two materials 
were identical within the statistical accuracy of the data. 
*D. Bohm and C. Richman, Phys. Rev. 71, 32 (1947 
‘B. E. Watt, Phys. Rev. 87, 1037 (1952) 
®N. Nereson, Phys. Rev. 85, 600 (1952). 

7 Bonner, Ferrell, and Rinehart, Phys. Rev. 87 


*D. L. Hill, Phys. Rev. 87, 1034 (1952) 
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The Radioactive Decay of Tungsten 187 


J. M. Cork, M. K. Brice, W. H. Nester, J. M. LEBLANc, AND D. W. Martin 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received December 10, 1952) 


Using sources derived from neutron capture in enriched (97.5 percent) W'**, about 40 internally converted 
electron lines are recorded in photographic magnetic spectrometers. Their interpretation leads to the 
evaluation of 14 gamma-rays in rhenium 187, seven of which had not been previously observed. It is possible 
to arrange these transitions in a consistent level scheme for the rhenium 187 nucleus. The A// ratios are 
determined for five of the gamma-rays and the multipolarity and nature of the transitions proposed 


HE first observation of radioactivity in tungsten 
induced by slow neutrons was made in 1935, and 

the half-life was reported' to be 23 hours. Many sub- 
sequent investigations? have dealt with the emitted 
beta- and gamma-radiations and have shown the 
activity to be identified with the isotope of mass 187. 
The beta-spectrum appeared to be complex with com- 
ponents having maximum energies at about 0.6 and 1.3 
Mev. A maximum of seven gamma-rays have been 
noted by various observers. The results of some of the 
later investigations*~? are shown assembled in Table I. 
In the present investigation tungsten 186 was ob- 
tained from the Oak Ridge National Laboratory, 
enriched from its normal abundance of 29.2 percent up 
to 97.5 percent. The specimens were irradiated in the 
Argonne heavy water pile and were promptly trans- 
ferred to serve as sources in photographic, magnetic 
spectrometers of high resolution. Throughout the com- 
plete energy range some 39 electron conversion lines 
have been found with energies as tabulated in Table II. 
These electron energies are found to fit very satis- 
factorily the work functions of rhenium (Z=75) as ex- 
pected, following. beta-emission from tungsten (Z=74). 
They may be interpreted to show the existence of 14 
gamma-rays, seven of which had not been previously 

TABLE [. Summary of beta- and gamma-energies 


of previous investigators. 


Investigator 
4 5 6 
0.63 
1.33 
0.078 
0.138 


0.65 
1.34 


0.6 Mev 
1.3 

0.07200 
0.133 0.13425 
0.204 
0.478 
0.615 
0.680 
0.767 


0.129 


0.47952 
0.61889 
0.68606 


0.480 
0.618 
0.696 


0.462 
0.652 


0.48 
0.69 


1! McLennan, Grimmett, and Read, Nature 135, 147 (1935). 

2See K. Way, Nuclear Data (National Bureau of Standards 
Circular 499, 1950). 

3L. Miller and C. Curtiss, Phys. Rev. 70, 983 (1946). 

‘Hole, Benes, and Hedgran, Arkiv. Mat. Astron. Fysik A35, 
No. 35 (1948). 

5 P. Levy, Oak Ridge National Laboratory Report 312, 1949 
(ur.published). 

6 Beach, Peacock, and Wilkinson, Phys. Rev. 75, 211 (1949). 

7 Muller, Hoyt, Klein, and DuMond, Phys. Rev. 88, 775 (1952). 


observed. For the strong low energy gamma-rays the 
L,, Le, and L; lines could be resolved and the M and NV 
lines observed. For one of the gamma-rays of high 
energy only a K conversion line was noted. The half-life 
has been followed through several octaves and found to 
be 24.0+0.1 hours, and all conversion lines decay with 
this same period. 

The agreement between the energies found for five 
of the gamma-rays and the corresponding energies as 
expressed by DuMond ef al., with their high precision 
spectrometer, is well within our experimental error, 
which is believed to be not greater than +0.2 percent. 
In scanning the numbers representing the gamma 
energies, certain equivalent arithmetic combinations are 
apparent. It is thus possible, on the basis of energy 
values alone, to suggest a nuclear level scheme for 
rhenium 187. For several of the electron groups, satis- 
factory traces of the photographic plates could be made 
by a Leeds and Northrup recording microphotometer. 
When suitably corrected for the variation in emulsion 
sensitivity with energy, it is thus possible to evaluate 
the K/L ratios. These values as observed for particular 
gamma-rays are shown in column 3 of Table III. The 
gamma-rays are arbitrarily designated by numbers 
increasing with increasing energy, as shown in column 1. 


rasce IL. Energies of electron conversion lines 


nergy 
sum 


Electron 
energy 
(Key) 


Energy 
sum 
(kev) 


Electron 
energy 
(kev) 


Interpre 


Interpretatior tation (kev) 


246.4 
206.5 
206.2 
239.3 
246.5 
479.9 
513.5 
480.0 
479.3 
480.6 
619.1 
625.7 
619.3 
626.0 
686.5 
686 

774.6 
775.0 
865.7 


174.7 
194.0 
203.3 
226.8 
234.0 
408.2 
441.8 
468.0 
4764 
480.0 
547.4 
554.0 
606.8 
613.5 
614.8 
674 

702.9 
763.0 
794.0 
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94.2 Ls 

101.4 Ly 

111.0 
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113.8 


34.5 
42.1 
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lic. 1. Energy levels in Re!’ following B-emission in W!*’. 


A complementary study of the electron distribution 
from the tungsten specimens has been made by Mr. 
A. E. Stoddard in this laboratory, using the double- 
focusing magnetic spectrometer. From a resolution of 
the beta-spectrum two upper energy limits are found 
to be 1.304 and 0.622 Mev, with a branching ratio of 1 
to 4. The 1.30-Mev beta-ray is first-forbidden with a 
spin change of two and a change in parity. It appears 
certain that no other beta-ray with an energy greater 
than 330 kev exists, but it is not impossible that some 
lower energy transition may occur. The log(ft) value 
for the 0.622-Mev beta-ray is 6.2, indicating that it also 
is forbidden with A/=0 or 1, and a probable change of 
parity. 

From the observed values of the A/L ratio, the radia- 
tion lifetime, and the quantity Z*/W, where W is the 
energy, it is possible to employ the known empirical 
relationships® and speculate on the multipolarity and 
the nature of the transition for many of the gamma- 
rays. This information is an aid in arranging the nuclear 
levels in any proposed plan, such as is shown in Fig. 1. 
It may be noted that the placement of the curve re- 
lating K/L ratio and Z*/W for M2 radiation by Gold- 
haber and Sunyar was based entirely upon the 134-kev 


*M. Goldhaber and A. Sunyar, Phys. Rev. 83, 906 (1951). 
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TaBLe III. Gamma-energies from W?*? 








K/L 


ratio 


Energy K/L 
(key) ratio 


480.0 4.2+0.5 
$13.5 
619.2 
625.8 
686 
774 
846 


Energy 
(kev) Number 


Number 





72.1 
106.2 
113.8 
134.3 
206 3 
239.2 
246.4 


4.0+1.0 
5.5+0 5 


4.0+0.5 5.0+1.0 
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gamma-ray in W'*’. A half-life of 5X 10~7 sec had been 
observed® for an excited state in rhenium and the K/L 
ratio had been reported to be 5.1. The present observed 
value of 5.5+0.5 is in agreement with this. It is, how- 
ever, now possible to note that the Z;/Z, ratio is only 
about 1/60, which from observed empirical and 
theoretical relationships would indicate that the transi- 
tion is M1 or perhaps M1 plus £2. 

The level arrangement shown in Fig. 1 includes as a 
small part, shown in heavy lines, the previously sug- 
gested order’ for four of the gamma-rays. The observed 
beta-rays fit well, with an additional transition of 320 
kev required. It seems quite likely that the transitions 
of energy 480, 619, and 686 kev are all £2, both from 
their K/L values and the fact that the L shell conversion 
seems to occur largely in the L2 subshell. The delay of 
5X10~7 second might occur in any one of several of 
the levels. The ground state in rhenium has been found!! 
to be a ds/2 level. While shell theory predicts for the 
W'*? ground state a p12 level, it might have been 
expected that a dz state would exist as was found” 
for the very similar nucleus, osmium 189. This would, 
however, be incompatible with the beta-transition of 
maximum energy being first-forbidden. It is not possible 
to assign spin values to all levels on the basis of present 
information. 

This project received the joint support of the U. S. 
Atomic Energy Commission and the U. S. Office of 
Naval Research. 

Note added in proof:—The electron line at 480 kev 
could also be interpreted as a K line for a gamma-ray 
at 552 kev, as observed by Sunyar [Bull. Am. Phys. 
Soc. 28, Z3 (1953) ] by a scintillation method. It fits 
the scheme of Fig. 1 as a transition between the levels 
at 134.2 and 686 kev 


® McGowan, DeBenedetti, and Francis, Phys. Rev. 75, 1761 
(1949); Bunyan, Lunby, and Walker, Proc. Phys. Soc. (London) 
A62, 253 (1949). 

10 J. Mihelich, Phys. Rev. 87, 646 (1952). 

 Meggers, King, and Bacher, Phys. Rev. 38, 1258 (1931). 

12K. Murakawa and S. Suwa, Phys. Rev. 87, 1048 (1952). 
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Magnetic Moments of Odd-Odd Nuclei and the Strong Spin-Orbit Coupling Shell Model* 


H. M. Scuwartz 
Department of Physics, University of Arkansas, Fayetteville, Arkansas 
(Received September 19, 1952) 


Using the extreme jj coupling model and employing semi-empirical ¢ factors, magnetic moments are 
computed for those odd-odd nuclei for which J and w measurements exist (Table 1). The results are sug 
gestive as to relevant coupling properties of such nuclei, but as yet not sufficient for definite conclusions 


As an aid to possible future work, this note includes a tabulation (Table II) of computed magnetic moments 


for some odd-odd nuciei for which tentative spin assignments are possible, employing both free nucleon and 
semi-empirical g factors and based on pure LS and jj two-nucleon states 


HE extreme jj coupling model has been recently 

applied to the calculation of magnetic moments 
of odd-odd nuclei by Feenberg,' who pointed out its 
particular success in the case of K*°. Since the Schmidt 
g factors? entering in these calculations are known to 
deviate considerably from the measured values for 
most nuclei, the question arises as to the scope of va- 
lidity of such calculations. It has been suggested* that 
in nuclei (such as B!’, N¥, Na®, V°°) whose odd proton 
and odd neutron belong the the same /, j-orbital, there 
is an approximate mutual cancellation of-the respective 
deviations from the Schmidt limits. This suggestion is 
consistent with the following tentative conjecture: The 
magnetic moments of those odd-odd nuclei (excepting 
Li®) which admit of a definite configuration assignment 
(Ly, Jpi ln jn), are given to a first approximation by the 
pure jj coupling formula 


1 
u(Z, N)= ; (gpt+gn)l 


il Ipt1)—jaljnt 1) 
+ (gp— &n) 
[+1 


(1) 


with g, and g, representing the empirical g factors of 
the nuclei (7, V—1) and (Z—1, .V), respectively (and 
with the customary meaning of the other symbols). 
Such a result can be expected to have approximate 
validity if (a) the deviations of odd A magnetic mo- 
ments from the Schmidt values are due largely to inter- 
action of the odd nucleon with the core, and (b) if 77 
coupling is in fact an adequate approximation. Con- 
versely, if premise (b) were to become definitely estab- 
lished, then the study of uw for odd-odd nuclei could 
shed some light on (a). 

The results presented in Table I seem to be in accord 
with the above conjecture.‘ Unfortunately, they are 
subject to two severe limitations: the number of defi- 
nitely established u and J values is quite small, and the 
number of corresponding g, is even smaller. In both 
Tables I and II, some of the empirical g values had to 
be estimated from measured yu of neighboring nuclei 
with the same odd nucleon / and 7 values. An examina- 
tion of the set of measured odd A magnetic moments 
lends support to the expectation that in most cases the 
error committed by such an interpolation is not serious, 
when precision is not required. Whenever it appeared 
impossible to make a reliable estimate, the correspond- 


TABLE I. Magnetic moments of some odd-odd nuclei for which measurements exist. 


Measured ' 
Configuration® 


neutron 


we 
(nm) 


> 


proton 


1 ps2 
I pire 
Id; 

Ifri2 
bho 
I fs 
Igzr2 
Ig7/2 


Nucleus 
Bo 
Ni 
Kk” 
vw 
Co*® 
Rb* 
(Cs! 
Lu! 


I pare 
I pire 
1 fr/2* 
I fri» 
2pare 
I gov2 
2d 3/2 
lhoe 


3.0+0.5 
(— 1.68) 

2.96 

4.2+0.8 


“Id tou ee Ww 


y 


® The superscripts — and 
» Eisinger, Bederson, and Feld, Phys. Rev. 86, 73 (1952). 


Computed 4 
using available 
empirical g 


Computed u using Empirical odd nucleon g 


tree-nucleon g 


proton 
(2.0) 
(—0.58) 
0.261 
1.43 
1.33 
0.54 
0.737 
(0.83) 


neutron 


— 0.786 1.82 


oe) 
x0 


won 
~ 


WWwrNDhR w 
NNO — Ds 
mm OO U1 OO 
~~ 

" 


toy Sng 
Ml 

Con 

Sree 


+ indicate closed shells or subshells minus or plus one particle, respectively 


* This work was supported in part by the U. S. Atomic Energy Commission. 


1. Feenberg, Phys. Rev. 76, 1275 (1949). 
7 
31. Talmi, Phys. Rev. 83, 1248 (1951). 


‘The experimental » were taken from the compilation by P. F. 


Schmidt, Z. Physik 106, 358 (1937). This paper employs the free nucleon model. 


Klinkenberg [Revs. Modern Phys. 24, 63 (1952) ], in which p- 


values obtained from optical hyperfine structure are corrected for the effect of finite nuclear size. For V®% and Cs™, see Walchi, 
Leyshon, and Scheitlin, Phys. Rev. 86, 618 (1952), and Jaccarino, Bederson, and Stroke, Phys. Rev. 87, 676 (1952) 
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TaBLe II. Computed magnetic moments for some odd-odd nuclei for which measurements do not now exist. 


As 
signed 
Configuration® 


I 
Nucleus A neutron LS states 


proton 

2siie* Ida 3p 

Id3/2 I frie ‘DAP, 2D, oF 
(part pax) °P,9S, *P,*D 
(2pse* 1fsv2) 8p 
(1 fosa 1 g9/2) 'D, . sp, of 
(1 fev 2pry2) 1D, *D, *F 

2 pai: lgo/2 1H, *G,*H 

2p ‘ 2d5/2* 1D, sp, 3p, bd id 
( l¢o 9 3514/2) G 
(lgors 2d 3/2) 
lg72 3512 
2d; 3pi 2 
(3s1/9 3 pai) 
(3s) 2fs 2) ‘F 
(2d; 2) 'p, ‘P, 5p, ap 
(1/tg/2* ara) 3G 
(lhg 5d 6/2") od id 


ps 
K‘2 
Ga* © 
Ga 
As? 

As™ 

Br®* (4.4 hr) 
yw 

In™** (50 days) 
In''** 

Spi* 

Au'# i” Ay i198 
T 24 

py 

ry 

Bi™ 

Rak” 


66, 08 « 


‘7, *G,*H, * 
IG 


4 
'D, P. 3p). ap 
1p 


VIS ND P&H WNW DO UI he oe NR 


* See footnote a to 
A dash 


© See reference 10 


Table I 


sigrifie re, il 


ing free-nucleon g factors were employed. If in case 
of V*° and Co® we employ g, corresponding to u~ — 1, 
a mean value fitted to the diagram of measured u- 
values, one finds u(V°") = 0.577, and u(Co®) = 3.65. With 
similar g,, one finds u (K**)= —1.0 (see Table IT). 

Lu'’®, whose spin is still unknown, is included in 
Table I because of the indication that it is possible to 
have here a normal configuration assignment® and a 
spin close to the experimental lower bound. A discus- 
sion leading to different conclusions has been published 
recently.® 

Table II lists a few odd-odd nuclei, of half-lives ex- 
ceeding one hour, for which spin assignments can now 
be made, at least tentatively. These assignments are 
based on Nordheim’s rules’ and on an analysis of beta- 
decay schemes compiled by King.* Because of existing 
uncertainty as to the actual coupling schemes that 
obtain for the ground and first excited states of various 
nuclei, computed values for the two-particle LS and 
jj coupling type states corresponding to the given con- 
figurations and /, are also included in this table.® At 

§ See entry for Lu!” in Table II, L. W. Nordheim, Revs. Modern 
Phys. 23, 322 (1951), p. 326 

6 Pp, F. Klinkenberg, Physica 17, 715 (1951). 

7L. W. Nordheim, Phys. Rev. 78, 294 (1950) 
pear to admit of some exceptions 

* Richard King (unpublished) 


* A similar tabulation for Y® is given in reference 1, to 
the reader is referred for relevant discussion. 


These rules ap 


vhich 


— 0.440 
0, —0.120, 0.293, 0.080 
4, 0.88, 0.69, 0.310 
—0.94 
~ 0.334, —0.620, 0.015 
2.67, 2.51, 1.86 
1, 1.08, 1.11 
0.334, 0.380, 0.572, 0.301 


3.67, 4.28, 3.69, 3.16 
1.67, 2.38, 1.68, 1.19 


—0.59 
1.67, 2.38, 1.68, 1.19 


MI?) 
using 
available 
u(LS) empiri 
(nm) Ipjn 
— 0.440 
—1.72 
0.627 
0.94 
-2.13 
0.379 
0.091 
-1.61 
4.88 4.88 
6.99 
3.09 
0.762 
0.88 
—0.59 
0.762 
3.85 
3.43 


—O,141 


0.045 
3.09 . 
3.30 
0.88 

3.30 
3.85 , 
3.43 


the same time only those nuclei are listed for which the 
computed uw are either the same for all states, or else 
are sufficiently distinct for the LS and 7 states to 
present the possibility of ~« measurement discrimination 
between them. Although the latter group do not com- 
prise any examples strictly similar to K*, for which u 
for the expected jj7 coupling scheme is definitely dis- 
tinguished (by its sign) from those given by the other 
coupling possibilities, it will be observed that such a 
situation does obtain in the case of Ga®®, Bre (4.4 
hr), Au!?-194,196.19) and TP if the configurations which 
belong to them are, respectively, p1j2— ps2, Piy2— 89/2, 
d3/2— P3/2, €3/2— pay2 instead of those listed in the table. 

In both Tables I and II parentheses enclosing a 
quantity indicate some uncertainty regarding it. A few 
cases with uncertainty in the configuration assignment 
are included in the ‘0 These indicate a 
possibility of resolving such uncertainties when the 


tabulation. 


corresponding / and « measurements become available. 
The author takes pleasure in expressing his indebted- 
ness to Professor Feenberg for stimulating discussion 
concerning the subject of this note. 
' Recent Ga®* Ga" disintegration measurements [A 
Mukerji and P. Preiswerk, Helv. Phys. Acta 25, 387 (1952) ] 
support the following respective configuration assignments: pq f; 
ParoPs 


and 
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The Temperature Dependence of Drift 
Mobility in Germanium 
R. LAWRANCE* 


Department of Supply, Commonwealth of Australia 
(Received November 18, 1952) 


HE occurrence of values of current gain greater than 3.1 in 

n-type germanium triodes has been attributed by Sittner! 
to hole traps. If this explanation is correct, a study of the drift 
mobility of holes in n-type germanium at low temperatures 
should indicate such trapping. Haynes and Shockley? have 
pointed out that trapping will not influence the temperature 
dependence of the Hall mobility 

In the present experiments, a modification reported by Law 
rance and Gibson’ to the method of Haynes and Shockley? has 
been used to measure the drift mobility of holes in 0.02 ohm 
meter resistivity single crystal n-type germanium in the tempera 
ture range 100°K to 360°K. This method involves the use of a de 
emitter current and a pulsed sweeping field. 

As the temperature is lowered the drift mobility increases and 
then decreases rapidly as trapping occurs. By increasing the 
emitter current so that the ratio of the number of holes trapped 
to the number available becomes small, the trapping is observed 
to occur at a lower temperature. The temperature at which 
trapping occurs for a given emitter current is variable from speci 
men to specimen and depends upon surface treatment and the 








20 


ABSOLUTE TEMPERATURE 
Fic. 1. The drift mobility of holes in n-type germanium 
as a function of temperature 
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age of the specimen. It is therefore concluded that these traps 
are on the surface. The traps may be completely filled and made 
ineffective by illuminating the specimen with light from a tungsten 
lamp, and by this means it has been possible to carry out the 
drift mobility measurements at temperatures much lower than 
those at which trapping cannot be eliminated by increasing the 
emitter current alone. 

Initial experiments have given a temperature variation of drift 
mobility proportional to 7~%, but this has been found to be due to 
strains produced by differential expansion of the germanium and 
the “perspex” base. Subsequent experiments in which the ger 
manium was free to move relative to the base have given a 7-?4 
relationship, in substantial agreement with the results for the 
Hall mobility of holes published by Dunlap.* The Hall mobility 
for electrons in the sample of germanium used by the author has 
been measured by Dr. E. H. Putley of this establishment and 
found to vary as 7-4. 

It is interesting to note that, in the case where the germanium 
was under stress, the drift mobility was higher than it should 
have been at any given temperature. The holes were therefore 
moving faster than they would have done in a strain-free lattice 
at the same temperature 

The accompanying graph (Fig. 1) shows the relationship be 
tween logu and logT over the temperature range already stated 
It is not possible at present to calculate the trap depth from these 
measurements, since the present method of measuring in the 
trapping region is a complicated function of the delay time 

A fuller account of this work is to be published elsewhere 

Ihe author wishes to acknowledge the helpful guidance of 
Dr. A. F. Gibson of this establishment. He is indebted to the 
Chief Scientist, British Ministry of Supply and to the Controller 
of H.B.M. Stationery Office, England for permission to publish 
this letter. 

* Attached to Telecommunications Research Establishment, Great 
Melvern, Worcester, E-england 

'W. R. Sittner, Proc. Inst. Radio Engrs. 40, 448 

?J. R. Haynes and W. Shockley, Phys. Rev. 81, 835 
*R. Lawrance and A. F. Gibson, Proc. Phys. Soe. ( 
1952) 

Rw. G 


(1952) 
(1951 
ondon) B6S, 994 


Dunlap, Phys. Rev. 79, 286 (1950) 


Proton-Proton Scattering for a Nucleon 
Isobar Model 


FRANK T. So_miiz* 


University of Chicago, Chicago, Illinun 


Received February 2 


1953 


NUMBER of phenomenological static potentials have been 

used in the analysis of p-p scattering.' It has been found 
to be quite difficult to account for the experimentally observed 
large isotropic cross section at high energies (about 5 mb/sterad 
in the energy interval of 100 to 350 Mev?) with a potential which 
also fits the low energy experiments; only Jastrow’s hard core 
model gives reasonably good agreement with the data. 

We have investigated the effect of excited isobaric states on the 
p-p scattering. The particular model used was based on the strong 
coupling approximation of meson theory.’ According to the 
pseudoscalar charge-symmetric theory in the strong coupling 
approximation, nucleons can exist in states with any half-odd 
integral spin and isotopic spin (spin and isotopic spin being equal 
in a given state). The energy of such a state is proportional to 
(spin+ 4)*. The interaction energy of two nucleons is of the form 
[QV (r)+7’U(r)], V and U being functions of the distance be 
tween the two nucleons only, and {2 and 7” depending on the spins 
and isotopic spins. With respect to states in which both nucleons 
have spin 4, the interaction reduces to that obtained in the weak 
coupling approximation 


Q= (1/9) (4;-72)(0,-02), T’= (1/27) (4-72) Si, 


T’ is a somewhat unusual tensor force in the sense that it has an 
effect on the 'S scattering. 


1295 





LETTERS TO 





. 50° 
zo" 


o£o'+ho* 


CROSS SECTION IN NB/STER 








SCATTERING ANGLE 


Differential cross sections in the center-of-mass system for p—p 


Fic. 1 
scattering at 300 Mev 


In the present work the excitation energy of the first excited 
state (i.e., one nucleon in an isobaric state) was taken to be 265 
Mev; the effect of all higher excited states was neglected. Two 
Yukawa potentials of the same parametric range were used for V 
and LU. The depths of the potentials and the parametric range were 
adjusted so as to obtain a fit with the low energy p-p scattering 
data. The depths of V and U so determined were 34 Mev and 
145 Mev, respectively, and the parametric range 2.0X 10-" cm. 
(This determination is, of course, not unique since low energy 
scattering yields only two parameters, the scattering length and 
the effective range.) The scattering at 300 Mev (in the lab system) 
was then calculated with the model described; the resulting differ- 
ential cross sections are presented in Fig. 1. The results are in sharp 
conflict with the large, flat cross section found experimentally. 
Both !S and 'D phase shifts were found to be negative, leading to 
destructive S—D interference at 90°. In the Jastrow model the !S 
phase shift becomes positive at high energies, resulting in con- 
structive S-D interference at 90°. Coupling to excited states 
always seems to result in a negative contribution to the phase 
shifts and therefore cannot change the sign of the 'S or 'D phase 
shifts. The triplet scattering at 90° could be increased by in- 
creasing the depth of the tensor potential U, but estimates indicate 
that even for the maximum possible depth the cross section at 90° 
would still be much too small 

The present work does not rule out all conceivable types of 
nucleon isobar models, but it seems to indicate that such models 
do not promise any great improvement over the conventional 
interactions in accounting for the known p-p scattering data, 

A more detailed account of this work will be published shortly. 

Ideas similar to the one explored here have been suggested by 
Breit® and by Raphael and Schwinger.® 

The author would like to thank Professor M. L. 
and Professor G. Wentzel for their invaluable help and guidance 


Goldberger 


Predoctoral Fellow 
79, 85 (1950); R. Jastrow 
B. Goldfarb and D. Feld 


*U.S. Atomic Energy Commission 
R.S. Christian and Hl. P. Noyes, Phys. Rev 
Phys. Rev. 79, 389 (1950); 81, 636 (1951); L. J 
man, Phys. Rev. 88, 1099 (1952 
*R.S. Christian, Rept Progr. Phys 
+45. Wentzel, Rev Modern Phys. 19, 1 (1947) 
Helv. Phy \cta 17, 181 (1944); 18, 188 (1945) 
Proceedings of the International Conference on Nuclear Physics 
Institute tor Nuclear Studies, Chicago, 1951), p. 107. 
*K. B. Raphael and J. Schwinger, Bull. Am. Phys. Soc. 28, No. 1, 44 
(1953) 
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Nonexistence of Stable Isobars with Odd 
Mass Number 
S. SENGUPTA 


Krishnagar Colle ze, Krishnagar 
Received October 17, 1952 


Physics Laboratory Calcutta, India 


HREE very important characteristics in the distribution of 

stable nuclei are well known. These are (1) instability of 
odd-odd nuclei for A >14; (2) existence of stable isobars for even 
even nuclei; (3) nonexistence of stable isobars for odd mass 
nuclei. 

The first two of the above facts were explained by Bethe and 
Bacher! on the assumption of a strong attractive like-particle 
force between paired nucleons. Combining this with the saturation 
property of the nuclear forces Fuchs? made a remarkable analysis 
of the distribution of stable nuclei and succeeded in explaining 
many of its important features. Still his analysis does not make 
it quite clear why in all cases of nuclei with odd mass number we 
get only one stable nucleus and no isobars. We want to show in 
the present note that a formal proof of this fact can be easily 
given on the basis of like-particle forces and saturation of nuclear 
forces. 

Let Bz(N, Z) and By(N, Z) be the binding energies of the last 
even proton and neutron in the nucleus (NV, Z) and let the corre- 
sponding quantities for odd particles be Bz’ and By’. Let both 
N and Z be even. Then we can write 

B2(N, Z)— Bz'(N, Z—1) =6+ Bzz, 

By(N, Z)— By'(N—-1, Z)=64+ Byn, 
where 6 is the pairing energy of proton and neutron, which is the 
same for both particles owing to the charge symmetry of the 
nuclear forces. Bzz and Bwwy are defined by Bzz=0Bz/0Z and 
Byn=9OBy/ON and measure the regular change in Bz and By 
apart from the pairing effect, with proton and neutron numbers, 
respectively. We also define the quantities Byz and Bzyn by 
Byz=90Bn/0Z and Bzn=0Bz/dN. Fuchs? has shown that the 
saturation property of the nuclear forces gives 


Bzz<0; Byy<0; Byz=Bzn>0 (2) 


(1) 


We now consider the three odd mass isobaric nuclei (V, Z+1), 
(N+1, Z), and (V+2, Z—1). Let us suppose that (V+1, Z) is 
B--active. Then from the well-known §--stability condition? we 
write 

By'(N+1, Z)—Bz'(N, Z+1)<My— Mu, (3) 
where My and My are the masses of the neutron and the hydro 
gen atom, respectively. Now we have 

By(N+2, Z—1)=By'(N+1, Z)+6+Bnn—Bwz, (4) 
Bz2(N+1, Z)=Bz'(N, Z+1)+6—Bzz+Bzey. 
Hence, 


By(N+4+2, Z—1)—Bz(N+1, Z) = Bw'(N+1, Z) 
— Bz'(N, Z+1)4+-Bzz+Bnn—2Bwnz. 


Keeping in mind (2) and (3), it is easily seen that the right 
hand side of (5) must be less than My— My. Therefore, we con- 


clude that if the nucleus (V+1, Z) is B--active, then the nucleus 
(N+2, Z—1) and hence the nuclei (V+3, Z—2), (V+4, Z—3), 
etc. will also be 8 --active. Again, suppose that the nucleus 
(N+1, Z) is K-capturing or 8*-active. Then we can write 


By(N+2, Z—-1)—Bz(N+1, Z)>Mn— Mu. (6) 
From (5) and (2) we at once get 
By'(N+1, Z)—Bz'(N, Z+1)>Mny—Mu. (7) 


(V,Z+1) and hence the nuclei 


Therefore, the nucleus 
must also be A-capturing or 


(N—1,Z+2), (V-—2, Z+3), ete 
8t-active. 

Thus, we find that for isobaric odd mass nuclei, if any nucleus 
is B~-active, then all nuclei with higher neutron numbers must also 
be 8--active; and if a nucleus is K-capturing or S*-active, then 
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all nuclei with higher proton numbers are also K-capturing or 
8*-active. 

If now we have a stable nucleus (N, Z) for a certain odd value 
of the mass number, then (V+1, Z—1) must be 8--active and 
(N—1, Z+1) either K-capturing or 8*-active. From what has 
already been pointed out, it is clear that ail nuclei on the higher 
neutron number side of (N,Z) will then be 8--active and a!l 
nuclei on the higher proton number side of (N,Z) will be 
K-capturing or 8*-active. Thus for a particular odd mass number 
we shall have only one stable nucleus, all other isobars being 
unstable. 

Let us now consider what happens if the above argument is 
applied to the case of an even mass nucleus. For such nuclei we 
can distinguish between the even-even and odd-odd nuclei. Let 
(N, Z) be an even-even nucleus which is B--active. Then we have 

By(N, Z)—Bz'(N-1, Z+1)<My—Mu. (8) 
Now since, 
By'(N+1, Z—1)=Bn(N, Z)—5+Byn—Bnz, 
B2(N, Z)=Bz'(N—1, Z2+1)+6—Bzz+Bwnz, 
we have 
By'(N+1, Z—1)—B2z(N, Z)=Bn(N, Z)—Bz'(N—-1, Z+1) 
—25+Byyn+Bzz—-2Bynz<Mn—Mu, (9) 
because 6 is positive and (Byn+Bzz—2Bwz) is negative. Thus 
the odd-odd nucleus (V+1,Z—1) must be 8--active. But 
this same argument applied now to the even-even nucleus 
(N+2, Z—2) leads to a different result. For By(N+2, Z—2) 
and Bz'(N+1, Z—1) we write 
By(N+2, Z—2)=Bn'(N+1, Z—1)+-5+ Byn—Byz, 
Bz'(N+1, Z—1)=Bz(N, Z)—6— Bzz+ Byz. 
Thus we get 
By(N+2, Z—2)—Bz'(N+1, Z—1)=Bw'(N+1, Z—1) 
— B2(N, Z)+26+Byy+Bzz—2Bnz. (10) 
Since 4 is positive and (Byn+Bzz—2Bwz) is negative, we cannot 
conclude from the above equation that the left-hand side will be 
less than My—My. It may or may not be, depending on the 
relative magnitudes of 6 and (Byy+Bzz—2Bwz). This shows 
that the even-even nucleus (V+2, Z—2) may be stable in spite 
of the fact that the odd-odd nucleus (V+1, Z—1) is B--active, 
and thus the existence of stable isobars for even mass nuclei 
becomes possible. 


1H. A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 83 (1936). 
2K. Fuchs, Proc. Cambridge Phil. Soc. 35, 242 (1939). 
+S. Jha and G. P. Dube, Indian J. Phys. 26, 15 (1952) 


Crystallization of Silicon from a Floating 
Liquid Zone 


KECK AND Marcet J. E. GoLtay 
Fort Monmouth, New Jersey 
1953) 


PauL H. 
Signal Corps Engineering Laboratorte 
(Received January 27, 


RYSTALLIZATION of silicon from a melt is of great interest 
as an initial step in the preparation of transistor devices. 
Since molten silicon is very active, there is no crucible material 
known of which one could be sure that no impurities are being 
introduced during the melting process. Fused silica, which is 
considered the best refractory material for melting silicon, is 
slightly reduced to silicon monoxide by the melt. The extent to 
which these reduction products affect the electrical properties 
of silicon is not known. This situation lends attractiveness to 
the method described below, which permits crystallization of 
silicon from the melt without having recourse to any crucible 
material. 
The suspected high value of the surface tension of liquid silicon 
pointed to the possibility that a suitably large zone of molten 
silicon could be held stable between two vertically aligned, solid 
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rods, and this surmise was verified indeed by experiment. A piece 
of silicon which had the shape of a rod was held vertically and 
clamped at both ends. A heater element consisting of a short 
tantalum cylinder was mounted around the center portion of the 
rod. Heating this cylinder to incandescence caused a short section 
of the silicon to melt. The molten zone which developed and 
assumed the shape of a pear was held stable between the solid 
parts of the silicon rod by surface tension. The molten zone was 
then caused to travel slowly along the silicon rod by moving 
downwards or upwards the bracket to which the upper and lower 
clamps holding the silicon piece were attached. This constitutes a 
method of vertical zone melting with a floating liquid zone re 
quiring no container for its support. The silicon rod shown in 
Fig. 1 was recrystallized by this method. Another possible appli 


__ . 


Silicon recrystallized from a floating liquid zone. The comparison 


scale is in inches 


Fic. 1 


cation of this method is the growth of a single crystal from a 
polycrystalline mass. For this a seed crystal is placed against one 
end of the polycrystalline rod, and an initial floating zone of 
liquid silicon is formed at the joint. Then the seed crystal together 
with the silicon rod is slowly moved while the crystal grows from 
the melt and the floating liquid zone travels along the silicon 
piece. Thus the polycrystalline mass can be converted into a 
single crystal almost to its support. 

The new method is not limited to silicon; it may find useful 
applications for a number of materials. 

We wish to express our appreciation for fruitful discussions of 
this work with Mr. E. L. Manning and Dr. B. Bradshaw. More 
over, it is a pleasure to acknowledge the enthusiastic help of 
Lt. W. Van Horn and Mr. J. Soled in experimentation 


Ferroelectricity in Oxides of Face-Centered 
Cubic Structure 


W. R. Cook, Jr., AND Hans Jarret 
Brush Development Company, Cleveland, Oh 
(Received February 2, 1953 


N a recent letter! we reported on dielectric and x-ray obser 

vations on cubic cadmium niobate (Cd,Nb,O;) and lead 
niobate (Pb:Nb,O;7) to which we ascribed the fluorite structure 
B. C. Frazer of Brookhaven National Laboratory has pointed out 
to us that the structure of Cd,Nb,O; was studied by Bystrém? in 
1944 who found it to be of the pyrochlore (NaCaNb.Oc¢F) type 
This structure type is face-centered cubic with dimensions double 
that of the fluorite structure. We have confirmed the presence 
of additional faint lines of a doubled cell for Cd,.Nb2O;. 

The pyrochlore structure differs from the fluorite structure in 
the following ways: 

There is a regular alternation of cations in the (fluorite) cation 
positions and a regular omission of one of the eight oxygens in a 
manner which leaves the larger cation surrounded by eight 
oxygens but reduces the coordination around the smaller cation 
to six. These six oxygens are equally displaced from the sym 
metrical fluorite positions towards the smaller cation. 

We have now found a strictly cubic pattern of unit cell 10.561 
+0.001A for a lead niobate which is deficient in lead, approxi 
mating the composition Pb; sNb:O¢.5. The diffraction line in 
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tensities are very similar to those of Cd:Nb,O;. The dielectric 
constant is 200 at room temperature and rises to about 500 at 
— 196°C. 

The interesting ferroelectric properties found in Cd,Nb20; are 
variable. The dielectric constant and Curie point vary markedly 
in disks from the same mix, with the highest Curie point at 
— 103°C on a disk with a dielectric constant of 450 at room tem- 
perature. The remanent charge density of the latter sample as 
shown by a hysteresis loop is 3.2 microcoulomb per centimeter? 
near — 196°C 

Further work to determine accurate locations of the oxygens 
in Cd,Nb,O; and Pb,Nb,O; is underway. 
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Variational Methods for Periodic Lattices 
and Artificial Dielectrics* 
CARSON FLAMMER 
fanford Research Institute, Stanford, California 
Received January 30, 1953) 


N a recent paper, Kohn' has given a valuable variational 
principle for the determination of the propagating solutions of 
the Schrédinger equation within a unit cell of a periodic lattice. 
Of late, the cellular method has also been found useful in the 
analysis of artificial dielectrics which consist of arrays of conduct- 
ing obstacles embedded in a dielectric medium.2? Such artificial 
dielectrics are useful in the form of lenses at microwave fre- 
quencies. It is of interest, therefore, to obtain the electromagnetic 
analog of Kohn’s variational principle. 
The electromagnetic problem is the following: 
(VXVX- oe =(Q), r within V, 
nX E(r) =0, 
_E(r’) 
"*H(r’) 
Here o denotes the surface of the object within a unit cell, while V 
and & denote the volume and surface of the unit cell; n is the 
outward normal at the designated point; % is the wave-number 
vector; and %, is the vector which translates a given face of the 
unit cell into coincidence with its conjugate, i.e., t-=r’—r. Only 
the transverse components need be subjected to the boundary 
conditions on Z, because the normal components then auto 
matically satisfy them in consequence of the Maxwell equations 
VK E=iky (u/e)H, VX H= —ikY(e/p)E. 
With the aid of the vector analog of Green’s theorem, the first 
variation of the functional, 
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; ,_., E(r) 
exp(tK: Tr)MX Hye): 


I=[ikV(w/) Tf Bt (VX VX — REMY, (4) 
‘s easily shown to be 


i= | 


a4 


(nx E*- 5H—n x 5E-H*)dS, (5) 
if VX bE =thky/(u/e) dH. Transforming the part of Eq. (5) over © in 
the manner of Kohn, we find that the desired variational principle 
1s 
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+ I. nX E(r)- H*(r’) exp(ix:2,)a5$ =stationary. (6) 


If the trial functions E, H satisfy the vector wave Eq. (1) and the 
boundary condition of Eq. (2), the variational principle becomes 


Re | n&X E(r)- H*(r’) exp(ix-t,)dS = stationary (7) 
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Equation (7) may be cast into the form 
Re {_ 5E(r)-(nx H*(r) +X H*(r’) exp(in-t,) US 
+Re f 6H(r)- [nx E*(r)+nX E*(r’) exp(ix-t,) }dS=0, (8) 


by adding two terms which vanish by virtue of the vector Green’s 
theorem. 

In the same way that the method of Slater‘ follows from the 
equation analogous to Eq. (8) in the atomic case, as shown by 
Kohn, so the electromagnetic extension of Slater’s method follows 
from Eq. (8). In this method, the boundary conditions of Eq. (3) 
are satisfied at only a finite number of points. When series ex 
pansions of vector functions, containing as many arbitrary coefh- 
cients as there are equations, are substituted for E and H, a 
compatibility equation is obtained which yields the desired 
relation between * and k. The surface k=constant in «-space is 
the analog of the index surface in crystal optics and is, in general 
two-sheeted. When the wave propagating in the artificial dielectric 
is approximately plane, the relevant refractive index is |%|/k toa 
first approximation and is a function of the direction of the wave 
normal and of the polarization of the wave. 

As a case in point, we have applied Slater’s method to the case 
when the objects are infinitesimally thin, circular disks and the 
unit cell is a rectangular parallepiped. There are two independent 
field distributions to be considered. Using series of oblate spheroidal 
vector wave functions which satisfy the boundary conditions on 
the disk, as in the recently obtained vector wave function solution 
of the diffraction of electromagnetic waves by circular disks and 
apertures,® we have satisfied the boundary conditions at the mid 
points of the faces of the unit cell. The resulting surfaces k=con 
stant in «-space are prolate spheroids at low frequencies. The 
employment of the variational principle of Eq. (7) should lead to 
more accurate forms of the surfaces at higher frequencies. 

The general form of the variational principle, Eq. (6), may be 
expected to be useful in the case of objects for which there are 
available no vector wave functions that can be used to satisfy 
completely the boundary conditions on the object within a unit 
cell 

* This work has been supported by the Signal Corps Engineering Labora 
tories, Fort Monmouth, New Jersey 
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A General Relativistic Approach 
to Short-Range Forces 
HENRI AMAR 


Lafayette College, Easton, Pennsylvanta 
(Received October 24, 1952) 


RDINARY Newtonian gravitational forces are far too small 

to account for nuclear interactions. However, it is possible 

to modify the law of gravitation in such a way as to get unusually 

strong gravitational attractions in the very small forces. To do 
so we propose the following generalized law of gravitation 

Ryw= 

where gag is the metric tensor, Ry, the Riemann-Christoffel 

tensor, and A some multiplicative tensor such that the 

right side of (1) is covariant of second rank. The first simplest 


cases are 


=(Ag:*+) ys, (1) 


Rur= Agus (la) 


and 
Ryur= Ay’ ger. (1b) 


Professor Bargmann and Professor Einstein in a private com 
munication gave us the simple proof that in (la) A is necessarily 
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a constant. Equation (1a) is Einstein’s “cosmological” equation 
and its solution is well known. 

Applying (1b) to the spherically symmetric problem we made 
a special choice! of Ag® which led us to the following solution: 


ds*= ydt?— y~'dr?—r? sin*0dg?— r7d6?, (2) 


where y=1—(2m/r) exp(l/r) and / is introduced as a universal 
length, arbitrarily chosen equai to the electronic Compton wave- 
length; exp(//r) is 1+10~" for r=1 cm and is muck closer to 
unity at larger distances. So that (2) is essentially equivalent to 
Schwarzschild’s line element, and all results ot general relativity 
remain unchanged. However, the corresponding gravitational 
potential V=—(m/r) exp(l/r), equivalent to Newton’s for all 
macroscopic considerations, is remarkably large,in the small. In 
the nuclear range, for two nucleons such gravitational interaction 
is of the order of 2 Mev (magnitude of the binding energy of the 
deuteron). 

We have mentioned the calculation above only to illustrate the 
potentiality of general relativistic methods in dealing with the 
very small. Other alternatives are being investigated and will be 
presented when the calculations are completely carried through. 


ri 


' Namely, Ag * diagonal, the four elements being chosen so that 


l i 
Ast=Ae, Ask=—(gaa-—1), Arb=Adé= ( +)a 
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Generation of F Centers at Low Temperature 
FREDERICK SEITZ 
University of Illinois, Urbana, Illinois 
(Received January 29, 1953) 


ARTIENSSEN' has demonstrated that the a-band in KBr 
can be bleached by irradiating with light absorbed in the 
a-band. This effect has been observed at — 183°C. The quantum 
efficiency is low and the bleaching is accompanied by a green-blue 
fluorescence of unspecified quantum efficiency, but designated as 
“lebhaft.” Since the a-band is believed? to be associated with the 
production of an exciton localized at a vacant halogen-ion site, 
this result suggests that the shifts of nuclear coordinates and 
lattice oscillations stimulated, when the halogen-ions around the 
yacancy absorb and emit light quanta, promote sufficient diffusion 
for the vacancies to disappear, presumably at dislocations or in 
formation of aggregates without a distinctly observable band. The 
process appears to be associated with an ideal limiting type of 
point thermal “spike” accompanying the readjustment of nuclear 
coordinates after a change of electronic state. We shall assume that 
half the 6 ev absorbed is reemitted as light, and the remaining 3 ev 
is divided equally in thermal spikes accompanying absorption and 
emission. Since at least eighteen neighboring ions participate in 
this readjustment in a major way, and since about 1.5 ev pre 
sumably is available for vibrational quanta in each readjustment, 
the initial spike temperature should correspond to no more than 
0.1 ev per ion, or to an average temperature of about 400°K. It is 
possible, however, that even this low spike temperature is ade- 
quate to promote diffusion because the equilibrium nuclear con- 
figuration for the initially degenerate excited state is close to the 
saddle point for the migration process in the ground state; 
relatively small thermal oscillations are sufficient to guarantee an 
appreciable probability for the jumping process each time a light 
quantum is absorbed in the a-band. It would be exceedingly 
valuable to know if the a-band formed at liquid hydrogen or 
helium temperatures can be bleached in the same way at these low 
temperatures. If this is the case, the results appear to throw 
penetrating light on the way in which F and V centers are 
generated at very low temperatures by x-rays, a problem recently 
reviewed by Markham.*? The writer proposes the following 
speculative solutions. 
(1) The x-ray quanta produce energetic photoelectrons which 
dissipate their energy in the formation of electrons, holes, and 
excitons, the agents ultimately responsible for production of color 
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centers. Initially the electrons and holes become trapped at 
incipient negative- and positive-ion vacancies (jogs at Taylor- 
Orowan dislocations) where they may annihilate one another if 
sufficiently close. The excitons also end their lives at incipient 
vacancies* producing point thermal spikes analogous to those 
described above, only of higher intensity by a factor of three or 
four since a luminescent quantum is not emitted as frequently. 
These spikes may be violent enough to proraote evaporation of 
incipient vacancies and thereby form normal vacancies near the 
dislocations. However, we shall assume tentatively that the 
electrons and holes present play an essential role. If not, it should 
be possible to produce color centers at very low temperatures by 
irradiating in the tail of the fundamental band, as is possible® at 
nitrogen and higher temperatures. This highly important experi 
ment apparently has not yet been carried out. 

(2) It is assumed that many incipient vacancies occur in the 
form of neighboring pairs of opposite sign, because of the electro 
static attraction. When one member of a pair captures an electron 
or hole, the two centers repell one another strongly. Such electro 
static repulsive forces, operating in conjunction with the thermal 
spikes, have the effect of causing incipient vacancies to evaporate, 
forming isolated vacancies and clusters in the region around the 
dislocation.* This gas will be more widely dispersed at liquid 
nitrogen temperature than at hydrogen or helium temperatures 
because of the higher density of thermal quanta at the higher 
temperature. Some of the vacancies are present in the form of 
coupled pairs of positive- and negative-ion vacancies, the most 
mobile agent containing a halogen-ion vacancy. However, pairs, 
like isolated positive-ion vacancies, do not contribute an absorp 
tion peak in the tail of the fundamental band. 

(3) The a-band is stronger than the F band when the crystal 
is radiated at hydrogen temperatures (Martienssen! Fig. 3) be 
cause the separation of neighboring centers is sufficiently small 
that many electrons and holes trapped at vacancies annihilate by 
tunneling (see page 408 of the second reference in footnote 4 for 
comment on tunneling). At liquid nitrogen temperatures the 
vacancies become more widely dispersed, and a higher ratio of 
number of F to a-centers prevails, The spacing between centers is 
sufficiently close, if they are formed at helium temperatures, that 
annihilation of electrons and holes is enhanced when the electrons 
in the F centers are raised to the first excited state 

(4) When a coupled pair of vacancies captures an electron, the 
positive-ion vacancy is, with the aid of the accompanying thermal 
spike, expelled for several lattice spacings even at helium tempera 
tures, as a result of the electrostatic repulsion of the electron and 
the positive-ion vacancy. Hence the F center formed is essentially 
normal. In contrast, the thermal spike is not sufficient to aid the 
escape of the halogen-ion vacancy, because of the higher barrier 
for migration. When the crystal is warmed to 78°C, the hole 
escapes from the pair giving the current pulse observed by 
Dutton.’ The free hole is either captured by a positive-ion vacancy 
to form a V, center, or annihilates an electron at an F center. The 
H center of Duerig and Markham’ is a vacancy pair on which a 
hole is trapped, that is, is a V; center to which a halogen-ion 
vacancy is attached. 

(5) It is assumed that the density of incipient vacancies in a 
normal specimen is so small that the absorption arising from 
incipient F and V centers is not observable in crystals of normal 
thickness. 

I am indebted to Professor R. J. Maurer and Dr. J. J. Markham 
for discussions of this Letter. 


!W. Martienssen, Nachr. Akad. Wiss. Géttingen, Math-physik KI. 11, 
111 (1952). 

? Delbecq, Pringsheim, and Yuster, J. Chem. Phys. 19, 574 

‘J. J. Markham, Phys. Rev. 88, 500 (1952 

4 F. Seitz, Phys. Rev. 80, 239 (1950); Revs. Modern Phys. 23, 328 (1951) 

* A. Smakula, Z. Physik 63, 762 (1930); L. Apker and E. Taft, Phys. Rev 
79, 964ff (1950) 

* This solvent action of electrons and holes is described by the writer 
F. Seitz) in Revs. Modern Phys. 18, 384 (1946). See p. 403ff. 

7 Dutton, Heller, and Maurer, Phys. Rev. 84, 363 (1951) 

*W.H. Duerig and J. J. Markham, Phys. Rev. 88, 1043 (1952). The term 
H center is now used by these investigators to designate the new band 
described on p. 1049 of this paper. 
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Low Angle X-Ray Diffraction with Long 
Wavelengths 
BURTON HENKE AND Jesse W. M. DUMonpD 


California Institute of Technology, Pasadena, California 
(Received January 30, 1953) 


HE use of long wavelengths in the investigation of sub- 

microscopic structures by low angle diffraction methods is 
of considerable interest for the following reasons. First, the effects 
of multiple scattering, multiple refractions,! and of electron 
density fluctuations within the particles become or can be made 
vanishingly small for these wavelengths. This makes the direct 
application of a relatively simple theory of low angle diffraction? 
more feasible. Second, the larger angles of scattering for the 
long wavelengths open up to experimental observation the very 
important central portion of the diffraction pattern. And finally, 
the sizes of the particles and the thinness of the sample mountings 
appropriate to these wavelengths permit direct comparison studies 
with the electron microscope. These provide valuable comple- 
mentary information as to the nature of packing and other gross 
features of the material. For larger particles, these studies would 
permit a dependable verification by means of the electron micro 
scope of the low angle diffraction method. 

Very few workers have attempted investigations of this sort 
in the long wavelength region.’ Perhaps this has been because of 
the necessity of working in vacuum and with very low x-ray 
production efficiencies. In order to meet such problems a new type 
of diffraction unit has been developed at this laboratory which is 
designed to operate at such wavelengths as Cr-K, Al-K, Cu-L, 
O-K, and C-K lines (2.3, 8.3, 13.3, 23.6, and 44.5 angstroms 
respectively). 

The central feature of the instrument is the use of a nearly 
cylindrical totally reflecting mirror, which forms a point-focused 
image of the source. (See Fig. 1.) This mirror is ground and 
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Fic. 1, Sketch of a high intensity, lowangle diffraction unit for soft 
x-radiation. A large solid angle of x-ray beam is totally reflected and point- 
focused by an ellipsoidal mirror, ground and polished from Pyrex. Reflection 
angles are very nearly equal to the critical angle of reflection for the desired 
line radiation so that all harder background radiation is essentially ‘‘cut off.” 


polished into an ellipsoidal section from Pyrex. In this way a solid 
angle of radiation is used which is from one hundred to several 
thousand times that of comparable pinhole geometries. 

The principal problem invoived in the effective monochroma- 
tization of long wavelengths is the suppression of the continuous 
background radiation. This, however, rapidly diminishes in com- 
parison with the associated characteristic radiation for the longer 
wavelengths.‘ Effectively complete suppression of this background 
has been possible by a combination of methods. A specially de- 
signed gas-filled x-ray tube has been developed to give a high 
intensity of x-radiation in the direction of 180° from that of the 
electron beam by placing the entrance pinhole inside the cathode 
focusing cup. Soft continuous radiation in this “back” direction 
should be a minimum. Next the mirror is constructed of such 
diameter as to present angles of reflection only at the critical 
angle for the desired line radiation. In this way all radiation that 
is harder is effectively “cut off.” Then the soft component that 
remains is rapidly absorbed by the filter action of an appropriately 
chosen substrate on which the sample is supported. Spectrographic 
checks of the radiation at the focal point have revealed no effective 


background. 
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A preliminary study has been made at 13.3A of the same Dow 
Latex sample which has been investigated by others of this 
laboratory® at the Cu K-1.54A. One of these diffraction photo 
graphs (ten-hour exposure) is shown in Fig. 2. Measurements 


Fic. 2. A low angle diffraction photograph of the Dow Latex spherical 
particles taken with Cu-Z 13.3A radiation. The sample-to-film distance is 
20 cm. The separation of each pair of short, straight, parallel scratches is 
1.88 cm. A few preliminary measurements of the rings indicate a particle 
diameter of 2720 420A. 


based on the Guinier formula for a homogeneous system of spheres 
randomly spaced yields a value of 27204-20A for the diameters, 
which is in good agreement with that at the shorter wavelength. 

A report on this work, including studies of the Dow Latex at 
other wavelengths along with parallel measurements with the 
electron microscope, will be forthcoming. 

We wish to acknowledge the generous support of this research 
by the U. S. Office of Naval Research. We would also like to 
acknowledge the very valuable assistance of Mr. Herbert Henrik 
son on the mechanical layout of the instrument. 
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Resolution of the ‘‘Photon Difference Method”’ 


J. GOLDEMBERG* AND L. Katz 


Physics Department, University of Saskatchewan, Saskatoon, 
Saskatchewan, Canada 


(Received February 2, 1953) 


INCE its formulation!? the “photon difference method” has 

been used extensively in betatron work for obtaining cross 
sections from activation curves. The resulting cross sections so 
obtained are, in general, quite smooth and present the usual 
resonance shape of photonuclear reactions. Recently, however,?~7 
experiments have been performed in which the neutrons emitted 
in the photonuclear reactions are detected directly. These activa- 
tion curves are usually more complex, since in some cases there 
are several isotopes present as well as neutrons from (y, 2m) and 
(y. mp) processes. Thus the cross sections obtained from the 
“photon difference method” sometimes present very ‘“‘odd” shapes 
and occasionally show two different peaks. Since this method of 
solution is liable to give rise to damped oscillations in the cross- 
section curve if small errors are present in the activation curves, 
some questions may arise as to the validity of interpreting the 
humps in the high energy side of the cross-section curves as con- 
tributions from the (y, 2m) and (y, mp) reactions.*~* 
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To gain confidence in the method we decided to mix two 
samples (copper and lead), in which the peaks of the (y, ) re 
actions occur at different energies, and measure the resulting 
activation curve. By changing the relative amounts of these 
samples it is possible to represent the various cases which occur 
in practice 
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Fic. 1. Neutron yield curves 
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The first experiment consisted in mixing 0.45 mole of copper 
and 0.072 mole of lead, which should result in about the same 
number of disintegrations from each of the elements. This repre 
sents those cases where the elements measured have two isotopes 
of about equal abundance with close thresholds. The activation 
curves for each of the samples (Pb and Cu) and for both together 
were measured in the arrangement described® on the same day. 
This was done to make conditions reproducible as closely as 
possible. The combined curve taken with a lead disk 
sandwiched between two copper disks. The results are shown in 
Fig. 1. Also plotted in the same figure is the copper curve (D) 
obtained by subtracting the lead curve (B) from the (copper 
tlead) curve (A). Applying a correction for absorption of the 
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Fic. 2. Cross-section curves. (A’) Calculated from yield curve A. (B’) Cal 
culated from yield curve B. (C’) Calculated from yield curve C. (C’ 
Difference between cross sections A’ and B’. 
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Fic. 3. Cross-section curves from yield curves similar to those of Fig. 1 
except that 0.23 mole of Cu and 0.072 mole of Pb were used. Notation as in 


Fig 


beam reaching the rear sample, curve (E) is obtained, which is 
to be compared with the copper curve measured directly (C). 
Figure 2 shows the cross sections obtained by applying the 
“photon difference method” to the activation curves (A), (B), and 
(C). The difference (C’”’) between the cross-section curves (A‘) and 
(B’) is to be compared to the cross section (C’) calculated directly. 

Figure 3 shows the results for a mixture of 0.23 mole of copper 
and 0.072 mole of lead analyzed in the same manner. This com 
bination was chosen to represent some of the (y, 2m) reactions. 

It must be emphasized that small changes in the activation 
curves can distort the shape of the cross sections; thus accurate 
measurements are necessary for obtaining reliable results with 
the “photon difference method.” 


* On leave of absence from Departamento de Fisica, Universidade de Sao 
Paulo, Sao Paulo, Brazil 
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Photoproduction of Neutral Mesons in Hydrogen 
at High Energies* 


R. L. Wacker, D. C. OAKLEY, AND A. V 
California Institute of Technology, Pasadena, California 
(Received February 2, 1953) 
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RELIMINARY measurements have been 
newly operating California Institute of 

chrotron on the cross section for photoproduction of neutral pions 
in hydrogen at photon energies up to 450 Mev. The differential 
cross section at 90° in the laboratory system was measured in the 
manner of Silverman and Stearns,' by observing the recoil proton 
in coincidence with one decay photon from the #°. The energy 
and angle of the recoil proton define, through the conservation 
laws, both the energy of the incident photon, and the meson 
angle. The meson angle in the present measurements was 90° in 
the laboratory system, which corresponds to 107° to 111° in 
the center-of-mass system, depending on the photon energy 

The arrangement of target and counters is shown schematically 
in Fig. 1. Recoil protons were counted with a coincidence-anti 
coincidence scintillation crystal “telescope” which measured their 
range and their specific ionization (given by the pulse height in 
the first counter). Decay photons from the 7°’s were detected in a 
y-ray counter consisting of an anticoincidence scintillator followed 
by a }-inch lead converter and two scintillators in coincidence 
The calculated efficiency of this detector for counting the ® 
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Fic. 1. Experimental arrangement. The proton angle @p was near 32° in 


the present measurements 


associated with an observed recoil proton was between 0.15 and 
0.28 in this experiment, depending on the incident photon energy 

Measurements were made with polyethylene and graphite 
targets and a subtraction made to obtain the cross section in 
hydrogen. The “carbon background” was between 15 and 40 
percent. depending on the photon energy. 

The bremsstrahlung spectrum assumed in calculating the cross 
sections was normalized to give the same total energy in the x-ray 
beam as measured by a Cornell type ionization chamber with 
l-inch copper walls. We are indebted to R. Littauer and the 
Cornell synchrotron group for both the design of this chamber 
and its absolute calibration 

The measured cross section at 90 
incident photon energy in Fig. 2, together with the data of 
Silverman and Stearns! at lower energies. The existence of a 
maximum in this cross section has been the subject of considerable 
theory of 


is shown as a function of the 
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Brueckner and Watson.? This theory assumes that the w® photo 
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Fic. 2. Differential cross section at 90° in the laboratory system for the 
photoproduction of neutral pions in hydrogen. The crosses at lower energies 
are the data of Silverman and Stearns.! The indicated errors include 
estimated instrumental errors in so far as they affect the relative cross 
section 


production involves a resonant interaction between meson and 
nucleon in a state of isotopic spin and angular momentum 3. 
Whereas this theory is probably not unique in giving a maximum 
in the cross section, an interpretation in terms of a resonance is 
suggested by the sharpness of the observed maximum. The ob 
served cross section at 90° falls off above the maximum consider- 
ably more rapidly than the curve given by Brueckner and 
Watson.’ 
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Further work is being undertaken to obtain data with somewhat 
better energy resolution and to investigate the angular distri 
bution. 

Because of the importance of the data at 400 and 445 Mev, we 
have tried to investigate the extent to which these points might 
be in error because of uncertainties in the upper end of the incident 
bremsstrahlung spectrum, arising in part from an uncertainty in 
the synchrotron energy itself. This has been done by making 
measurements at three different “nominal” synchrotron energies 
Eo=480, 420, and 370 Mev and taking a weighted average for 
Fig. 2 in such a way that the internal consistency of the three 
sets of data is as great as possible. 

From this analysis, which is given in Fig. 3, it is concluded that 
the errors introduced by uncertainties in the upper end of the 
incident bremsstrahlung spectrum are probably less than 10 
percent for the 400-Mev point, and 25 percent for the 445-Mev 
point 


OE.480 MEV 
&E"420 MEV 
x £=370 MEV 
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Fic. 3. Internal consistency of data taken at three different ‘‘nominal"’ 
synchrotron energies eo = 480, 420, and 370 Mev (obtained from a magnetic 
field integrator). For each Fis plotted the ratio R of counts observed to the 
counts which would be expected if the incident bremsstrahlung spectrum did 
not fall off near Ke, and if the cross section of Fig. 2 were correct. The three 
curves have been drawn in such a way that the energies at which R =0.5 are 
in the same ratio as the three “nominal” energies Ho but with an absolute 
scale adjusted to make the two lower curves agree with the data as well as 
possible. This determines the curve for Zo =480 Mev, and thus the correc 
tion factor 1/R =1/0.85 to be applied to the cross section at 445 Mev as 
measured with Ee =480 


This experiment owes much to the work of all the members of 
the synchrotron group, and we wish to acknowledge especially 
the contributions of Dr. R. F. Bacher, Dr. M. L. Sands, Dr. R. V 
Langmuir, Dr. J. G. Teasdale, Dr. V. Z. Peterson, Dr. J. C. Keck, 
and our chief engineer, Bruce Rule 


* This work was supported by the U.S. Atomic Energy Commission 

1 A. Silverman and M. Stearns, Phys. Rev. 83, 853 (1951), Phys. Rev. 88, 
1225 (1952). 

*K. A. Brueckner and kK. M. Watson, Phys. Rey. 86, 924 (1952 


The (n, y) and (n, 2n) Reactions in Iodine* 
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ROSS sections for the I'?7(n, y)!*8 reaction from 0.25 to 

1.6 Mev and the I!?"(m, 2”)I'** reaction from 12 to 18 Mev 
have been measured by irradiating Nal(T1) crystals and observing 
the induced activity with a photomultiplier. The crystals thus 
served both as targets and as nearly 100 percent efficient detectors 
For the (m, y) reaction, monoergic neutrons were provided by 
bombarding a tritium gas target! with a monatomic proton beam 
from the 2.7-Mev electrostatic accelerator. The Nal(TI) crystals 
were irradiated at 10 cm and 0° from the gas target; the energy 
of the neutrons from the T(/, m)He* reaction? was selected by 
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ross section for the I'27(n, y)I'% reaction 


varying the proton energy. Several clear cubic crystals weighing 
from 2.5 to 5 grams were used in obtaining the data. Each crystal 
was placed in a cadmium-shielded test tube and covered with 
mineral oil; for each datum a crystal was irradiated for 1600 
seconds. A flat-response long counter,’ also at 0°, monitored the 
neutron flux during the irradiation. The absolute flux was deter 
mined by comparison with a standard RaBe source, calibrated to 
+5 percent, placed at the gas target. In each case the transmission 
of the sample was measured so that a correction could be made 
for attenuation of the neutron beam in passing through the 
crystal. 

After irradiation the crystals were submerged in a mineral oil 
well on a 5819 photomultiplier, and their activities were detected 
by feeding pulses from the photomultiplier to an amplifier and 
scaler. In all cases clean 25-minute activities due to I'*8 were 
observed. Extrapolation of the detecting system’s integral bias 
curve to zero bias indicated that about 98 percent of all pulses 
from the scintillator were above normal operating bias. Within 
experimental error, the value obtained for the cross section at a 
given neutron energy was found to be independent of the size of 
the activated crystal. No induced activity was observed in a 
crystal that was irradiated behind a 30-cm long tungsten shadow 
cone, indicating a negligible slow neutron background. 

Figure 1 shows the (n, y) cross section as a function of neutron 
energy. The estimated error in the absolute values is +7 percent; 
the energy spread for each datum is about 50 kev. The cross section 
is very nearly proportional to 1/E in this energy range. These 
results are essentially in agreement with values for the (n, y) 
cross section that have been obtained at several isolated points.‘ 
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A relative (nm, 2m) activation curve was obtained by placing the 
NalI(T]) crystals at appropriate angles around the tritium gas 
target at a distance of 12 cm and accelerating monatomic deu- 
terons to 2.00 Mev to produce the T(d, m)He* reaction.? The 
crystals were counted as in the case of the (n, y) reaction, and 
for each crystal the 13.1-day I'** activity was observed for about 
40 days with no longer-lived period becoming apparent. While 
the error in the relative activities of the crystals is ouly about 
+4 percent, the cross-section values shown in Fig. 2 depend upon 
the angular distribution of the T(d, m)He* neutrons, which is 
known to about +10 percent. For a deuteron energy of 2 Mev, 
at the angular positions where the crystals were irradiated, the 
laboratory differential cross sections for neutrons shown in Table I 
have been used. These values seem most consistent with presently 
available data on the T(d, »)He* reaction.?* To fix the absolute 
value of the (m, 2”) cross section, a crystal was irradiated with 
14.1-Mev neutrons produced by a Cockcroft-Walton accelerator, 
with the absolute neutron flux monitored to +5 percent by 
observing the alpha-particles from the T(d, n)He* reaction. The 
error in the absolute value of the (m, 2”) cross section at 14.1 Mev 
is estimated to be +6 percent. The neutron energy spread at each 


lifferential cross sections tor I (d, 2) Het neutrons at a 


Paute I. Laboratory | 
leuteron energy of 2 Mey 


1.1 


point is about 0.7 Mev; the threshold of 9.52+0.20 Mev is deter 
mined from the value reported for the (y, m) reaction.® 
We are indebted to Mr. Arthur Frentrop for the irradiation at 
the Cockcroft-Walton accelerator. 
* Work done under the auspices of the U.S. Atomic Energy Commission 
! Jarvis, Hemmendinger, Argo, and Taschek, Phys. Rev. 79, 929 (1950) 
? Hanson, Taschek, and Williams, Revs. Modern Phys. 21, 635 (1949). 
3A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947) 
‘U.S. Atomic Energy Commission Report AEC -2040. 
§T. F. Stratton and G. D. Freir, Phys. Rev. 88, 261 (1952) 
* Ogle, Brown, and Carson, Phys. Rev. 78, 63 (1950) 


Precision Measurement of Co®’ Gamma-Radiation 
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| ECAUSE of the usefulness of Co as a gamma-ray standard, 
Lind, Brown, and DuMond have made! precision determi 
nations of the gamma-ray energies from this isotope. Their values 


of 1.1715+0.0010 Mev and 1.33164.0.0010 Mev are based on 
curved crystal spectrometer measurements of wavelengths. Re 
cently it was reported? by Muller, Hoyt, Klein, and DuMond that 
an unsuspected nonlinearity was present in the crystal spectrome 
ter at the time of the Co™ experiments. From Fig. 7 of their paper 
it can be seen that if a correction is made for this, it would raise the 
Co™ values by about 0.1 percent. 

In order to obtain a check on the Co™ gamma-rays, we have 
determined their energies in the following way. The K line of the 
highly converted 1.41-Mev transition occurring in the decay of 
20-min RaC (electron energy about 1.32 Mev) was first measured 
absolutely in a semicircular focusing uniform field spectrometer 
The technique was similar to that previously described* in con 
nection with ThC” measurements except that both photographic 
and counter detection were used. In the latter case a Nal gamma 
ray monitor counter was employed to correct for decay. Sources 
consisted of tungsten wires 20 microns in diameter on which the 
activity had been collected electrostatically. Measurements of 
both the magnetic field along the path in terms of the proton 
resonance and the source to slit (or image) distance were done 
according to previous procedures. The weighted average of two 
counter and two photographic measurements gives a momentum 
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of 5874.4+-0.6 gauss-cm for the extrapolated high energy edge of 
the line. This corresponds to a RaC’ transition energy of 1.4158 
+0.0002 Mev, if finite line width effects are not taken into account. 

The RaC line was then compared in the 50-cm radius double- 
focusing spectrometer with the K shell internal conversion elec 
trons due to the 1.33-Mev Co™ transition. The cobalt sources were 
3X15 mm electrolytic deposits on copper backings. Source 
thickness effects prevented the use of a spectrometer resolution 
better than 0.25 percent, but this was sufficient to resolve the L 
line well enough so that the extrapolated high energy edge of the 
K line was practically unaffected. The K/(L+M) ratios of both 
cobalt transitions were found to be close to 10. For the RaC runs 
the sources were collected on copper strips 3 mm wide and a 
gamma-ray monitor corrected for decay. Using a slit 3 mm wide to 
accurately define the position of the sources, the extrapolated 
edges of the RaC and Co™ conversion lines were compared and 
found to be about 0.08 percent apart. By using the weighted 
average of three comparisons and adding the Ni K shell binding 
energy of 8.337 kev,‘ the cobalt gamma-ray is found to have a 
value of 1.33254-0.0003 Mev. 

The two cobalt K conversion lines were then compared in the 
double-focusing spectrometer in order to obtain their momentum 
ratio. Because these are ~10 percent apart in momentum, it was 
considered advisable to accurately check the linearity of the 
instrument over this range. This was done by first making an 
absolute determination in the semicircular spectrometer of the 
strong RaC line at 1.02 Mev. The momentum of its extrapolated 
edge was found from photographic measurements to be 4839.8 
4-0.8 gauss-cm. Together with the 1.32-Mev electrons of RaC, 
these two lines represented well-established momentum points and 
could be used to study the linearity of the double-focusing spec 
trometer. The difference between the calibration constants derived 
from these two lines was 2 parts in 10‘, which is within the com 
bined probable errors of the absolute values. This indicates that 
the error in the comparison of the two cobalt lines due to un- 
certainties in the linearity is probably not more than 1 part in 104. 
The value of the lower energy cobalt gamma-ray based on four 
comparisons between the 1.17- and 1.33-Mev conversion lines is 
1.1728+-0.0005 Mev. It is seen that although both of the present 
values of the Co gamma-rays agree with those of Lind, Brown, 
and DuMond within the combined probable errors they are, in 
fact, about 0.1 percent higher. 
indebted to Dr 


The authors are W. Forsling for chemical 


preparation of the Co™ plating solution. 


* National Science Foundation fellow on leave from Brookhaven National 
Laboratory 
1! Lind, Brown, and DuMond, Phys 
? Muller, Hoyt, Kle and DuMond 
*G. Lindstrém, Phys. Rev. 87, 678 


4 Hill, Church, and Mihelich, Rey. Sci 


Rev. 76, 1838 (1949). 
Phys. Rev. 88, 775 (1952) 
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The Mass Relation of Heavy Particles 
H. Enatsu* 
Columbia University, New York, New York 
(Received January 13, 1952) 


N a previous note!? on the mass spectrum of heavy particles, 

our calculation of self-energies was carried out only for the 
case of nucleons. We have now extended our treatment to the case 
of heavy nucleons. Before presenting our results, we should like to 
outline the method used. (A) We assume derivative couplings for 
interactions between nucleons (and heavy nucleons) and mesons. 
(B) Self-energies of nucleons and heavy nucleons are calculated to 
the second order in the coupling constants by using the method 
described in the preceding paper.' (C) Self-energy divergences are 
canceled out by mixing two kinds of mesons. (D) The mass 
relations are derived from the conditions of the elimination of 
logarithmic divergences and are independent of the charge of the 


mesons. 
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Let us assume the following interactions: 


PA . Ibe , 
i-Vwrerwv——the., 
KO OX, 


G Od- 
mtevay eb ht., (2) 
Mo OX, 


dev vhe., (3) 
Ko OX, 

where ww, Wv, os, and @- are the wave functions for nucleons 
(m= 1836 m,), heavy nucleons (m;), m-mesons (x= 276 m,), and 
cohesive mesons (yu), respectively. The couplings (1) and (2) have 
been considered already for the case of nucleons in the previous 
note.! In order to eliminate self-energy divergences of heavy 
nucleons caused by the interaction (2), we must introduce another 
new interaction. Generally speaking, we have no restriction on the 
choice of the new coupling. However, the hypothesis of symmetry 
between nucleons and heavy nucleons seems most suitable at the 
present stage. In fact, as will be shown in the following, we can 
achieve the desired compensation of divergences by assuming the 
form (3). In connection with these interactions, it is interesting to 
refer back to the proposal made by Pais* on the types of couplings 
of heavy particles. According to him, the so-called strong couplings 
can be written in the forms 


(NoNowo), 
(NoNin), 
(NiNin), 


(NiNjwe); t+j+k=even, 


which correspond to (1), (2), and (3) above. 
Now, the expression for the mass relation can be written as 


2 ( ) 
, (28-1 (75°, + 65)- (608° — 758?+668+-6) >, (7) 
} 


we : 
2 120B—105 


where 
B=y/x 


In the case of self-energies of nucleons, r=m, y=m,, and 
B=m,/m. On the other hand, in the case of heavy nucleons, 
r=m,, y=m, and B=m/m, because of the symmetry between 
nucleons and heavy nucleons. Using the relation (7), we have 
computed the mass values of cohesive mesons for the cases of 
heavy nucleons and the results are given in Table I. It may be 
worth pointing out that in both cases mass values are of the order 


TABLE I. Masses of cohesive mesons for the corresponding 
masses of heavy nucleons. 





Case of the heavy nucleon 
self-energy 
mi Me 


Case of the nucleon* 
self-energy 

mi “ 

1474 m,. 

1645 

2107 


+o 


1836 m, 
1900 
2000 
2098 
2220¢ 
2222 
2230 
2240 
2250 
2260 
2270 
2280 


1474> m, 
1378 
1263 
1152 
1042 
1019 
1006 
995 
ORS 

973 


1836 m. 
1900 
2000 
2100 
2200 
2220 
2230 
2240 
2250 
2260 
2270 963 
2280 949 
2290 937 2290 
2300 923 2300 
2350 857 2350 
2400 787 


* Nucleon =1836 me, r-meson =276 me 

» Professor N. M. Kroll pointed out that the self-energy of the nucleon 
caused by the interaction (NoNowi), which is of the scalar type with vector 
coupling, should be zero with the computation method suggested by him. 
However, in the present note we have regarded (NoNom:) as a special case of 
(NoNim) in the limit of mi—+m, which gives us nonvanishing values. The 
author is much indebted to Dr. Kroll for discussion on this point. 

¢ For this case we have no real mass value. 





LETTERS FO 
of magnitude given by recent experiments. Here we have another 
possibility of being able to explain the existence of various heavy 
particles and, at the same time, to remove part of the infinities. 
Nevertheless, we should like to remark in a general sense about the 
provisional character of our theory. First, it has been recognized 
that higher order corrections might seriously modify the results 
obtained. Second, the consequence of the mass relation (7) is of 
such a radical nature that we cennot determine discrete values for 
the masses of elementary particles. We feel that, besides the 
phenomenological prescription of the another 
principle would he necessary for us to solve this problem. Third, 
granted that we ignore such a circumstance for a time, we are still 
required to introduce more cohesive mesons in order to be con- 
sistent with the experimental fact that there may be numerous 
mesons. For instance, the evidence for x-mesons (~1470 m,) and 
¢-mesons (~550 m,) suggests a possibility of considering two kinds 
of cohesive mesons, namely, ¢; mesons (~1474 m,) for the nucleon, 
and ¢. mesons (~595 m,) for the heavy nucleon. Of course, the 
latter gives rise to a new infinity for the nucleon which may be 
canceled out by assuming a third cohesive meson. Finally, we are 
still not sure of a scheme to take into account the r-meson and 
«-meson (if it is a Fermion). 

At any rate, we may conclude from this work that there may be 
intimate relations between masses of elementary particles and 
some of the divergences inherent in the current field theory. 

The writer wishes to express his thanks to H. Yukawa, R. 
Serber, A. Pais, N. M. Kroll, and G. J. Yevick for their kind 
discussion. 
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* Enatsu, Hasegawa, and Pac (to be published). The decay and production 
of heavy particles will be treated in this paper. It will be seen that our 
argument proceeds in almost the same way as that of Pais except tor the 
internal mass relations. The results obtained are not in disagreement with 
experiments 
3 A. Pais, Phys. Rev. 86, 663 (1952); Nambu, Nishijima, and Yamaguchi, 
Prog. Theoret. Phys. 6, 615 (1951); S. Oneda, Prog. Theoret. Phys. 6, 633 
1951) 


Pure Nuclear Quadrupole Spectrum of Bi’°’ 
in Bismuth-Triphenyl* 
H. G. Rosinson,t H. G. DEHMELT, AND WALTER GorDY 
Department of Physics, Duke University, Durham, North Carolina 
(Received January 23, 1953) 


URE nuclear quadrupole resonance in solids, observed first 

by Dehmelt and Kriiger' in 1949, has now been found for 
several nuclei. This type of spectrum has, however, not been 
previously investigated for Bi. 

The only stable bismuth-isotope, Bi?’, has a spin ]=9/2 well 
established from optical spectra.? The quadrupole moment also has 
been optically determined’ as Q(Bi?**) =0.39X 10-4 cm?*. Corre- 
sponding to the spin value of 9/2, the nuclear quadrupole spectrum 
is expected to consist of four lines, all of which have been found in 
Bids by use of super-regenerative detection techniques described 
by Dehmelt and Kriiger.! The observed frequencies which are 
given in Table I can be fitted to the theoretical values‘ for the case 
of deviation from axial symmetry : 

/24) eOgul 1+9,03333e — 45.690667 €* }, 
24) eQgee[.1— 1.338095e+ 11.7224048e'], 
24) Ogee 1 0.1857 146 —0.12329457¢*), 
24) eQOgze[.1 — 0.08095 2e — 0.00425796e" }, 
vy, to vy Corresponding to the transitions +4943}, +i >+5/2, 
and so on. 

The calculated frequencies , v2, vs are obtained when v, is 
assumed equal to the observed value and &=7.875 1073 is used 
for the asymmetry parameter. The quadrupole coupling constant 
then is eQg:.= 669.06+0.13 Mc/sec. 

In Bigs, bismuth forms three covalent bonds with some ionic 
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Comparison between calculated and measured frequencies 


Taste l 





Line half-width 
ke /sec 


Calculated 
Mc /sec 


Measured 
c/sec 
29.785 
$5.214 
83.516 
111.434 


29.7815 ~25 
§5.2075 ~15 
83.5089 ~20 
assumed ~20 


character. The structure can be described as 


o 
Bit—@ , 
> 


since from the difference of the electronegativity values xpj= 1.8 
and xc=2.5, about 35 percent (~4) ionic character is expected.® 
The rather large observed Bi coupling reveals that the Bi bonding 
orbitals are not pure p but have significant s character. It is s 
admixture which accounts for the fact that an appreciable field 
gradient exists, and therefore, quadrupole coupling is observed in 
the Bids molecule. Three pure p bonds would lead to a vanishing 
field gradient qus. 

The quadrupole coupling constant found in the molecule can be 
expressed as fractions of the coupling constant for an unbalanced 
atomic 6/ electron :* 


€0gz2( Bids) = 3a(1 + 28) eQg..(p), 


a denoting the fractional s admixture and 6 the ionic character of 
the Bi—C bonds. The coupling per 6p electron, eQgu(p), can be 
evaluated from the doublet separation of a single p electron in the 
6s*6p' configuration of atomic Bi. A simple but probably not very 
accurate approach is linear extrapolation from the measured 
doublet separation of 6p for Bi V, which equals 2.8 10 em™', and 
of 6576p for Bi III, which is equal to 2.18 10~* cm™'; in this way 
one obtains Av(p, Bi 1) =1.4X10* cm™. With Z;=79 this gives 
Qez(P, Bi 1) = 5.2 10"* esu. With the optical value of Q this yields 


€QQz2( Pp) = 1500. Mc/sec. 


Comparison with the value observed in the Bids molecule leads 


to 


3a(1+4 28) = 6609/1500. 


From this, with 8=0.35, one obtains 8 to 9 percent s admixture, 
which is in accordance with general expectations of hybridization 
in the nitrogen group of elements. 

The rather large asymmetry of the field gradient, «9 percent, 
could be caused by bond strains which are to be expected for this 
rather bulky molecule in the crystalline state. 

The BiCl; quadrupole spectrum has also been investigated. A 
number of lines have been found, but the spectrum has not yet 


been analyzed. 

* Supported by the U. S. Office of Ordnance Research 

t Shell Fellow 

1H. G. Dehmelt and H. Kriiger, Z. Physik 129, 401 (1951); KR. V. Pound, 
Phys. Rev. 79, 685 (1950 

2S. Goudsmit and E. Back, Z. Physik 43, 321 (1927) 

*H. Schuler and T. Schmidt, Z. Physik 99, 717 (1936) 

4‘ These frequency values can be obtained either from a secular equation 
similar to that given by H. Kriiger, Z. Physik 130, 371 (1951) or evaluated 
by perturbation methods, a general formula for which is given by R 
Bersohn, J. Chem. Phys. 29, 1505 (1952) 

*W. Gordy, J. Chem. Phys. 19, 792 (1951), 

§ Gordy, Trambarulo, and Smith, Microwave Spectroscopy (John Wiles 
and Sons, Inc., New York, to be published); C. H. Townes and B. P 
Dailey, J. Chem. Phys. 17, 782 (1949) 


The Diamagnetism of an Enclosed Electron Gas 


H. A. Nye 
University of Buffalo, Buffalo, New Yorh 
(Received December 8, 1952 


N recent papers, Osborne! and Steele? discuss the diamagnetism 
of a free electron gas in a finite container from the point of view 
of number theory. In these papers interesting effects are uncovered 
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vhich depend upon the size and the shape of the container, but in 
the limit of large volume, the results obtained for Landau dia- 
magnetism and the Haas-van Alphen effect agree with those 
obtained by many previous authors. This last result should not 
appear to be surprising. One of these authors,’ however, criticizes 
the procedure in previous calculations of ignoring the contributions 
of surface electrons to the partition function, on the grounds that 
completely different results could be obtained by methods which 
one has no a priori reason for rejecting. More specifically, reference 
is made to the discrepancy between the results obtained by making 
the approximation of neglecting surface states before or after 
differentiating the partition function with respect to the magnetic 
field. This discrepancy has been discussed by Teller? and Van 
Vleck,* who concluded that while the contribution of the surface 
states to the partition function is negligible in the limit of large 
volume, the direct contribution of these electrons to the magnetic 
moment must be included if the procedure is followed of summing 
over states after differentiating the partition function. Osborne 
rejects this explanation by pointing out that Van Vleck omitted 
certain states, and by stating that if these states are included, 
completely unreasonable results are obtained. It is the purpose of 
this letter to indicate that a consistent inclusion of effects, of the 
order of those contributed by the omitted states referred to, leaves 
the results of Van Vleck unaltered. 

Van Vleck considers the electrons to be enclosed in a container of 
cylindrical shape, the axis of the cylinder being parallel to the 
magnetic field. The inner electrons are treated as being completely 
free, and the Schrédinger equation for the motion of a free electron 
in a plane perpendicular to the magnetic field is solved in polar 
coordinates, with the result that the energy levels are given by 


Hi ny + ny) + 2ne+ 1)hy, (1) 


where #, is the azimuth quantum number, nz the radial quantum 
number, and » the Larmor frequency. The partition function is 
taken to be 


x 


Z=z = exp + 2not+ l)hv/kT ), (2) 


ny nyn0 


(Nyt | my 


where m; is to be summed over only those values of 2; correspond- 
ing to inner electrons. Van Vleck takes the lower limit on this 
summation to be mn weH R?/hc, R being the radius of the 
container; this value for the limit is obtained by considering the 
semiclassical equation 


n, = wel (r?— d?) /he (3) 


(ry being the radius of the circular orbit and d the distance of its 
center from the origin) and by ruling out values of m which would 
give d>R, on the assumption that K>r. The upper limit is taken 
to be my=—1, since, if R>>r, only a negligible number of orbits 
encircle the origin (have positive m). It is this last assumption to 
which objection has been raised by Osborne. It is true that the sum 
2) includes many states for which the assumption R>>r is not 
s of positive m should be included. For these 


in ( 
valid, and hence state 
states, however, the r? term in Eq. (3) cannot be ignored, and it is 
easy to see that the consistent inclusion of states of positive m, 
i.e., the correction of both the upper and lower limits on mj, leads to 
results identical with those given by Van Vleck. If one introduces 
the principal quantum number n= (1+ |m|+2n2)/2, Eq. (1) 
becomes 


Wo = (2n+1)hy, (4) 


and (2) becomes 


DY exp[— (2n+1)hv/kT ]. (5) 
n=0 ny 

It is clear that the upper limit on m should be taken to be n. 
However, since the classical radius of the orbit is given by 


Z= 


r=hen/reH, (6) 
Eq. (3) can be written as 


ny=n— xed /he, (7) 


and Van Vleck’s criterion gives for the lower limit m=n 
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— weH R*/hc. Thus, the correction of both the limits leads to all the 
results given by Van Vleck. It is thus seen that the inclusion of the 
orbits which enclose the origin does not lead to unreasonable 
results. 

!M. F. M. Osborne, Phys. Rev. 88, 438 (1952). 

2M. C. Steele, Phys. Rev. 88, 451 (1952) 

+E, Teller, Z. Physik 67, 311 (1931 


‘J. H. Van Vleck, The Theory of Electric and Magnetic 
(Oxford University P-ess, London, 1932), p. 353. 
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Activation Cross Sections Measured with 
Antimony-Beryllium Photoneutrons. II 


CLYDE KIMBALL AND BERNARD HAMERMESH 
Argonne National Laboratory, Lemont, Illinois 
(Received February 2, 1953) 


DDITIONAL measurements of activation cross sections 
using Sb—Be photoneutrons (energy=25 kev) have been 
made using the technique described by Hummel and Hamermesh.! 
Table I contains a list of these cross sections relative to Seren’s? 
thermal cross section for the given element. 
(Sb-Be 


TaBLe I. Natural atom cross sections for 


Natural atom 
cross section 
(millibarns 


Percent 


Isotope 
error 


(A +1) Halt-life 
Co 10.7 min Pe 30 
Cu® 12.8 hr 5 25 
Ge? 82.) min 10 
Bas 85 min 5 10 
wie 24.1 hr 15 


® This value is an upper limit. The very small number of counts above 
background made it difficult to obtain good half-life values. The value in 
the table is obtained by assigning to the 10.7-min activity all counts above 
background corresponding to a half-life of less than thirty minutes 
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Influence of the Nuclear Quadrupole Moment on 
the a—+y Angular Correlation in Radiothorium 
AND R. V 


imbridge 


A. ABRAGAM POUND 
Harvard University, ( 


(Received February 4 


VUassachusetts 
1953) 


T is well known that the angular correlation between two 
nuclear radiations can be atlected by magnetic fields, either 

atomic or applied, acting on the magnetic moment of the nucleus 
in its intermediate state. No attention seems to have been paid 
so far, in this connection, to the quadrupole moment of the 
nucleus. The influence of the quadrupole coupling on the angular 
correlations and the possibility of using this effect to measure the 
quadrupole moments of short-lived isomers are discussed in detail 
in a forthcoming paper by Abragam, Bloembergen, and Pound. 
The purpose of the present letter is to show that such coupling 
provides an explanation for the discrepancy between experimental 
and theoretical values of the a— y correlation in the disintegration 
of radiothorium which has recently been investigated by two 
different groups.'? Their results agree within experimental error 

The correlation is given in reference 1 as 

W (0) = 14+-6.9 cos*@— 7.07 cos‘6, 

or, if we rewrite it in terms of Legendre polynomials, 


W (0) =1+0.307,—O.86P, 


The theoretical correlation resulting from the most plausible 
disintegration scheme (/,=0, quadrupole a-emission, /,)= 2, quad 
rupole y-emission, /,.=0) is HW’ =cos*#—cos'@ or 1+(5/7)P: 
— (12/7) P,. It is seen that the experimental correlation is weaker 
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than the theoretical one. The experimental coefficients of the 
second and fourth Legendre polynomials are, respectively, smaller 
than the theoretical ones by the factors G;=0.42 and G,=0.50. 

Such a weakening can be produced by the interaction of the 
quadrupole moment in the intermediatg state with the gradient 
of the electric field at the nucleus. If we assume that the fie!d has 
axial symmetry and that all directions of its axis are equally 
probable (as for a crystalline powder), it can be shown that for a 
nucleus of spin y 

Gr,theor = (1/35)[8(1-+ 16x?)~!+ 12(1+ 9x2)! 2(1+ x7)! + 13], 

Gi,*eor = (1/63) [6(1+ 16x2)~!+ 16(14+9x2)-!+ 12(1+ x2) >! + 29]. 


In this formula x=2zv7, where +r is the lifetime of the inter 
mediate state and hy the energy difference between the states 
V,=Oand M,=+1 of the quadrupole moment in the axial field 
G; and G;, are decreasing functions of x which vary very slowly 
for x>1 
G:(0) =G,(0) =1; 
G2(1)=0.45, G,(1)=0.59, 
G,(2)=0.37, Gi(~<)=046 


If we take r=10~* sec,4? x=1 corresponds to a frequency v of 
15 Mc/sec. Much higher quadrupole interactions have been ob- 
served in nuclear resonance experiments, and values of x much 
higher than 1 are by no means unlikely 

It follows from this that Ge and G,, and therefore the correlation, 
are practically independent of the value of the gradient of the 
electric tield as long as it is large enough (v higher than 15 Mc/sec). 
This is particularly important in view of the fact that after the 
a-emission, the nucleus, which has a recoil energy higher than 
100 kev, can occupy any position with respect to the surrounding 
atoms or molecules. Such circumstances are favorable for large 
electric field gradients with considerable variation in magnitude 
and direction from one radioactive nucleus to another. For x>1 
the agreement with experiment is very good 

The near constancy of the G’s for x>1 explains why both 
experimental groups obtain almost identical results using different 
source materials. A departure of the electric field from axial sym- 
metry is not likely to affect the previous results drastically. 

The fact that G, is larger than G2, theoretically and experi- 
mentally, suggests very strongly that the influence of atomic 
magnetic fields on the correlation is very small. It can be shown? 
that a magnetic field, whether atomic or applied, affects the 
higher harmonics most strongly and would lead to Gy«<Gh. 

The nuclear electric quadrupole interaction in the intermediate 
state appears to offer explanation of discrepancies observed in 
many other angular correlation experiments. Other examples will 
be discussed in the later paper. 

' Beling, Feld, and Halpern, Phys. Rev. 84, 155 (1951) 

2 Battey, Madansky, and Rasetti, Phys. Rev. 89, 182 (1953) 

4 Alder, Helv. Phys. Acta 25, 234 (1952) 


Neutron Capture Cross Sections for Production 
of Sc** and Sr**t 


W. S. Lyon 
il Chemistry Division, Oak Ridge National Laboratory 
Oak Ridge, Tennessee 
Received December 29, 1952 


ONSIDERABLE uncertainty exists in the literature con- 

cerning the thermal neutron capture cross section for pro- 

duction of both 85-day Sc** and 65-day Sr**. Tabulated nuclear 
data! give conflicting values for Sc** and none for Sr*, 

Bethe? has reported >13 barns for the reaction Sc**(n,y)Sc*. 
Seren ef al.4 report 22 b. Recently Pomerance‘* has measured the 
capture cross section for pile neutrons using the pile oscillator. He 
finds 23+1.5 barns. 

Samples of spectroscopically pure Sc.O, together with weighed 
pieces of Al— Mn alloy of known Mn concentration were irradiated 
in the Oak Ridge National Laboratory graphite reactor for eight 
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Taste I. Capture cross sections for pile neutrons 
2 — 


“Effective” 
isotopic capture 
cross section 
(barns) 


Atomic capture 
cross section 


Product 
(barns) 


atom 


Target 
atom 


) 


21.642 21.64 


Sct Se $2 d 
1.2+40.1 0.00066 +0.0006 


sr . ow 


hours. Upon removal from the reactor the decay of the monitos 

metal was followed in a calibrated high pressure ionization cham 

ber, and the activity of the product 2.59-hour Mn®® was deter 

mined. The neutron flux was then calculated using the expression 
A=Nfa(1—e>, 

where o= 13 barns. 

Samples of the irradiate: 
analytical balance, and the activity of the daughter S« 
mined from ion chamber measurements. After correction for decay 
from pile discharge time, the pile neutron cross section for Sc** was 
calculated as above and found to be 21.6+2 barns. Goldhaber and 
Muehlhause® have reported a 20-sec isomer of Sc* which has an 
activation cross section of 10+4 barns. Thus the cross section for 
direct production to the ground state 85-day activity is 12 barns 
22 barns is the “effective” production cros 


Sc.O; were then weighed on an 
 cleter 


and the value of 
section for the longer-lived activity. 

Sr*6 is a K electron capturing nuclide whose decay scheme has 
only recently been completely elucidated by Sunyar ef al.® These 
workers have established that Sr**°", which is the 70-min excited 
State initially produc ed, det ays to Sr®™ (65-day) in &6 percent o 
have re 


the disintegrations. Recently Harrison and Seymour 
ported an “effective’’ production cross section of Sr*’ of 0.30.1 
measured relative to the 5-mb cross section for the Sr** 53 day 
activity. 

The thermal neutron cross section for production ofSr™ has heen 
obtained by use of SrCOs enriched to a Sr™ concentration of 45.95 
percent.’ Samples of SrCOs; together with cobalt monitor metal 
were irradiated in the Oak Ridge National Laboratory graphite 
reactor for two weeks. After cooling one week, the SrCOs and Co 


metal were weighed, and the activity produced in them was reas 
By use of the 


on the calibrated high pressure ionization chambe1 
decay scheme noted above, the activity of product St 
calculated. The “effective” isotopic capture cross section for the 


production of Sr** was then calculated and found to be 1.24011 


Va 


barns. 

To establish that the y-activity observed was due 
radiation from the primary product nuclides, portions ol 
irradiated material were examined on a Nal(Tl) crystal 4 


solel to 


the 


ray 


spectrometer equipped with a linear amplifier and differential and 
integral pulse-height selector. The y-spectra so obtained indicated 
the activities to be pure Sc“ and Sr*®. 

Table I is a summary of the results. 


mimi lon 
Circular 499 


t Based on work performed by the U. S. Atomic Energy ¢ 

1K, Way et al., Nuclear Data, National Bureau of Standard 
and Supplements 1, 2, 3 (1951) 

?W. Bothe, Z. Naturforsch. 1, 179 (1946). 

4Seren, Friedlander, and Turkel, Phys. Rev 

‘Hl. Pomerance, private communication, November 

§M. Goldhaber and C. O. Muehlhause, Phys. Rev. 74, 1877 (1948 

*Sunyar, Mihelich, Scharff-Goldhaber, Goldhaber, Wall, and Deuteel 
Phys. Rev. 86, 1023 (1952) 

7G. E. Harrison and F. LD). Seymour, Proc. Phys. S I lon) A65, 95s 
(1952), 

§ Electromagnetically enriched isotope supplied by 
and Production Division, Y-12 Plant, Carbide ane 
Corporation, Oak Ridge, Tennessee. 
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Angular Distribution of Particles from Stars* 


R. W. WANIEK AND TAIICHIRO OHISUKA 


Cyclotron Laboratory, Harvard University, 
(Received February 2, 1953) 


Cambridge, Ma 


I* our recent communications!? we have described the experi 
mental arrangement and some preliminary results obtained 
on stars induced by high energy neutrons in 200-p Ilford G5 plates 
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Fic. 1. Number of prongs vs spatial angle in 10° intervals. 
(Plate exposed at 0°.) 


We intend to report here on the angular distribution of the 
particles emitted. 

To our knowledge similar studies so far have been made only on 
the distribution projected onto the plane of the emulsion. How- 
ever, this can be regarded only as an approximation to the three- 
dimensional phenomenon, and consequently, what is of interest 
is the distribution in space. 

We have carried out the measurement of about 1000 stars for 
the two plates exposed? determining the angular distribution in 
space for each prong. This was obtained in the conventional way 
by observing the angle of dip together with the projected angle 
Particular care was taken in determining the shrinkage factor 
which affects the angle of dip and hence could be a source of 
possible distortion of the distribution. 

The results obtained from the plate exposed to the higher 
effective neutron energy? are given in Fig. 1. The width of the 
channels is selected as 10° because the intrinsic angular resolution, 
taking into account all possible sources of error (range, dip, 
shrinkage factor), is estimated to be about +2°. 

The forward tendency in the emission of the prongs is apparent. 
This spatial angular distribution includes all types of events 
(1 to 5 prongs) and particles of all energies. The discrimination 
between n—p scattering events due to the interaction of the 
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Number of prongs vs spatial angle, in 30° intervals, for different 
classes of events. (Plate exposed at 0°.) 
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>. 3. Number of prongs vs spatial angle, in 30° intervals, with range 
subdivisions from all types of events. (Plate exposed at 0°.) 


neutrons with the hydrogen in the emulsion and bona fide one 
prong events is made difficult by the uncertainties in the flux 
determination, shape of the spectrum, and effective cross section. 
Therefore in Fig. 2, we show results obtained by excluding all 
one-prong events, together with the results in which the two and 
three prongs respectively are excluded. The channel has been 
widened to 30° in order to avoid large statistical fluctuations. The 
forward trend is seen to prevail up to three-prong events. As for 
the larger types of events, a conclusive answer cannot be provided 
due to the lack of statistics, although the distribution seems to be 
nearly isotropic. One might expect that the peak in the forward 
direction is due to the high energy knock-on particles. In order to 
investigate this point we have plotted the angular distribution of 
Fig. 1 subdivided into prongs with actual ranges over and under 
50 microns (Fig. 3). 

It turns out that not only the high energy particles but also 
the low energy ones are peaked to an appreciable extent in the 
forward direction, a fact which remains true for at least up to 
three-prong events. This is not easy to interpret if the stars ex 
amined originate in the heavier elements because the low energy 
particles are normally attributed to the evaporative component 
of the star generating process. From consideration of the measured 
cross sections it seems unlikely that the light elements are con 
tributing to a very appreciable extent, although direct confirma 
tion is still lacking. 

This anomaly is less pronounced in the plate exposed to the 
lower effective neutron energy, which seems to indicate that this 
phenomenon is caused mainly by the high energy peak of the 
neutron spectrum, 

We wish to express our indebtness to Mr. Sang C. Kim for his 
valuable assistance in scanning the plates. 

* Supported by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission. 
1R. W. Waniek and T. Ohtsuka, Bull. Am. Phys. Soc. 27, No. 1, 26 


(1953) 
*R 89, 882 (1953) 


W. Waniek and T. Ohtsuka, Phys. Rev 


Errata 








An Application of the Cellular Method to Silicon, D. K. 
Hovmes [Phys. Rev. 87, 782 (1952) ]. The following acknowl- 
edgement should have been included: “This work was sug- 
gested by Prof. F. Seitz, and its completion was made possible 
by his constant help and advice.” 





UTHOR 


Energy Loss of Cosmic-Ray Mu-Mesons in Sodium Iodide 
Crystals, ALviIN Hupson anp Rosert HorstaptTer [Phys. 
Rev. 88, 589 (1952) ]. The small quantity £8? should be sub- 
tracted from the right-hand side of Eq. (4). The same quan- 
tity, $6*, should also be added to the term 0.37 appearing 
on the last line of p. 593. These corrections involve an argu- 
ment used to explain the straggling theory in an intuitive 
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way and do not affect any of the results, figures, or other 
equations of the original paper. 


The Density Effect for the Ionization Loss in Various Ma- 
terials, R. M. STERNHEIMER [Phys. Rev. 88, 851 (1952) ]. 
In Eqs. (22), (43), (44), and (45), replace In[4mv?/3.17rb*ne* 
x (1-8?) ] by In{mv?/3.17rb?ne?(1—p? “ This correction does 
not affect the values of 6. 
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Entropies of activation in metallic diffusion, G. J. Dienes 
185 
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F-center wave functions and electronic g-values in KCl 
crystals, Arnold H. Kahn and C. Kittel--315(L) 

Frictional adhesion of metal to glass, quartz, and ceramic 
surfaces, Richard B. Belser— 915(A) 

Generation of F-centers at low temperatures, 
Seitz—1299(L) 

Hall coefficient of Ca, V. Frank and O. Gram Jeppesen 
1153(L) 

Hall effect of Cu-Ni alloys, Albert I 
M. Pugh—295 

Lattice expansion of quartz due to fast neutron bombard- 
ment, M. Wittels—656(L) 

Light emission produced by current injected into green 
SiC crystal, K. Lehovec, C. A. Accardo, and E. Jamgo- 
chian—20 

Localized functions in molecules and crystals, G. F. Koster 
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Magnetic crystal anisotropy and magnetostriction of Fe-Ni 
alloys, R. M. Bozorth and J. G. Walker—624 

Magnetic structure of Mn antimonide, N. S. Gingrich, 
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Measurement of magnetostriction in single crystals, R. M. 
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Rates of coloration of KCl and KBr during x-irradiation at 
78°K, William H. Duerig and Jordan J. Markham 
900(A) 

Saturation in x-ray coloration of corundum single crystals, 
R. Allan Hunt and Robert H. Schuler—664(L) 


Singularities in elastic frequency distribution of erystal, 
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Solids subjected to constant rate of generation of lattice 
defects, Jerome Rothstein—901(A) 

Spectral location of absorption due to color centers in 
alkaline earth halide crystals, Henry F. lvey—-322(L) 

States of solid CH, as inferred from nuclear magnetic 
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Diffraction of electrons (see Electron diffraction) 
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Entropies of activation in metallic diffusion, G. J. Dienes 
185 

Of Na in sodium tungsten bronze, |. F 
Danielson—911(A) 
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High frequency secondary resonance discharge 
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Hydrogen spectra from channel of spark discharge 
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Discharge of electricity in gases (continued) 

Measurements in high frequency secondary electron 
resonance discharge mechanism, H. Bartel Williams and 
Albert J. Hatch —339(A) 

Micrewave method for measuring mean energy transfer 
per collision and velocity dependence of collision cross 
section for slow electrons in gases, O. T. Fundingsland, 
A. C. Faire, and A. J 337(A) 
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Lampert and Alan D. White—337(A) 
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Electrical circuits (see Methods and instruments) 
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Spitzer, Jr., and Richard Hirm—977 
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Electromagnetic theory and 
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Gauge invariance and Lloyd 
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Schomaker—667 
Electronic tubes (see Methods and instruments) 
Electrons and positrons (sce also Electromagnetic theory and 
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m/e for positron and electron, L. A. Page, P. Stehle, and 
S. B. Gunst——1273 
Electrons, secondary 
Effect of evaporation products from BaO coated cathode on 
secondary emission of MgO thin films, B. V. Haxby 
and P. Wargo--893(A) 
Electron ejection from Mo by 
Homer D. Hagstrum—244 
Emission measurement technique, E. J. Scott-—-894(A) 
From MgO single crystals with excess O., K. C. Nomura-- 
894(A) 
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Energy loss of cosmic-ray y-mesons in Nal crystals, A 
Hudson and R. Hofstadter—1309(L) 
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Faraday effect (see Magneto-optical effects) 
Ferroelectric phenomena (see Dielectrics and dielectric 
properties) 
Ferromagnetism (see Magnetic properties) 
Field currents 
Field emission: Large current densities, space charge, and 
vacuum arc, W. P. Dyke and J. K. Trolan—799 
Field theory (see also Quantum electrodynamics) 
Charge independence of nuclear forces, David Feldman 
1159(L) 
Classical and quantum field theories in Lagrangian formal 
ism, Peter G. Bergmann and Ralph Schiller—4 
Conservation of quanta for non-local fields, Christopher 
Gregory—1199 
Conversion of amplified Dirac equation to approximately 
relativistic form, W. A. Barker and Z. V. Chraplyvy—446 
Divergence of perturbation expansion, A. Petermann 
1160(L) 
First-order meson wave equations, H. S. Green-—965 
Higher order corrections in meson theory of nuclear forces, 
J. Werle—527(L) 
Mass relation of heavy particles, H. Enatsu 
Meson theory of B-decay and L-forbidden 
Seitaro Nakamura—-16 
New equation in affine field laws, G. 
1161(L) 
Pair creation in 
Moorhouse—958 
Photopion production from single nucleon, F. Salzman— 
913(A) 
Quantum field theory in light of distribution analysis, 
Werner Giittinger—1004 
Spherically symmetric solutions in nonsymmetrical field 
Strong conservation laws and equations of motion in 
covariant field theories, Joshua N. Goldberg—263 
Symmetric pseudoscalar theory of nuclear forces, Abraham 
Klein—1158(L) 
Three-nucleon interactions in Yukawa theory, G. Wentzel 
—684 
Unified field theory, C 
Einstein—321(L) 
Unified field theory and Born-Infeld electrodynamics, G. 
Rickayzen and B. Kursunoglu—522(L) 
Films, properties of 
Aging of thin metal films, Richard B. Belser—911(A) 
Soldering to thin metal films, Richard B. Belser-—915(A) 
Structure of surface of glass and of Bi films deposited on 
glass, J. J. Antal and A. H. Weber—900(A) 
Fine structure (see Atomic structure and spectra; Hyperfine 
structure) 
Fission of nucleus (see Nuclear fission) 
Fluctuation phenomena (see Noise) 
Fluid dynamics 
Boundary layer theory, M. Z. von Krzywoblocki—906(A) 
Streaming potentials developed across porous diaphragms 
for sinusoidal flow, R. G. Packard—906(A) 
Fluorescence (see Luminescence) 
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Gamma-rays (see also Nuclear reactions; Nuclear spectra; 
Radioactivity) 

Precision measurement of Co® y-radiation, G. Lindstrém, 
A. Hedgran, and D. E. Alburger—1303(L) 

Systematic calculations of y-ray penetration, Herbert 
Goldstein, J. Ernest Wilkins, Jr., and L. V. Spencer- 
1150(L) 

Gases 

Transport phenomena in completely ionized gas, Lyman 

Spitzer, Jr., and Richard Harm—-977 
Geophysics 

Variations in isotopic abundances of Sr, L. T. Aldrich, 
L. F. Herzog, W. K. Holyk, F. B. Whiting, and L. H. 
\hrens--631 

Gravitation (see Relativity and gravitation) 
Gyromagnetization (see Magnetic properties) 


Hall effect 
Of Ca, V. Frank and O. Gram Jeppesen—1153(L) 
Of Cu-Ni alloys, Albert I. Schindler and Emerson M. Pugh 
—295 
Of crystalline B, William C 
G. C. Danielson —900(.\) 
Heat capacity (see Thermal properties) 
Helium, liquid 
Blocked capillary method for determining melting pressures : 
Melting curve of He from 1.5°K to 4°K, C. A. Swenson 
538 
Entropy of liquid He*, Tien Chi Chen and F. London —1038 
Flow of He II through narrow slits, Richard T. Swim 
906(A) 
Heat conduction of boundary layer in liquid He II, David 
White, O. D. Gonzales, and H. L. Johnston—593 
Heat pulses in liquid He II below 1°K, K. R. Atkins—526(L) 
Irreversible processes with application to He Il and Knudsen 
effect in gases, O. K. Rice —793 
Liquid He II, theory, Louis Goldstein—597 
Macroscopic theory of superfluid He*—He* mixtures, P. 
J. Price—1209 
Normal fluid concentration in liquid He II below 1°K, 
D. de Klerk, R. P. Hudson, and J. R. Pellam—662(L) 
Nuclear alignment and entropy of liquid He’, Bernard 
Weinstock, Bernard M. Abraham, and Darrell W 
Osborne-—-787 
Second-sound velocity below 1°K as function of pressure, 
Victor Mayper, Jr., and Melvin A. Herlin—523(L) 
Second-sound velocity measurements below 1°K, D. de 
Klerk, R. P. Hudson, and J. R. Pellam—326(L) 
Thermal Rayleigh disk measurements in He*—He‘ mix- 
tures, Bernard Weinstock and John R. Pellam—521(L) 
Vapor-liquid equilibria in He*— He‘ solutions, J. C. Morrow 
1034 
Hyperfine structure (see also Nuclear moments and spin) 
Of Al ground state, Hin Lew and Giinter Wessel—894(A) 
Of In I resonance lines, G. V. Deverall, K. W. Meissner, 
and G. J. Zissis—895(A) 
Nuclear spin of 9;Am?*!, Mark Fred and Frank S. Tomkins 
318(L) 
In paramagnetic resonance of (SO,;),.NO~-~ ion, J. Town- 
send, S. I. Weissman, and G. E. Pake—606 
Pr ground state hfs and nuclear magnetic moment, Hin Lew 
—530(L) 
Of Pr™!, Peter Brix 


Shaw, D. E. Hudson, and 
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Instruments (see Methods and instruments) 
Internal conversion (see Nuclear spectra) 
Ionization 
Charge states of He beam in H2, He, air, and Az, Elias 
Snitzer—898(A); 1237 
Ionization probability curves near threshold, R. E. Fox, 
W. M. Hickam, and T. Kjeldaas, Jr.—336(A); 555 
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Specific primary ionization of H:, He, Ne, and A by high 
energy electrons, G. W. McClure—335(A) 
Statistical fluctuations in ionization by 31.5-Mev protons, 
G. J. Igo, D. D. Clark, and R. M. Eisberg—879(L) 
Threshold law for ionization of atoms by electrons, Gregory 
H. Wannier—336(A) 
Ions 
Drift velocity of ions in Os, Nz, and CO., Robert N. Varney 
337(A); 708 
Effect of adsorption of common gases on electron ejection 
by noble gas ions, Homer D. Hagstrum—338(A) 
Electron ejection from Mo by Het, Hett, and 
Homer D. Hagstrum—244 
High vacuum, high speed ion pump, John S. Foster, E. O 
Lawrence, and E. J. Lofgren—338(A) 
lon concentration in shock-type spark discharge tubes, 
R. G. Fowler and H. C. Rose-—906(A) 
Production of negative ions and noise in negative ion 
beams, Wade L. Fite—411 
Sputtering at low ion velocities, G. Wehner and G. Medicus 
339(A) 
Time variation of ion concentration in flash discharge 
plasmas, H. N. Olsen and W. S. Huxford—336(A) 
Ions and electrons, mobility (see also Semiconductors) 
Drift velocity of ions in Oy, Ne, and CO, Robert N. Varney 
337(A); 708 
Mobilities of thermal ions in noble gases, Lorne M,. Chanin 
and Manfred A. Biondi—337(A) 
Mobility of He.+ in He, theory, S. 
Margenau—337(A) 
Temperature dependence of 
Lawrance—1295(L) 
Isomers, nuclear (see Nuclear isomers) 
Isotopes (see Atomic mass; Radioactivity) 


H . 
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- 


and H 


Geltman 


drift mobility in Ge, R. 


Kinetic theory of gases (see Gases; Statistical mechanics and 
thermodynamics) 


Liquid helium (see Helium, liquid) 
Liquids (see also Fluid dynamics) 

Angular points in densities of water vs temperature, George 
Antonoff and Raymond Madrazo, Jr.—899(A) 

Entropy of fusion of monatomic liquids, N. K. Pope 
899(A) 

New theory of aggregates as supplement to van’t Hoff's 
theory of solutions, George Antonoff—915(A) 

Ultrasonic velocity, density, and compressibility of super 
cooled H,O and D,O, R. T. Lagemann and L. W. Gilley 

906(A) 
Luminescence 

Absolute light emission efficiency of crystal anthracene for 
y-ray excitation, Milton Furst, Hartmut Kallmann, and 
Bernard Kramer—416 

Of BaO, Virgil L. Stout——310 

In CdS at absorption edge, Clifford C. Klick—274 

Cathodoluminescent studies of (BaSr)O, Harold W 

912(A) 

Energy transfer in complex solutions, Milton Furst and 
Hartmut Kallmann—912(A) 

Induced conductivity in luminescent powders. II. Ac 
impedance measurements, Hartmut Kallmann, Bernard 
Kramer, and Arnold Perlmutter—700 

Influence of electric fields on luminescence, Frank Matossi 
and Sol Nudelman—660(L) 

Intensity variations in sensitized fluorescence, Robert E. 
Swanson and Robert H. McFarland—911(A) 

K-fluorescence yield summary, C. D. Broyles and S. K. 
Haynes—912(A) 

Light emission produced by current injected into green 
SiC crystal, K. Lehovec, C. A. Aceardo, and E 
Jamgochian—20 


Gandy 
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Luminescence (continued) 

Sensitized fluorescence studies using photomultiplier 
detection method, Robert H. McFarland and Robert E. 
Swanson—911(A) 

Slow component in decay of scintillation phosphors, Jasper 
A. Jackson and F. B. Harrison—322(L) 

Thin plastic scintillation phosphors, G. G. Eichholz 
912(A) 


Magnetic properties (see also Crystalline state; Magnetic 
resonance absorption; Nuclear moments and spin) 

Anisotropic susceptibility of polycrystalline graphite, W. P 
Eatherly and J. D. McClelland—661(L) 

\pproach to saturation in dilute ferromagnetics, Alan D. 
Franklin and Ami E, Berkowitz—1171 

Diamagnetism of enclosed electron gas, H. A. Nye—1305(L) 

Gytomagnetic ratio of supermalloy, G. G. Scott—618 

Interaction of Mn activator ions in Zn-orthosilicate phos- 
phors, Simon Larach and John Turkevich—1060 

Magnetic crystal anisotropy and magnetostriction of Fe-Ni 
alloys, R. M. Bozorth and J. G. Walter—624 

Magnetic structure of Mn antimonide, N. S. Gingrich, 
C. G. Shull, and M. K. Wilkinson—910(A) 

Magnetic susceptibility of diamagnetic electron gas—role 
of small effective electron mass, E N. Adams II—633 
Magnetostriction in single crystals, R. M. Bozorth and 

R. W. Hamming—865 

Microwave permeability tensor and Faraday effect in 
nonsaturated ferromagnetic materials, theory, George T. 
Rado—529(L) 

Mixing of states and antiferromagnetism, H. P. Hanson 
1154(L) 

Paramagnetism of uranyl-like ions, R. J. Elliott—659(L) 

Magnetic and electric resonance absorption (see also Nuclear 
moments and spin) 

Antiferromagnetic resonance above Curie temperature, 
Roald K. Wangsness—-142 

Dynamical theory of nuclear induction, R. K. Wangsness 
and F. Bloch—728 

Electronic resonance transitions in tapered electric field, 
Joshua N. Goldberg, John W. Trischka, and Peter G. 
Bergmann—278 

Homogeneity mapping of permanent magnet field for 
chemical effect studies in nuclear resonance, C. R. 
Bruce—896(A) 

Intensities of nuclear magnetic resonances in cubic crystals, 
G. D. Watkins and R. V. Pound—658(L) 

Microwave resonance absorption in Gd metal, A. F. Kip, 
C. Kittel, A. M. Portis, R. Barton, and F. H. Spedding 
518(L) 

Nuclear magnetic relaxation in polytetrafluoro-ethylene 
and polyethylene, C. W. Wilson III and G. E. Pake 
896(A) 

Nuclear magnetic resonance of aligned radioactive nuclei, 
N. Bloembergen and G. M. Temmer—883(A) 

Paramagnetic relaxation in metals, Albert W. Overhauser 
689 

Paramagnetic resonance absorption in salts of V and Mn, 
Clyde A. Hutchinson, Jr., and Leonard S. Singer—256 

Paramagnetic resonance in copper acetate at 47000 Mc, 
Tosihiko Okamura, Yosiharu Torizuka, and Muneyuki 
Date—525(L) 

Pure nuclear quadrupole spectrum of Bi?” in Bi-tripheny], 
H. G. Robinson, H. G. Dehmelt, and W. Gordy—1305(L) 

States of solid CH, as inferred from nuclear magnetic 
resonance, Kazuhisa Tomita—429 

Magneto-optical effects 

Microwave permeability tensor and Faraday effect in 

nonsaturated materials, theory, George T. Rado—529(L) 
Magnetostriction (see Magnetic properties) 
Mass defects (see Atomic mass) 


Mathematical methods 

Analysis of bridged-7 network by Laplace transformations, 
Corre Williams and Herbert D. Schwetman—899(A) 

Possible inconsistency in customary use of vectors, J. G. 
Winans—914(A) 

Measurements (s*e Methods and instruments) 

Mechanics, quantum—atomic structure and spectra (see 
Atomic structure and spectra) 

Mechanics, quantum-—-general (see Quantum mechanics) 

Mechanics, quantum—molecular structure and spectra (sec 
Molecular structure and spectra) 

Mechanics, quantum——nuclear (see Nuclear theory) 

Mechanics, quantum—of solid bodies (see Crystalline state) 

Mechanics, statistical (sec Statistical mechanics) 

Meson field theory (see Field theory) 

Mesons (sce also Cosmic radiation) 

Angular and energy distributions in photomeson production, 
Bernard T. Feld—330(L) 

Atomic number dependence of neutral meson yield from 
proton bombardment, R. W. Hales and B. J. Moyer 
1047 

Elastic pion-hydrogen scattering in photographic emulsions, 
Gerson Goldhaber—1187 

Energy loss of cosmic-ray u-mesons in Nal crystals, erratum, 
A. Hudson and R. Hofstadter—1309(L) 

y-rays from w- meson capture in Pb, Gerard G. Harris 
and T. J. B. Shanley—983 

Internal pair production of y-rays of mesonic origin; 
alternate modes of r® decay, P. Lindenfeld, A. Sachs, and 
J. Steinberger—531 

Li® disintegration in photographic emulsion, W. F. Fry 
325(L) 

Mass measurements of heavy meson, D. T. King, Nathan 
Seeman, and Maurice M. Shapiro—891(A) 

Mesonic Auger effect, G. R. Burbidge and A. H. de Borde 
189 

Multiple meson production by high energy nucleon-nucleon 
collision, H. Fukuda—842 

Multiple scattering and many-body problem—applications 
to photomeson production in complex nuclei, Kenneth 
M. Watson—575 

Multiple scattering effects in pion-deuteron scattering, K. A. 
Brueckner—-909(A) 

Neutral meson production in n-p collisions, Roger H. Hilde- 
brand—1090 

Photopion production from single nucleon, F. Salzman 
913(A) 

Photoproduction of neutral mesons in H, Y. Goldschmidt- 
Clermont, L. S. Osborne, and M. B. Scott—329(L) 

Photoproduction of neutral mesons in H at high energies, 
R. L. Walker, PD. C. Oakley, and A. V. Tollestrup 
1301(L) 

Photoproduction of ** mesons in H and D, Norman C, 
Francis—766 

Pion-nucleon scattering when coupling is weak and ex- 
tended, Geoffrey F. Chew—591 

Relation between photoproduction and scattering cross 
sections for #-mesons in complex nuclei, Norman C 
Francis and Kenneth M. Watson—328(L) 

Suggested scheme for meson production, H. Messel and 
H. S. Green—315(L) 

Test of charge symmetry hypothesis: Positive to negative 
pion production ratio obtained in bombarding C with 
a-particles and protons, H. W. Wilson and Walter H. 
Barkas—758 

V* decay, R. B. Leighton, S. D. Wanlass, and C. D. Ander- 
son—148 

V® particles, W. B. Fretter, M. M. May, and M. P. Nakada 
—168 

X-rays from mesic C atom, H. J. Schulte, J. B. Platt, and 
M. Camac—905(A) 
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2Z-dependence of mesic x-ray yield, M. Camac, J. B. Platt, 

and H. J. Schulte—905(A) 

Metals (see Crystalline state) 

Metastable atoms and molecules (see Atomic structure and 
spectra; Molecular structure and spectra) 

Methods and instruments 

Activity ratio method for measuring energy stability of 
betatrons, Milton Birnbaum, Eric M_ Harth, Leo Seren, 
and Ralph Tobin—897(A) 

Aging of thin metal films, Richard B. Belser—911(A) 

\nalysis of bridged- 7 network by Laplace transformations, 
Corre Williams and Herbert D. Schwetman—899(A) 

Blocked capillary method for determining melting pressures, 
C. A. Swenson—538 

Crystal diodes in electronics laboratory, Irving L. Kofsky 
340(A) 

Crystallization of Si from floating liquid zone, Paul H. 
Keck and Marcel J. E. Golay—-1297(L) 

Evapor-ion pump, R. G. Herb, Robert H. Davis, Ajay 
S. Divatia, and D. Saxon—897(A) 

Extensometer for rubber, R. P. Clifford-——341(A) 

Fast neutron scintillation spectrometer, Marshall R. 
Cleland—896(A) 

Firestone shear flexometer, G. L. Hall and F. S, Conant 
342(A) 

Focusing method for large accelerators, T. Kitagaki 
1161(L) 

High vacuum, high speed ion pump, John S. Foster, Jr., 
E. O. Lawrence, and E. J. Lofgren—338(A) 

Homogeneity mapping of permanent magnet field for 
chemical effect studies in nuclear resonance, C. R 
Bruce—896(A) 

Interpretation of a-values in p-n junction transistors, F. S 
Goucher and M. B. Prince—651 

Measurement of energy of isotropic fast neutrons with 
Li® loaded emulsions, J. H. Roberts, W. O. Solano, D. E 
Wood, and H. B. Billington—-905(A) 
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Masataka Mizushima—896(A) 
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Electron-neutrino angular correlation in f-decay of He’, 
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Nuclear fission (see also Nuclear reactions) 
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Nuclear fission (continued) 
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595 
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892(A) 
Nuclear photoeffects 
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Carver, R. D. Edge, and D. H. Wilkinson—658(L) 
Energy distributions of photoprotons from heavy elements, 
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Resolution of “photon difference method,” J. Goldemberg 
and L. Katz—1300(L) 
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F. B. Shull—892(A) 
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Cross terms in #-decay, O. Kofoed-Hansen and Aage 
Winther—526(L) 

Direction and _ polarization correlations of successive 
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correlation in RaTh, A. Abragam and R. V. Pound 
1306(L) 
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Nuclear Spectra (continued) 
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J. Steinberger—-531 
Momentum transfer and angle of divergence of pairs pro- 
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Photoconductivity 
In CdS at absorption edge, Clitford C. Klick 274 
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Positrons (see Electrons and positrons) 
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